4 Discrete Structure 


If q does not belong to A, we write, q £ A. The colon : or | vid 


brackets will stand for “such that”. Thus if in description method we dese 
the set B consisting of all integers divisible by “3” then symbolically, we yy 
B= (x: x is an integer divisible by 3) 

If P stands for the property which every element of a set A has to safiy 
then set A is represented as 8 


f 


DATE | 
As 


A= (fx: x satisfies P) or A= ([x: Pr). E 
where P(x) means “property P satisfied by every x of the set” thus the s 
above can be denoted by | 


B= (x:x e z, x is divisible by 3) 


Types of Sets — 


EN 
(i) Singleton Set— If a set consists of only one element, it is y 
to be a singleton set. 3 
Hence the sets given by (1), (0), fa) are all consisting of only ont 
element and therefore are singleton sets. Y 
(ii) Finite Set— E 
A set consisting of a natural number of objects, ¡.e. in which numb 
elements is finite, is said to be a finite set. Consider the sets 
A= (5,7, 9, 11) and B= (4, 8, 16, 32, 64, 128) 


er ol 


Obviously A, B contain a finite number of elements, ¡.e., 4 objects 114% 
| 


q 
E. ] 
y 


and 6 in B. Thus they are finite sets. 

(iii) Infinite Set — 
If the number of elements in a set is infinite, the set is said to bel 
infinite set. > 3 | 
Thus the set of all natural numbers is given by A 
N= (1,2,3.. ? Ñ 
is an infinite set, 3 | 
Similarly the set of all rational numbers between 0 and 1, given by +: 
A=(x:x€Q,0<x< 1) is an infinite set. 
(iv) Equal Sets — Two sets A a 

are said to be equal sets. 

In other words, if each element of 


each element of B is an element of A, 
A=B. 


nd B consisting of the same elemen! 
3 

i 

the set A is an element of the set B am 
the sets A and B are called equal, 11 


(v) Empty Set — If a set consists of isa de 

e : no element, it is said to be Ú 

empty set. It is denoted by 4. It is also called null set or void set 3 
A common way of representing the null set is given by 
=(x:xx%x)] : 


: 8 
a Ñ i 
Ll 


ES 
77 
4 
alí 


- proper subset of A. In other words, if each element of B is an element of A and 
there is at least one element of A which is not an element of B, then B is said to be 
a proper subset of A. “Is proper subset of” is symbolically represented by C. 


] -A=B. 


y 
A 

Ñ: =B 

E . 
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(vi) Subsets of a Given Set — Suppose A is a given set. Any set B, 


Y each of whose elements is also an element of A, is called contained in A and is 
said to be a subset of A. 


The symbol c stands for “is contained in” or “is subset of”. Thus if'“B is 


' contained in A” or “B is subset of A”, we write 


BcA. 
When B is subset of A, we also say. A contains B” or “A is superset of B”. - 
The symbol > is read for “contains” this A > B means “A contains B”. 


Example — IFA = (3, 5,7), B= (3, 5, 7, 9) than ACB since every 


element of Ais also an element of B. But BZ A since 9 e B while 9 ¿A, 


(vii) Proper Subset—Yf B is a subset of A and B +A, then B is said to be 


Also the empty set 4 is a proper subset of every set except itself. 
Improper Subset — Set A is called an improper subset of B if and only if 


Every set is an improper subset of itself. 
(viii) Power Set — 
The set of all subsets of a given set A, is said to be the power set ofA. 


The power set of A is denoted by P(A). 


If the set A = (fa, b, cj then its subsets are 
b, (a), (b), fc), fa, DJ, (a, c), (b, c) fa, b, o; 
P(A) = 4, (a), (b), (o), (a, b), fa, 0), (b, cy (a, d, 0). 


Theorem 1. IFA and B are two sets such A SB and B CA, prove that A 


Proof. Suppose Ac B and x € A. 


-. xeA>xeB. ..(1) 
ButBcA 
xeB>xeA  ..(i) 


Hence by relations (i) and (ii), we have 
xeA>oxeB 

> A = B e 

(ix) Cardinality of a Set— The cardinality of a set AS the number o 
elements in A and it is denoted by n (A) or |A), eg. 

Consider the following cases — 
(a) IFA = (x, y, z) then |A] = 3. 
(b) IFA= (x : x lies between 0 to 30 


s 


Proved 


and divisible by 4), then |AJ=7. 
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6 Discrete Structure (v) Symmetric Difference — 1f A and B are two sets, we define 
" their symmetric difference as the set of all elements that belong to A or to B, 
but not to both A and B, and we denote itby AS B or A A B. It can also be 
defined as (A— B)U(B — A) 
AOGB =(x:xeAandxéB) or (x:xeBandx £A). 
Ex.- Let A= (a, b, c, dj and B = (a, c, e, f, g). Then, 
AGB = (b, d, e, f, 8. 

Algebraic Properties 0f Set Operations — The operations on sets that 
we have just defined satisfy many algebraic properties, some of which assemble 
the algebraic properties satisfied by the real numbers and their operations. All 
the principle properties listed here can be proved using the definitions glven 
EL and the rules of logic. We shall prove some of the properties and leave the 
; ' remaining proofs.as exercises for the reader. 
written as AUB, is the set of all elements which are members of the set A ork. (i)  Commutative Laws 
the set B or both. Symbolically, it is written as (a) AUB=BUA 

AUB=(x:xeAor x eB) (b) AMB =BAA 

Ex.—Let A =( 1,2, 3, 4) (11) Associative Laws 
and B = (2, 4, 6, 8, 10). (a) AU(BUC)=(AUB)UC 

Then, AUB = (1,2, 3, 4, 6, 8, 10) á (b) AM(BNAC)=(ANB)IAC 

(ii) Intersection of Sets — The intersection of two sets A and Bj! (111) Idempotent Laws A 


(x) Redundant Description of a Set — If some elements in a set 
repeat, it is only one of them which is understood as belonging to the set. 


Thus if A 0 
LL a 41,223),B=(2,3,1,2,3) then/A]=|B]=3. $ 


(xi) Universal Set— Any set which is superset of all the sets under 
consideration is said to be a universal set and is either denoted by £2 or S or U, 
Let A= (1,2,3), B= (3, 4, 6, 9) and | 
C = (0, 1), then we can take 
8=10,1,2.3,4, 6, 7,8, 9) 48 universal set. 
Operations with Sets — 


denoted by AMB, is the set of elements which belong to both A and Bi (a) ACA =A 
Symbolically, it is written as * (b) ASA =A 
ANB =(x:xeA andxeB) h (iv) Distributive Laws 


(iii) Difference of Two Sets — The difference of two sets Aand B MN; 


that order is the set of elements which belong to A but which do not belong t 
- B. We denote the difference of A and B by E 


. A-BorA-B 

. «Which is read as “A difference B” or “A minus B”, Symbolically - 
ES A-B=(x:xeAandx £ B), 

A-— Bis also called the complement of B with respect to A. 


(a) AM(BUC) =(ANBJU(ANC) 
(b) AU(BAC)=(AUB)IMAUC) 
(v) De-Morgan' Laws 
(a) A-(BUC)=(A-—B)nM(A-C) 
(b) A-—(BAC)=(A — BJU(A —- C) 
(vi) Another Form of De-Morgan's Laws 


(a) (AUB) =A'MB' 
A Ex.— Let A = (a, b,.c, d, e) (b) (ANB) =A'UB". 
an B= A 
E KB E bs . E (i) (a) To prove that AUB = BUA. 
- and B-A= (£ a Proof. Suppose x is an arbitrary element of AUB, then, 
10 = Í xEeAUB<>xeAorxeB oxeBorxeA » 
Obviously A-B +B-A . (=> pvq => qvp is a tautology) 
(iv) Complement of a Set—1f U is a universal set containing A, th en “xeBuA 
| Ú —A is called the pie Of A and is denoted by A' or AS. Thus, 3 Consequently, AUBCBUA and BUACAUB Ses 
A=U-A=(x:x eUandx ga) or simply + Hence, AUB=BUA sj 


A'=1(x:x A) Similarly, we can prove 


4,5, 6,7, 8, 9) (bd) AAB=BNA 


1d, 4, 3, 
(2, 4, 6, 8, 9). Then, A'= (1,3, 5, 7) 


2 - 


8 Discrete Structure 


and 


and 
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. that AN(BAC)=(ANB)AC, 
(ii) (b) To Lib | FAN(BAC a + xe(A-—B)and xe(A-—C) 
Proof.  Suppose x is an arbitrary elemento ne, then + xe(A-B)IN(A-C) 
xeAM(BNC) ox eAandx e(BOC) > Xx eA and (xeBandxeQ Consequently,A—(BUC) <(A—B)N(A—C) 
> (xeAandx eB) and xeC Ooxe(ANB) andx dl (A - BIN(A —C) CA -—(BUC) 
>xe(ANB)AC E Hence, A—(BUC)= (A — BIN(A — C). Proved 
Consequently, AM (BRO)C(AN Bn C (b) To Prove that A— (BNC) = (A - BJU(A - C). 
(ANBIACCEAN(BAC) Proof. Suppose x is an arbitrary element of A — (BC) then, 
Hence, AN(BN.C)= (AMB)NC xe A (BOC) SIRIO ADOS) 
Similarly, we can prove - e xeAand-(xe BandxeC) 
(a) AU(BUC) = (AUBJUC <S xeA and (x ¿B or x £C) 
(iv) (a) To prove that AN(BUC)=(ANB)U(ANC). > (XeA andx £B) or (xeAandx £C) 
Proof. Suppose x is an arbitrary element of AN (B U C) , then, <S xe(A-B)orxe(A - C) 
xeAN(BuUC)=xeaA and xe(BUC) > xe(A-BJAA—C) 
+ xeA and (xeB or xeC) Consequently, A— (BC) E(A- BJUA— C) 
> (xeA and xeB) or (xeA and xeC) and (A-—BJU(A —C) SA -—(BNC) 
> xe(ANMB) orxe(AnNC) Hence, A-(BNC) = (A - BJU(A - C). Proved 
> xe(ANBJU(ANC) 
Consequently, AM(BUC) c(AMBJA(ANC) 
also (AMBJU(ANC)CAN(BUC) 
Hence,  AM(BUC) = (ANB)JU(ANC) 
Proof. Suppose x is an arbitrary element of AU(BAC), then, 
xeAU(BOC) «> xeAorxe (BOC) 
> xeA or (xeB and xeC) 


e 


U, then 
D (AUB)' = A'NB'. 
Proof. Suppose x is an arbitrary element of (AUB), then, 
xe(AUB) > x£(AUB) S-(xeA orx eB) 
<> (xg£A and x £B) 
> (xeA'andxeB)oxeA'n B". 
Consequently, (AUB)<A'NB'andA'nN B' cs (AUB). 


> (xeA orxeB)and (xeA orxeC) Hence, (AUB) = A'NMB*. : Proved 
> xe(AUB)andxe(AUC) Similarly we can prove, E 
Consequently, Au o AOBIMAUC) (b) (ANB) = A'UB*. 
(AUB)In ( ñ p> A Countable and Uncountable Sets 
Ú CAU(BAC) ncoun - 
H 3 
no AU(BnNC)= (AUB)IA(AU O. ProY Definition 1 — If a set A is finite, then it is always called countable. en E 3 
3 e) 3 


setA is infinite, then A is said to be countable (or denumerable or enumera 
if its elements can be put in one-one correspondence (i.e., one-one onto 
mapping) with the set N of natural numbers otherwise uncountable (or non- 
denumerable) if such a correspondence does not exist. 


(v) (a) To prove that A — (BUC) = (A — BIN(A — C) 


Proof. Suppose x is an arbi 
ltrary element of A — (B 
xcA—(BUC) > xeA and x e (BUC) EE 


> xeA and - (xeB or xeC) 


> 3 
ole pd (Xx £B and x £C) 8 N of natural numbers i.e., A— Ñ. 3 
> (xeA ERE Py =p a-qisatautoloBlB Definition 3 — Suppose a, 27, .... are distinct elements of a set A. Then 
Xx £B) and (xe A and x £C) EA the set A is said to be countable if the elements of A can be written ina. 


"PAGMAD S (pa Dalpar) isa tautolog | ; Sequence ay, a, .... clearly when the elements of A are written in a sequen 


(vi) (a) To prove that, if A and B are subsets of a universal set 3 


4 


- 


Definition 2 — A set A is said to be countable if it is equivalent to the set d 


E 


| 
| 


10 Discrete Structure 


then every element will be written only once. The sets which are not coma ' 
are said to be uncountable or non-denumerable. 
Ex. — Prove that the set E of all positive integers are countableS 


Sol. Suppose f: E >N be a io defined by 


fo) = 7» *x eE 


Clearly fis one-one eternas 
Hence, the set E is countable. 


Ex. — Prove that the set R of real numbers is uncountable. 
Sol. We shell prove it by contradiction. Suppose the set R is countable 


So let R be represented by the following — 
AA AA 


Now, every element x, eR can be written in the interval 1, as follows z 


I, =|x E . 
ad tn 


where n = 1, 2, 3, 


vo... 


9 to... 


But x,eRandR= añ E A 


It shows that the Whole re 
union of those intervals wh 
This is a contradiction. 


Theorem 2. IfA pA> 


cal in whose lengah is infínite, is included in tl 
ose some of lengths is 1, : 


Hence the set R: Of real numbers is uncountablé | 
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In this way, We E that the kth element of A; is a) ¡ - Let us say that the 
$ height of the element aj is j + k. Hence we see that e iaa: of height 2 is 
only one aj» similarly leen of height 3 are only a) and a? , elements of 
height 4 are only a? ' a) and An , etc. Therefore we see that we have m — 1 


elements of height m, v m 2 2. 


Me 


The above el of ió . ray o) count every element al. 


-/É Hence the set Ú A, is countable. Proved 
n= 


Venn Diagrams — A Venn diagram is a pictorial representation of sets in 
which sets are represented by enclosed areas in the plane. 

The universal set U is represented by the interior of a rectangle, and the 
other sets are represented by disks lying within the rectangle. If A < B, then 
the disk representing A will be completely within the disk representing B as in 
fig. 1.1 (a). IFA and B are disjoint, then the disk representing A will be separated 
from the disk representing B as in fig. 1.1 (b). 

However, if A and B are two arbitrary sets, it is possible that some objects are 
E in A but not in B, some are in B but not in A, some are in both A and B, and some 
are in neither A nor B. Hence, in general, we represent A and B as in fig. 1.1 (c). 


oO) ED) 


00 

io are countable then Y ; . 
+ aso A,, is countable 1.68 
sd pu o cosrtabl, a (a) ACB b) A and B are Disjoi (0) 

< 7 % 
us write the es of a sets as follows — Ñ a E e 
= e . . 
MN (aj L 8%, ,23 Pm. Theorem Proving Techniques 
2 faf,as, az dolo Mathematical Induction — 


*rrrorsrs 
*rororn... 
tenores. 
..o. 


AN 78 loa E 
Ay ta¡, az, al 


Porcronos. 
Prronsaros 
*rosonsoa 
... 


An essential property of the set N = (1, 2, 3 ...) which is used in many 
Proofs, follows — 5 
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Principle of Mathematical eN po D abi p "OPOSitip, | ¿d. Informally, this states that, if a statement p implies a false statement q, 
defined on the pos'tive integer N, 1.e. P(n) is either true or false for each n: JS valid. . q Ab Thisis often applicd do the case Mille inet abeallibror 
8 Siyppene P Has 1h ió 7 pla ¡e.. a statement that is always false. An example is given by 

() P() is true. po as the contradiction r A (- pr). Thus, any statement that implies a 
(1) Pu +1) 15 hue Wherever Ada Ediction must be false. In order to use proof by contradiction, suppose we 
Then P is true for every positive integer. a 


ish to show that a statement q logically follows from statements A 
Principle of Mathematical Induction (ID) — Suppose P is a proposi Resume that - q is true (i.e., q 18 false) as an extra hypothesis and that p;, p,, 
defined on the positive integers N such that — 4 


E p, are also true. If this enlarged hypothesis PAPA ce... A Pp A (q) 
> Po q 
(1) P() is true. 


¿ plies a contradiction, then at least one of the statements Py, PD, -.--*» Pp» 4 
j 7 : 1 , t be false, so 

(ii) P(n) is true whenever P(k) is true for all 1 <k<n. Enust be false. This means that if all the p;s are true, then q must be false, so q 

Then P is true for every positive integer. 


4 "Bust be true. Thus, q follows from Py, Pa» -----» Pp" This is proof by contradiction. 
Theorem 3. Suppose A and B are disjoint finite sets. Then AUB is fi E 
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Principle of Inclusion and Exclusion — 


and show that E Theorem 5. Suppose Az Ap» .«..."- A, are finite sets. Their union, le, 
n(AUB) = n(A) + n(B). Ya a, VA3O --VAn is finite_and n(4; VÁJU sono VA) = 
Proof. In counting the elements of AUB, first count those that are a A n(Aj)- Sn 4; 2 4) ps Y (4; NAjA Ag)commoonananono 
There are n(A) of these. I<i<n ISi<jSn ISi<j<kSn 
The only other elements of AUB are those that are in B but not in A. E (i) 
But since A and B are disjoint, no element of B is in A, so there aren: B) (CDA Nn(Ay DÁAZOeccccconnna NA) - 0... 
elements that are in B but not in A. Therefore, 2 Proof: We know that 
n(AUB) = od : ii 
a ( ) = n(A) + n(B). Prove n(AUB) mn n(A)+n(B)-n(AnNB). 2 (10 
_ Fheorem 4, Suppose A and B are finite sets. Then AUB and AMB 
finite and show that 3: Y pus A UA) 
HAUB) = n(A) + m(B) — n(AnB) hh N(A¡LA70 .ccccooos UA) = MAJUA 0d nonongnnnoss U a Ae 
or MANB) =n(A) + n(B) - nAUB), O n(A¡ VA2U.... Ap) = a o do e ) di) 
Proof. In counting the elements of A do ¿AA MA A rn 2 
3 : B, we count the el ts in A and couM! (iv) 
the elements in B. : E , EMI A Al AnN(BuUCc)=(ANBJU(ANC). ...(1V 
There are n(A) in A and n(B) in B. We have the disjoint unions* AN eN de de 


AUB = AU(BMA E 
Therefore, by theorem 3 (BV) and B= (ANB)U(BM). 


Thus MAD) (A) En(BYA) and n(B) =n(AB) +n(BA) E 
a Hence  n(AUB) = n(A) +1(B)- n(AnB) q | 
]y- Suppose ri A MA) + n(B) =n(AUB). Provel 
nAUB ES e are finite sets. Then AUBUC is finite and 

UC) = MA) +n(B)+n(C)-n(ANC)-NBNC) 3 

MAN B)+nMANBAC) 3 


nA, O A¡UA>7Uoncnonnos UA p- ) = (Ar NA¡)JU(A, NA2JU brcoris 
A den AA, Ani) (0) 
Again, we have : 
= C)-n(ANB)-n(ANC) 
n(AUBUC)=n(A)+n(B)+n(C) AMARO 


According to the induction hypothesis, for the n — 1 sets AMA, 


ADA) .... ApMAp_1, We have 
Ú[(A, MAYA, MA2)U...s0 (A y MAn-1)] 


Proof b DES | 
200 ES re oa sed on the 1000 = n(A, MAJ)+HR(A, MA2) + HÍAn DA») 
p ci the rule of inference = n(A, AAJJNÍ(An nA3)] —a[(An AA¡)O(An nAz)] a 
q +nl(A, AANÍ(An NA2)N(An nAz)| huesos , y | 
En +( y n(A, AAJ)AÍ(An NA2)O... MAn DAn- 0% 


. O 
AAA A A AE a 


É 
] £ 
. -/ 
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= n(Ar NAj)+ n(Ar NA7)+ ta Hn(A y CA n1) 
= n(Ar NAj NA2)-nAr NAj NAz) da 


4 


y 
| 


Putting equation (vi) and equation (vii) i : : ó> 
. ñ 1) into equ + E 
equation (1). Mu quation (ii), we obt: 


n(Aj UA,UAzU dsercñioo UA n = 
Z n(A;¡)- Y MA¡NA;)+ Y na; A/0Ay 
1<i<n 1<i<jSn 1Si<j<ksn dl 
lidia HD MA ¡DA 2Mec..... na) 3 


0.1. Define subset of a set with an 


and improper subset. (R.GP . 208 
> V, Dec. 201 


Áns. Ref j 3d 
er to the matter given on page 5, under section (vi) and ( ri), E 


0.2. Write down De-Mi 
-Morgan's law for set. R.G o 2 
3 P É, z Y ) 
0.3. lai, : | 
Explain countable and uncountable sets with example, 


Áns. Refer to the matter given on page 9 (R.GPV, June 208 


Prob. 1. If A = A, 4), 


: B = 44, la 
() (AXB)U(A x o EN = 13, 7 determine — 


(Ax B) (Ax C). ¿Y 
(R.GP.V, Dec. 201%) 


S PP. 
ol. AXxB= ((a,b):ae Aandb e Bj 


5 10, 4), EA 5), (4 4 
LE a a ), (4, 5), 

=£(,, 5), (1, 7), (4, 5), (4, 7) 
C) = Set of all ele 


21000640 4ran 9 Badía xQ 


(1, 7, (4, 7) AD | 
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(ia B)O(A x C)= Set of common elements in (A x B)and (A x C) 
sE (A, 5), (4, >) Ans. 


Prob.2. Find power set of- 
o [9, 1, (ay. 
Sol. Here given set is 
X= (9,1,(b)) 
Since, the set X has three elements, so its power set is 
px) = [o, (9), (1) ((bJj+10, Y (6, (03) (2, (93), [9, 1, (bJ)) Ans. 


Prob3. Prove that intersection of sets is distributive wr. union of sets i.e. 
ANM(GBuUC)=(4NMB) v(A NC). 


(R.GP.V, May/June 2006) 


(R.GPV, Dec. 2014) 
Sol. Refer to property (iv) (a) on page 8. 


Prob.4. If A, Band C are three sets, then prove that — 
(A-B) N(A-C)=A-(BU C). (R.GP.V,, June 2012) 


Sol. Refer to property (v) (a) on page 8. 
Prob.5. State and prove De-Morgan's law. 
Sol. Refer to property (v) on page 8. 


Prob.6. Let A and B any two subsets of universal set Y then (AUB)' 
A'mB". (R.GPV., June 2015) 


(R.GPV, June 2013) 


Or 


If Vis a universal set and its two subsets Á and B, then prove that (Á UB)' 
AMB” (R.GPV, May 2018) 


Sol. Refer to property (vi) (a) on page 9. 


Prob.7. Show that the set Q of rational numbers Ís countable. 
(R.GP.V, May 2018) 


Sol. We know that the rational numbers are of the form p/q where p € L 


q eN. 


We have proved that the set l is countable, hence its elements can be 


itten in sequence as given below — - 
1=%0, 1, 1,22, 3,3, cono) 
Now the set A,,, VmeN can be defined as follows — 


Clearly A,, is the set of rational numbers. 
: Q=U An) m=1,2,3, 2ó. 


Hence the set Q of rational numbers is countable. Proved 


16 


and 


— 
> 
SS 
> 
“s 


Discrete Structure 
Prob.8. Let A, B, C be any three sets, then prove that— 
AX (BOO)=(AXB)N(AXO) 
(R.GP.V,, Dec. 2005, June 2008, 2011, De 
Sol. Let (x, y) be an arbitrary element of the setA x (BN C): Then 
(x, y) €Ax(BNC) o 
c xeA and ye (Bn C) 
xeA and (yeB and yeC) 
> (xeA and yeB) and (xe A and yeC) 
S (x, y) e (A * B) and (x, y) e (A x C) 
> (x y) E (AXBIN(AxC) 
Consequently, 
Ax(BAC)ICc(AXB)N(A x C) 
(AxBIN(AXC)ICAx(BnC) 
Hence, Ax(BAC)=(AxBIN(AxC) 


Prob.9. Prove that — 
() AxX(BAC)=(AXB)N(A*xC) 
(ii) AN(BUC)=(ANB)U(A NC) : 
R.GPV, , 
Sol. (i)  Refer to Prob.8. s a 3 
(ii) Refer to property (iv) (a) on page 8. b 
A 0. For any three sets A, B and C, prove that — 
ee Ax(BUC)=(Ax BJU(AxC)' 
ol, Let (x, y) be an arbitra : : 
ry element of th : en 
ESA BUS ) esctA x (B uo). le 
xe Aandye (BUC) > 
x e Aand (y e Bor y e C) 
Ys < Aand y e BJor(x e Aandye C) 
» Y) € xB ¡EN A 
Consequently, e - Se 3 
Ax(BUC)C(A x B di 
+= JO(AxXC 0 
(AXBIV(AXO) SAx(BuO) 0 


H 
ence, Ax(Bu C)=(A x B)U(A x.C) 


Prob.11. Prove — — 


(Y) Ax(Bn 


(ii) A vo BA x C) 


O = (A x B) U(A x C) 


Sol, (i) Refer to Prob.8. 
(11) Refer to Prob.10, 


(R.GPV, June 2 


(R.GPV, Dec. 20M 


y Sol. Let x be an element of (A—B) U (B — A), 
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Prob.12. IFA and B are bwo sets, then prove that— 
(A-B) V(B-A) = (A UB)-(ANB) (R.GP.V,, June 2010) 


Then x e (A-B)U(B-A) 
xe(A-B)orxe (B-A) 
(x e Aand x £ B) or (x e Bandx g A) 
[(x e Aand x B)orx e B]and [(x e Aandx £ B) orx £ A] 
[x e Bor (x € Aandx £ B)] and [x £ Aor (x e Aand x £ B)] 
[(x e Borx € A)and (x e Borx £ B)] and 
[(x £ Aorx e A) and (x £ Aorx £ B)] 
[(x e Aorx e B) and (x eBorx £ B)] and i E 
[(x € Aorx e A) and (x £ Aorx £ B)] 3 
x e (AUB)and xg (An B)] 3 
xe (AUB)-(AnNB) 
Hence 
(A-B)U (B-A)=(AUB)-(AN B) 
Prob.13. If. A, B, C, D are any four sets then prove that — 
(ANB)x(COD)=(A*x C)IN(B*D) 8 
(R.GPV, May/June 2006, Dec. 2009) 
Sol. Let (x, y) be an arbitrary element of the set (A N B)x(CND). E 
We have. 8 
(x, y) É€(ANB)x(CND) 
<Sxe(A NB)and y e (CND) 
<> (x e Aand xeB) and (y € C and y e D) 
> (x e Aand yeC) and (x e B and y e D) 
> (x, y) e (A x Chand (x, y) e (B * D) 
> (x y) e(Ax*C)N(B*D) ; 
Hence (AN B)x(CAD)S(A*CIN(BXD) 
Consequently : 
(AxCOn(B xD) c(ANB)x(CND) 
From (i), (ii), we get 
(ANB)xX(CAD)=(AXxCIN(B*D) 


Proved S 


(1 
Proved 


Cc 
Prob.14. Simplify the expression | [(AUVB)NCj cUB|. - 0 
(R.GP.V, June 201 7) 


Sol. [((AUB)NCFP U BY ; 
Let ((AUB)nCy"=X and B* = Y 
Then according to De-Morgan's laws — 
(iu Yy=X AY 
K((A UB) n CyIen [BAP 
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=(AUBINOOR (-:(AS)'=A, complimenta 


a CcuU(BAacÍaB PAS: 
po e (BUC)=(AN B)L(AN C), distributiy 


Again using distributive law 


P(1) is true. 
Suppose n (n? + 5) is divisible by 6. 
Let n (n? + 5) = 6r, for some integer r. 
Now we have 
(n + 1) [(n + 1)? + 5] 


= (ANCINB)U (BNAC)IAB; +) al 2 2 
=(ANBACIL(BABIAC (associativity Jay = a : » ¡+ 5) “a E 20) 
=(ANBNC)IU(BAC) (+ AN AA, idempotent lay =p (12 + 5)+ (12+ 5) +(n+ 1) (1 +2n) 
LetBnhaCc=Z = n(n2+5) +12+5+n+1+2n?+2n 
So, (ANBACIU(BAC)I=(ANZ)JUZ =n(02 +5) +3x2+3x+6 
Clearly (A NZ) CZ =n(n2+ 5) +3n2+n+2) = 6r+3 (n2+n+2) 


which also integer multiple of 6. Thus n(n? + 5) + 3 (n? +n + 2) is divisible by 
5, that is P(n + 1) is true. 
Hence given statement P(n) is true for all neN Ans. 


So, (ANZ)UZ=Z 
ie. (ANBACIU(BAC)I=BNC 


Prob.15. What can you say about the set P and O, if— 8 
Prob.17. By principle of mathematical induction prove that 2.7" + 3.5" — 5 


(i) PNO=P (ii) POQ=P h: 
(iii) POO=P (iv P.NO=PUO? 1 s divisible by 24 for all natural numbers n. (R.GPV, June 2003, 2009) 
Or 


(R.GPV, Dec. 20) 


' ' , ; A 'h cal ii ¡on ti that 2,7" + 3,5" — 5 is divisible b 
Sol. (1) PNQ= P, it means that, P is a subset of Q. e.g., Let PE, > yg induction to prove tha Er E Dec. 2011) 
(1, 2, 3) and Q= (1,2, 3, 4, 5) E j AS 
PAQ= (1,2,3) =P E Sol. Let P(n) = 2.77 + 3.57 — 5 is divisible by 24. 
E Since P(1) =2.71 +3.51-5=2,7+3.5-5 


(ii) PUQ =P, it means that Q c P : 00 | 


e.g., Let P = (1, 2, 3, 4, 5) and Q = (4, 5) = 14 +15 -—'5 =24 


ii) POQ=P . 
(IN Pa ó =PuUQ? d Assuming 2.7" + 3,5% — 5 is divisible by 24. 
A PAQXFPUOA, because | pS o ea — 5 = 24r, for some integer r. 
l P= dl 2, di 4, > Q = 14, 5) y , e 
Taking L.H.S. 2.701 4 3,5041 _ 5 =2,70.7+ 3.5855 =14,7M+ 15,57 —5 
PRQ= (44, 5) =7 (2.79 + 3,59 — 5) + 30 — 6.57 
Taking R.H.S, = 7.24 1 30 (5%! — 1) 
A Pu Q = (1,2, 3,88 Since, we know that : 
rom (1) A (ii) ise pa Xx - 
Mn Q ES P U Q NN x- 
3 e y ny yn2 4 +x2+x>+1) 
Prob.16. Wri eds “9 => x"—1=(x-D(K A : 
this prove Acta hos a ae of mathematical induction and by WE ad (SD AA 
) is an integer multiple of 6 for all positive integtl Hence | 
Sól. Priociple TM (R.GP.V, Dec. 2009, June 2010, Dec. 2 2.7941 4 3, 5n+l _ 5 =7,.24r-30(5- 1) (592 + 53 5 +1) 
on page 12, d athematical Induction — Refer to the matter E =7.24 1 120 (5924593 +... +524+5+1) 
Here Pn)= n (7? 3 = 24 [Tr SS E SES E sarcno +34 54 1] 
Since P(1) . ; vi al 5) A Jhich is a multiple of 24. Thus P(n + 1) is true, whenever P(n) is true. By the 
Which is divisible by 6. L(1+5] = (1 + 5) =6 Tinciple of induction P(n) is true for all n. Proved 


OA 
7] 


O 
; y 4 A 
a A 
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Prob.18. Write the principle of mathematical induction and using q7 


principle prove that — 
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_(n +D[(0+1+12m+1) +1] 


1 
Since <= 0 Ji TA 
Therefore, e is true. 


Assuming P(n) is true, then we have 


3041 = 32 3>n93=3n?, forn >4 


3" >n foralln 24 (R.GPV, June 29 "1 rad ne 
tical Induction — Refer to the e a hich is P(n + 1). Thus P(n + 1) is true, whenever P(n) in true. By the 
e il iaa mate “or nciple of induction, P(n) is true for all n. Proved 
on page 12. y ' 3 
Let P(n) = 32 > ní, for n > 4 A  Prob.20. Prove by mathematical induction — 
: —-24-— 7] 1 
na o ae ds 1 1+4+7ñHo... + (3n- 2) =n(3n— 1)  (R.GPV, Dec. 2017) 
Also 43 = 64 q 2 
4 3 38 n 
id | ás E sol. Let P(n) = 1 +4 +7 $2... H(6n=2)=>Gn-D) 
Clearly P(4) is true. E 2 


jl A dl E - Assuming P(n) is true, we add (3n + 1) on both sides of P(n), we obtain 
4 3">[1+ 3", forn>4 
n e 1+4+T+.. (3n=2) + (Gn +1) => Gn-1)+Gn+1) 
1 JN 
>(1+2) 2 =(n+1) -— ' ela 3n?—n+6n+2 _ 3n? +5n+2 
- $3 Ñ E o 2 
351 > (n + 1y 2 
2n+2 3In(n+1D+2(n+1 
ono P(n + ii 1s true. By induction P(n) i is true for all n > 4. = AA ps, o 
< ma 9. Prove by the principle of mathematical induction that _(M+D6n+2) _ EE D[3n+D-1] 
Pm): 4224324. 4 2 2 PMA DO 1) 4 z a 
6 e Bhich i is P(n + 1). Thus P(n+1) is true, whenever P(n) is true. By the principle 
(R.GPV, Dec. 200 4, Jun e 201) finduction, P(n) is true for all n. Proved 
Or A 


. Prob.21. Show by mathematical induction — 


¿+3 
Pr3+52 +... +(2n-1)? E E ) 


Using mathematical induction show that 


Y ig? -21+D (n+ 1) 


l=1 6 (R.GP VW, Nov. 20108 (R.GPV, June 2005, Dec. 2015) 
: 3 2n+1) (2n—1 
Sol. Let P(n)=124+724 e .... + n= nn+DQn+D . Sol. Let P(n) = 12 +32? +5?+....+ (2n— Dé AA 
Since ls 12.3 d a Since 1 O 
2 P(L) is true, de -y P(1) is true. 
Assuming P(n) is tru | Assuming P(n) is true, we add (2n + 1) on both sides of P(n), we obtain 
a * We add (n + 1)? 16 both sides of P(n), we op 2 : a 2 : 
1424324 +24 (+12 AMADON+1) 3 Pen 1 +(2n+ 0 
iD JN (n n+1)? E _nQn+D(Qn- m +(2n+1? 
5 AM+D0n+D+6(0+ 19? _ (n+1)[2n? +n+6n+0) E 3 
2 E E p 
2074 D(n+2)Qn+3) E] 


6 b Ñ 


TT 
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which is P(n + 1 


- 3 


o 3 


— (2n+1)[2n"+5n+3] 
Ñ 3 


_ (2n+1)[2n7 +2n+3n+3] 
A: 
Ñ (Qn+1) [2n (n+ 1) +3 (n+1)] 
ñ 3 

y PENES) 

o 3 


_ +1) 2 (+1 +1]2 (n+1)-1] 


3 


). Thus P(n + 1) is true, whenever P(n) is true. B 


principlé of induction, P(n) is true for all n. 


Prob.22. Prove by mathematical induction — 


Núhich is P(n + 1). ON 
3 A  Thus P(n + 1) is true, whenever P(n) is true. By the principle of induction 


7 
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] Prob.23. Show that2+4+6ñH... + 2n =n (n + 1) by mathematical 
crio 7 (R.GPV, Dec. 2003) 
E conte P(0)= 24446 Homccncanaoo +2n=n (n +1) 
Bbce P(1)=2 
Mo 1.(1+1)=2 
BE PD is true. _ 
E  Assuming P(n) is true, then we. have 
E 2 +4 +64 0... + 2n + 20 2 > (n +1) + 2n +2 
e =P +n+2n+2=n2+2n+n+2 
E =n(n+2)+1(0+2)=(n+2)(n+1) 
E (n +1) [n+ 1) +1] 


P(n) is true for all n. Proved 
y l Prob.24. Prove by using method of induction — 


2 
n(6n? —- 3n— 1 
el De 4287? +... + (3n — 2)? ¿E AE 


E E. 1 n p (R.GPV, June 2013) 
1335 57" .e..sooss “en-DEn+D AFI Pá n(6n? 3n 1) 
. . e n-— n+ n-+ ¿38 = a — 
NR > SOPL et P(n) = 12 + 42+ 72 +.....+(3n- 2) = 
(R.GPV, June 2002, Dec Mi Es z 
Sol. Let P(n)= SS o A 1 > 1 Since ]= SS 
335 57 2n-DQ E 
O E CD a 0 ue | 
ince, 37 771» e have E Assuming P(n) is true, we add (3n + 1)? on both sides of P(n), we obtain 
P(1) is true. E 2 me 
; A 2 _ n(ó6n"-3n-1) 2 
Assuming P(n) is true, we add E | 14+ 44738200 + (3n — 2) + (3n + 1? = > + (3n+1) 
PaRa - 4 : a _ n(6n? -3n—1)+2(9n? +6n+1) 
po E (n+1)+1] (2n+D(Qn4 3) both sides ofP(n), we 4 E EN ] 
Bras t37+ etaizes ta 1 A _ 6n? -3n? —n+18n? +12n+2_ 6n?+15n" +11n+2 
¿ ] Jn+D) * 2n+DEn+3) 3 2 2 
2 eL 2n? +3n+1 | _ 6 (n+1)+9n(n+1)+2(n+1) _ (n+D(6n" +90+2) 
a A 3 
o Ca+D0a+3 203 702 Ñ (1+D|5(n+1? -3(m+1) 1] 
ss ich is P(n +1). Thus P(n +1) is true, Whenever P(n) ¡ 2 
of induction, P(n) is true for al] n. (a) is true. By the prin 


hich is P(n + 1). Thus P(n + 1) is true, whenever P(n) is true. > a 
nciple of induction, P(n) is true for all n. dd 


aso IRA INE AT CAI ATI EAT IR NAAA TES AN 
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Prob.25. Prove by mathematical induction — 


By principle of mathematical induction prove that 727 + 23n—3 3-1 ¡5 
n+1 2 - (0 nm+ 1 yP 


2-24 Bo. +(-1) , : ¡visible by 25. de (R.GP.V., June 2015) 
(R.GPV, DN Prove by the method of mathematical induction that 7?" + 235331 ¡s 
| visible by 25 for all n e N. (R.GPV, Dec. 2016) 
Sol. Let P(n) = 2-2? +3* - A sol Let P(n) = 722 + 2313 3n-1 ¡s divisible by 25. 
112 Since P(1) = 72+2030 =49 + 1.1 = 50 is divisible by 25. 
Since 1 = 8 Therefore P(1) is true. | 
Pri is im | Assuming 721 + 2383. 311 ¡s divisible by 25. 
M ro ' po Let 720 4 233 . 3-1 = 25r, where r is some integer. 
Assuming P(n) is true, we add (-1)"*2 (n+1)? on both sides of P(n), we oly id 
$ e have, 
2 »2,22 n+l1,2 n+2 2_ or n(n+1) DES 1) -3 + 1)-1= 72n+2 3n qn 
E =2 4 0 HED NAAA a DO = 4 “(m4 72 (n+1) 4 2340+1)-3.3(n =+ +27 .3 
aña nio S e A E 
ACA A 
sde . 3 = 77% x 494203 3% x (49-25) 
- ODE +2(2+ 01 _ COD +2) — (729 4 :930-3 gn=1y4g — 2303 goal y 95 
2 2 E 


which is P(n + 1). Thus P(n + 1) is true 


= 25r x 49-23 31 x25 
principle of induction, P(n) is true for all n. 


= 25(49r-230-3 31), 


, Whenever P(n) is true. Bj 
This shows that P(n + 1) is a multiple of 25. That is 25 divides P(n). 


Prob.26. By mathematical inductio 


Ea: A n prove that for any integer n, (11) : ivi =p, then 25 divides P(n), forn=n +1 as 
(1279 is divisible by 133, TETAS MN 277 proved 
Sol. Let = 2 . o... me ] ¡ 
Since P(1)= 113 ES . da cl divisibia y 08. _Brob.28. Prove by induction that the sum of the cubes of three 
P(1) ise 2" = 1331 + 1728 = 3059 is divisible by LE onsecutive integers is divisible by 9. [R.GPV, June 2003(ED] 
Assuming 111+2 + 192n+1 ] Or 


is divisible by 133. 


Prove that the sum of the cubes of three successive natural numbers is 
zS have 1122 + 122%! = 133r, for some integer r. isible by 9. á de (R.GP.V, May 2018) 
nel 3 Sol. Let the integers be n, n + 1, n+2. a 
11 + 122(0+0)+ = qqas3 y 122083 = 11982 x 11 + 19201 Xl Again let P(n)= 07 + (n+ 19 +(n+ 2) be divisible by 9. 
= (1011) + (122+1x144) 8 Since P(1)=P+(1+19+(1+2=1+ P «3? 
>= (un 11) + (122n+1 Xx (11 de 133) E =1+8+27= 36 
= (112 4 1228tl) x 11 + 192n+1 x 133 HÚbich is aan by 9. 
=133wx 2n+ S 1) is true. 
This show that P(n + 1) is a pide o ÉS ee “vides P a n3 + (n + 13 + (n + 2P is divisible by 9. 
Thus, if 133 divides P(n) forn=n, then 133 divides P(Q) E Eb e ME n3 + (n + 19 + (n +2) = 9r, for some integer t- 


Now, we have 

(+ 1P+ (+27 +(0 +3) =(0 + 19 + (0 +2) +19 +90 +270 +27 
= (13 + (n+ 19 +(n+ 2)') + 9n* + 27n +27 
= 9r + 9n2 + 3n + 3) = 9[r + n?+3n + 3). 


Prob.27. Use mathematical inducti E 
nn ction to 3n—3 3 
is divisible by 25 forn e N,. od: 20 
; (R.GP Y, tna 
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e. 

Itiple of 9. Hence mE 
) is a multip Pla +1) ig > 


principle of induction P(n) is true for all 
Prob.29. Prove by mathematical induction that n?+n is an even sae] S 
for all natural numbers n 2 Lo (R.GPV, Dec. E | 
Sol. Let P(n) : n? + n is an even number. dd 4 
For n = 1, we have a 
n2+n =(1)2+ 1=2, which is an even number, á h 
Hence P(1) is true. 3 ¿ 
Let P(K) be true. That is K? + K is an even number. E: 


Now consider 
PK +1): (K+ 12+(K+ 1) E 
=K2+2K+1+(K+1)=K2+K+2K+2 60 
=K2+K+2(K+1)=2+2(K+1)= 2[r+(K4 

where K? + K = 2r E 
Hence (K + 1)? + (K + 1) is an even number. That is, P(K + 1) ist 
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This shows that P(n + 1 

. By the 
whenever P(n) is true. By An a 
n(A¡ NA) NAz3)= 70-65 =5 


hus the number of students studying all three subjects is 5. 


Ans. 


3y 


en 


- Fig. 1,2 Fig. 1.3 
(ii) Number of students studying exactly one of the three subjects 
=15+8 +25 = 48 Ans. 


Prob.31. In a group of 191 students 10 are taking English, Computer 
Science and Music, 36 are taking English and Computer Science, 20 are 
aking English and Music, 18 are taking Computer Science and Music, 65 
te taking English, 76 are taking Computer Science and 63 are taking 
usic. Then answer the following — 
(i) How many are taking English and Music but not Computer Science ? 
(ii) How many are taking Computer Science and Music not English ? 


(iii) How many are taking none of the three subjects ? 
(R.GPV, June 2013) 


and Physics, 10 study Physics and Bi 0% 

three subjects. ysics and Biology, and 30 do not study any0)! 

: e a the number of students studying all three subjec ñ 7 
ind the number of students studying exactly one of the dh 


subjects. 
E (R.GPV, Dec. 2006, 2013, June a Sol. Let A, A, and A; denote the number of students who take English, 
a de Let Aj, Az and Az denote the number of stude EN ¡Computer Science and Music, respectively. pu 
atics, Physics and Biology, respectively. po 3 Then we have, 21 k 
Then we have E n(Ay) = 65, n(A,) = 76, n(Az) = 63 


n(A;) = 32 Me 
also, l , N(A)) = 20, n(A,) = 
nNA¡NAz)=15, nN(A¡ NA>)) pas dE 


Also, n(A, NA») =36, n(A; N Az) =20 Vs) 
n(A, N A3) =18 ] 


n(A7 MAs)=10 n(A¡ NA2NAz3)=10 
(i) The number of students taking Az 


and 30 do not study any of the . ? 
studying exactly one of the de a O :N e and Music But no! Computer; Sereno? 
=100-30=70 ñ -10=10 Ans.. Fig. 1.4 
n( A dl | (ii) The number of students taking Computer Science and Music 
142 0A3)=n(A) +n(A)) + n(A,) BD not english = 18 —10 =8 Ans. 
N(A2 NA) +n(A ha Ñ NA NA7) - MAJO val (iii) Thus, the number of students taking at least one subject. 
ES 70=32+20+45- ia 2 As) Ñ n(A, U A, U Az) =n(Ay) + n(A) + n(A3)—n(A; NA») 
77-10 +n(A,A20A3) $ —n(A, Az) MA, NAz)+n(A, NANA) 
3 = 65 +76 + 63 -36- 18-20 +10 = 140 
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Thus, the number of students taking none of the three subjectg. 
, = Total number of student — n(A, y Ae 

= 2 Up 

= 191 — 140 = 51 E 


] 


Prob.32. In a class of 42 students each play atleast one of the y 
hockey and football. It is found that 14 play cricket, 2 

football, 3 play both cricket and football, 2 play 
hockey and football and none play all three games. Find the numpp 


students who play cricket but not hockey. (R.GPV, June : 


Sol. Let A, denotes set of students who plays cricket, A, denotes gy P 
students who plays hockey and Az denotes set of students who plays Code 


games — cricket, 
hockey and 24 play 


Given, 
n(A, N Az)=2,n(A, NAZN Az)=0, n(A;¡ UV A2U Ay)s E 

To find, 8 

n(A;) => n(A; N A>) 


Cricket 


Football 


í 


n(A¡) = 14 ,n(A2) = 20, n(Az) =24, n(A, NA)=0 
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Sol. Let Aj, A> and Ay denote the number 


»f students who study French, English and Ar Az 
indi, respectively. (A 
Then we have NS 
n(A¡)= 20, n(A)) = 50, n(Az)= 70 Co y 
Also 
n(A; N A>) =5, Ax 
n(A, N Az) = 20, n(A; NAz)=10 
n(A1 NMA2NAzs)= 3 Fig. 1.6 
(i) Now here the no. of students studied Hindi alone =43  Ans. 
(ii) No. of students who studied French alone = 8 Ans. 
(iii) No. of students who studied English but not Hindi 
150 — Mi 3 = 30 Ans. 
(iv) No. of students studied Hindi but not French 
=70-=7-3 =60 Ans. 


Prob.34. If 60,000 fans who attended the home coming football game 


CP bhought up all the paraphernalia for their cars. Altogether 20,000 bumper stickers, 


256000 window decals and 12000 key rings were sold. We know that 52000 fans 
bought at least one items and no one bought more than one of a given item. 
+ ¿Also 6000 fans bought both decals and key rings, 9000 bought both decals and 
bumper stickers and 5000 bought both key rings and bumper stickers. 

(i) How many fans bought all three items ? 
(ii) How many fans bought exactly one item ? 
(R.GP.V,, Nov./Dec. 2007) 
E Sol. (1) Let A, A, and Az denote the number of fans who bought, bumper 
sticker, window decal, and key rings. 


Then we have, 


We have 


42=14+20+24- n(A7 O Ay)= (A, N Ay) +1(A, N Az 
+24—n(A NA) -2-34+0=58-5-—n(A1M 
(A; NA,)=11 p 
Now | 
É NA) =nMA, NA) =14- 11=3 
ence, there are 3 students 
who play cricket but 
Prob.33. Out of 120 stu PE 
have studied French, 50 students 
di E A 
: >: pe Hindi, 5 have studied English and Fr í 1 
indi, 10 have studied Hindi a a esc A 
all the three languages. Find how i 
(i) Hindi alone 
(iii) English, but not Hindi 


n(A¡) = 20,000 
n(A>) = 36,000 
n(A3) = 12,000 
Also, n(A>, N Az) = 6,000 
n(A¡ NA>) = 9,000 
n(A¡ MN Az) = 5,000 
Since 52,000 fans bought at least one item. 
So, n(A¡ VA) U Az) = 52,000 
Now, we have 
n(A¡ VA, U Az) =n(A;) + n(A)) + n(A3) 
= n(Aj N A») = n(A> Mn Az3) 
= n(Aj N A3) *e n(A; N A, 2 Az) 


Fig. 1.7 


many students have studied — 
( ti) French alone E 
(iv) Hindi, but not French. 

(R.GP.V, Dec. 2011, Al 
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30 Discrete Structure , 
Sol. LetA;, Az and Ay be the sets of cars having a radio, an air conditioner 


- 9,000 — 6,000 — 5,000 and white wall tyres respectively. Hence we have 
+NMA¡DA2N Az) | ] n(A;¡)= 15, n(A2) = 8, n(A3) = 6 
52,000 = 48,000 + n(A¡ N Az N Ag) Miso, n(A¡ NA2MA3)=3. 
| Hence, according to the principle of inclusion and exclusion, we have 
n(A;¡ UA) UVA3) = n(A;,) + n(A>,) + n(Az) = n(A; NA) 
=- n(A, NA3) $ n(A; NAz3) Y n(A; NA, NA3) 
=15+8+6-n (A; NA2)—n(Ar NAz)- n(A; NAs) +3 
=.32 (A, MA7)-n(A7 NAz)-n(Ay NAz). 
Further, we know that 
n(A; NA7)2nMA] NA, NAs), n(A> NAz)> n(A y NA) NA3) 
n(A; NAz)2 n(Aj MA) NAg3) ] 
Hence, n(A¡; VA2W A3)<32-3-3-3 =23 
hich shows that there are at most 23 cars that have one or more options. 
Sonsequently there are at least 7 cars that do not have any option. Ans. 


52.000 = 20,000 + 36,000 + 12,000 


> nA¡NA2n A3) = 4,000 
Thus, the number of fans bought all three items are 4,000. | 
(ii) Number of fans bought exactly one of the three items, 
10,000 + 25,000 + 5,000 = 40,000 
Prob.35. A survey was conducted among 1000 people. Of these 
democrats, 595 wear glasses and 550 like ice-cream; 395 of th 
democrats who wear glasses, 350 of them are democrats who like ice-crey 
and 400 of them wear glasses and like ice-cream; 250 of them are dem 7 Ch 
who wear glasses and like ice-cream. How many of them who are y 
democrats, do not wear glasses and do not like ice-cream ? How mani 
them are democrats who do not wear glasses, and do not like ice-cream 
(R.GP.V,, June 20 
Sol. Let Ay, A, Ay denote the number of people who are democh 
wear glasses and like ice-cream respectively. ,. 8 
Now, according to our problem, we have 
n(A;) = 595, n(A>) = 595, n(A3) = 550 
n(A; N A)) = 395, n(A; N Ay) = 350 
n(A) N Az) = 400 and (A; N A, N Az) =250. 
Now, we have a 


Prob;37. Determine the number of integers between 1-1 00 that are 
divisible by 2,3, 5 and 7. Solve the above using principle of inclusion and 
cclusion. [R.GPV,, Dec. 2003 (ED] 


Sol. Let A, denotes the set of integers between 1 and 100 that are divisible 
by 2, A, denote the set of integers that are divisible by 3, Az denote that set of 
Integers that are divisible by 5 and Ay denote the set of integers that are divisible 
7. We have 


a n(A, MN Az) + n(A; MA) MA 
MA] UY Az U Ay) = 595 + 595 + 550395 —350—400+250 $ 
MA] Y Az U Aj) =845 -. E 


100 


=50, NA) =| 3 =33 


100 
n(A¡) = AN 


100 100 
n(A3) = a =20, n(Ay) = a =14 


- Thus, the number of pe E. 100 100 
3 > peo le as E _ == a 
ESand do not like ice-cream ple who are not democrats, do not wear ds Also, n(A; MNA>2) = A =16, n(A;¡ NAz) 2x5 
= 1000 — 845 =155 
100 100 
Also, the number of pe ¿e n(A¡NAz) = =7, nA2MAz3) = o 
Mo notlike ics-creara People who are democrats, do not wear glasst á ) 2x7 HI 
AO | d y | 100 - 11001. 
a si E tt =n(A¡ A) —n(A, MN As): n(A) As) = | =4, n(A3 NAs) = [27/=2 
_ o = 100 A 
Prob.36. Thirty cars were ES (A 100 4: 100- de. 
as : dl INA2MAx) = =3, nhA¡NA2NMAy) = = 
were a radio, an air conditioner ' st in a factory. The options avak 2 3) 2305 ( 1 2 4) 2x3x7 
of the cars have radios, eight o e wall tyres. Itis known thatJUK 100 100 
have white wall tyres. Moreover, Ao air conditioners and six ok (As cid As) . ZIESXT =L, nía? dal 4) » 3x5x7 ; 


three of them have all the three optioW% 


least how many of them have no Options at all, (R.GPV, June 2 ne 
. Voy un É 
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IX IRA XS 


=U Now, we have 
-] ; n(A; UA, UAzUAs) 
Now, we have ¡E = n(Ay) + n(Ay) + n(A3) + n(Ay4) —n(A; NA))—n(A; N Az) 
n(A¡ VA2UA3 UA4) = n(Ay) + n(A,) + n(Az) + n(Az) E —n(A, NAz) —n(Az N Az) —n(A, NA¿) -—n(As NAy) 
- n(A¡ NA2)-n(A¡ NA3)=n(a; A +n(A; NA2N Az) +n(A; NA2NAY) + NA NANA) 


a n(A> NA3) = n(A> NA4)—n(A/n4 : + n(A, NA; NA) —n(Aj; MA) NA; NAsz) 


and n(A¡ NA2MAs3 NAy) = 


E = 125+83+50+35-41 -25-17-16-11-7+8+5+3+2-1 
+n(A¡DAZMA4) +A) NASA) 
-nA¡DAZNMAZMA 4) 0 Prob.39. Among the first 500 positive integers — 


(i) Determine the integers which are not divisible by 2, nor by 3, 


50+33+20+14-16-10-7-6 
+43+2+1+0-0 
117-45+6=78 


r by 5. 
(ii) Determine the integers which are exactly divisible by one of them. 


(R.GP.V,, Dec. 2014) 


- Sol. Let A, denotes the set of integers that are divisible by 2, Az denotes 
5 set of integers that are divisible by 3 and Az denotes the set of integers 


Prob.38. Explain the principle of inclusion and exclusion. Findi 
number of integers between 1 and 250 that are divisible by any one 0, 


integers 2, 3, 5, 7. (R.GPV, June 2004, isible by 5, we have 
Sol. Principle of Inclusion and Exclusion — Refer matter given on n(Ay) = E =250, n(A,) = ES =166, n(Ay) = a =100 


2, Az denotes the set of integers that are divisible by 3, Az denotes that el 


500 500 
Integers that are divisible by 5 and A, denotes the set of integers tl 14 WN , x 7 0 o E: 5 ES 


divisible by 7, we have 4 
A n(A¡ Az) e 50, rad 
250 3 1 3)= 5330, nmA¡NA2NA3) = = 
n(A;) = El =105 n(A)) = = =6) o 2x5 2x3x5 
A Ss e 7 (Y nA¡ UA), UAz) =n(Ay) + n(A)) + n(Az)- n(A¡NAz) 
n(A3) = a =50 añ n(A y 2501 yl 4 = n(A> NAz3)-n(A¡ NAz3)+N(A¡NMA) NAz3) 
5 4 Za 13 = 250 + 166 + 100 — 83 - 33 - 50 + 16 = 366 
Als, NANA )= 250 ' 250 4 E The first 500 positive integers neither divisible by 2, nor by 3, nor by 5 
2 (2x3 =41, n(A; N Az)= o = 500 — 366 = 134 Ans. 
250 3 (ii) The integers divisible by all the three = 16 
NA NAy)= dE Va n(A, A Ay)= 250 el 83 — 16 = 67 integers are divisible by 2 and 3 but not by all the three 
z 313x538 50— 16 = 34 integers are divisible by 2 and 5 but not by all the three 


33 — 16= 17 integers are divisible by 3 and 5 but not by all the three 
250 — 67 — 34— 16 = 133 integers are only divisible by 2 


12590) 
n(A, NAy) = a =1B 
166 — 67 — 17 — 16 = 66 integers are only divisible by 3 


n(Az NA¿)= 


51 


níA MA En 250 Al 
AI aa LA 100 — 34 — 17 16=33 integers are only divisible by 5 
pe 224 UD x 3x1 Total number of integers only divisible by 2, 3 and 5 
MA DAS A)= | 1 250. = 133 + 66 + 33 = 232 Ans, 
2x5x7 > NASA Ay) = E Prob : e 
3x5XÑ 00.40. Among integers 1 to 300, how many of them are divisible 


pe Dy 3, nor by 5, nor by 7 ? How many of them are divisible by 3 but 
y 3, nor dy 7? (R.GPV,, Dec. 2017) 


and 250 


MA DA2NA3MAy)= (250 
2x3x5x7 


=1 


ER 


ae 
Es 
25 
ja 
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et of integers between 1 to 300 that are gu 


denotes the s o 
by a the set of integers divisible by 5, Az denotes tho y h n(A; VA7 VA3)= 100 + 60 +42-20-8-14+2 
integers divisible by 7. We have 3 nas UA7 VA3) = 162 E 
300 _ 300 = 60 2 Thus, the numbers between 1 to 300 divisible by at least one of 3, 5, 7 is 
nAy= 3] 100, n(A2)= 5 62. 2. Ans. 
NE (ii) The number of integers which are divisible by 3 nd 5 but not by 7 
= 162 -42= 120 Ans. 


0 30 (iii) Divisible by 5 but neither by 3 nor by 7 

30 E 

= EI ON = l— = 14 e € =n(A,)-n(A¡0A2)-n(A) NAz)+MA|DA) NAjx) 
n(A2nAy) E 7 ¡doce ha 7 =60-20-8+2=34 Ans. 
Al 4 Prob.42. Out of a total of 130 students, 60 are wearing hats to class, 51 


300 YN EL 


300 
nAJNÁNAS)= 27" e wearing scarves, and 30 are wearing both hats and scarves. Of the 54 
26 are wearing hats, 21 are wearing 


udents who are wearing sweaters, 
rves, and 12 are wearing both hats and scarves. Every one wearing neither 


hat nor a scarf is wearing gloves. 
(1) How many students are wearing gloves ? (R.GPV,, June 2007) 


n(A¡NA20A3) = 100 + 60 + 42 —- 20 — 8-14 +2 me. 1 ES : i . 
a(A¿MA2NAs) =162 E (ii) How many students not wearing a sweater are wearing hats 
Thus, the numbers between 1 to 300 divisible neither by 3, nor by! E á : po é ss sulla 
me. (iii) How many students not wearing a sweater are wearing neither 
Hhat nor a scarf ? 
EL Sol. Let Ay, Az and Az denote the number of students who are wearing 
als, scarves and sweaters, respectively. 
We have n(A;¡) = 60, n(A>,)= 51, n(A3) = 54 
n(A¡NA>)=30, n(A¡MAx3)= 26, n(A2 NAz3)= 21 


Now, we have 4 
n(A¡NA20Az) = n(Ay) + n(A)) + n(Az) — n(A¡MA)) — n(A 
— N(AZNA¡) + n(A¡NAM 


by 7 
= 300 — 162 = 138 
Divisible by 3 but not by 5, nor by 7 
=n(A¡) - nM(A¡NA)) — MAZA) + 
¿NA¡) + NA¡DA2MMA3z) 
= 100- 20-14 +2=68 e de 
Prob.41, How many integers between 1 to 300 (inclusive) ar 0! 
(1) Divisible by at least one of 3, 5, 7 ? e 
(i) Divisible by 3 and 5 but not by 7 ? 3 
(iii) Divisible by $ but neither by 3 nor by 7.2 3 
R.GPV, Yi 
Sol. (i) Let A a e 
divisible by 3, An Pa o the set of integers between 1 to 300% 
e set of integers divisible by 5, A denotéét 


"Total number of students = 130 and n(A¡ NA2NMAs3) = 12. 
Hence, according to the principle of inclusion and exclusion, we have 
n(A¡ VA) UA3)=n(A;,) + n(A)) + n(Az) -n(A¡NMA)2) 
+ n(A¡ N A3) - n(A, MN As) + n(A; NA, MN Az) 
= 60 + 51 +54 - 30-26-21 + 12 
= 165-77+12=100 


E | of integers divisible by 7. We have 
300 | 
, N(A>) = = - 
3 Ñ (A) | : [=60, n(As) = E | 
NA¡nA,) = qe És 8 
Bs 090 NAz) = > 8 
x pS 


300 00: 
n(A; NAj) = ua 06 
7x3 ST A 


-Now, we have 
MA VA) UAz)= MAD +NA») + m 


TASAS) (As) —n(A, Az) Y 


A3 DA) +n(4,MA2Í 


—A 
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number of students who are wearing gloyes 
= (54 + 12) - (26 +21)= 66 - 47 = 19 e 
(ii) The number of students who are not wearing a gw 

in but not scarves be 
wearing hats =n(A,) +n(A; NA, MNAz3) NA] DA) =nA, 
-60+ 12-30-26 =72-56=16 ul 

(iii) The number of students who are not wearing sweater; 

hat nor a scarí  = 130 — 100 = 30 5 


Prob.43. A survey of 500 television watchers produced the ol 
information 285 watch football games, 195 watch hockey games, ] 5, 
basketball games, 45 watch football and basketball games, 70 watc en 
and hockey games, 50 watch hockey and basketball games, 50 do no 
any of the three games. de 

(i) How many people in the survey watch all three gar 
(ii) How many people watch exactly one of the three game 
(R.GP.V, June 2005, D 

Sol. Let A,, A, and Az denote the number of television w to 

watch football, hockey and basketball games, respectively. Then 
n(A¡) = 285, n(A)) = 195, n(Az3) = 115 
also nN(A¡NAz) = 45 


(1) The ] 
(ii) Number of watcher watching exactly one of the three games 


= 190 + 95 + 40 = 325 Ans. 


Relations — The word “relation” suggests some familiar examples of 
T elations such as the relation of father to son, mother to son, brother to sister, 
tc. Familiar examples in arithmetic are relations such as “greater than”, “less 
han”, or that of equality between two real numbers. 

Here, we shall only consider relations, called binary relations, between a 
pair of objects. Before we give a set-theoretic definition of a relation we note 
that a relation between two objects can be defined by listing the two objects as 
“an ordered pair. 

. Definition — Any set of ordered pairs defines a binary relation. 
 Weshall call a binary relation simply a relation. It is sometimes convenient 
lo express the fact that a particular ordered pair, say (x, y) € R, where R is a 


n(A¡MA>) =70 elation, by writing xRy which may be read as “x is in relation R to y. 
and n( ln As) =50 0 Tn mathematics, relations are often denoted by special symbols rather 
, han by capital letters. A familiar example is the relation. “greater than” for real 


umbers. This relation is denoted by >. In fact, > should be considered as the 

lame of a set, whose elements are ordered pairs. Each mamber of any of the 

o 0 dered pairs in the set is a real number, and if a and b are two real numbers 

n(A E ¡SUCH that a > b, then we say that (a, b) e >, or a > b. More precisely the 

(A¡UA2UA3) pe +n(A7) +n(A3)—n(A¡0A7) MAkelation > is 

—n(A2NAs) ENA¡ ALA) 

pe 285 + 195 + 115-7045 50+ n(A¡NA 

450 - 430= o +. o AM 
B= n(A; NA) NA ) 

MAI DA2NA)=20 

Thus, the number of Watcher 


and 50 do not watch any of the three games. Hence the number o£W 
watching exactly one of the three games a, EN 
= 500 — 50 = 450 


> = ((x, y) | x, y are real numbers and X > y) dd) 
The relation of father to his child can be described by a set, say F, of 
Idered pairs in which the first member is the name of the father and the 
cond the name of his child. That is, 
F = ((x, y) | x is the father of y). (11) 
Domain -— Let S be a binary relation. The set D(S) of all objects x such 
at for some y, (x, y) e S is said to be the domain of S, that is 
D(S) = tx | (Ey) (Gs, y) € S)y- 
Range — The set R(S) of all objects y such that for some x, (x, y) € Sis 
aid to be the range of S, that is 
R(S) = (y | Ex) (Gs y) € 5) 
Let X and Y be any two sets. A subset of the cartesian product XxY 
Pfines a relation; say C. For any such relation C, we have D(C) < X and 


watching all three games is 20 


Fig. 1.10 


38 Discrete Structure 


d the relation C is said 
to Y. rf Y = X then C is 
from X to X. In such 
a case, C 18 called a relation in X. 
Hence any relation in X is a subset y» 
of XxX. The set xxxX itself defines 
a relation in AX and is called a 
universal relation in X, while the 
empty set which is also a subset 


of XxX is said to be a void relation 
in X. Fig. 1.12 


IFR is the setof real numbers, then the elements ofRxR can be represty 
by points in a plane. Some of the subsets of RXR define familiar rela 
which can be shown graphically. For example, consider the relations inv 


R(C)< Y, an 
to be from XxX 
called a relation 


X * Y Means Xy 
Ry = ((%, y) | (%, y) E RXRAx*y2 1 
R, = ((x, y) | (%, y) € RxR a x2+ y? < 9) 
Ry = ((x, y) | (%, y) € RXR a y” < x) 
Ry can be represented by points on one side of a hyperbola, R, b 
pido dd sl of radius 3, and Ry by points on one side ofap 
re displayed in fig. 1.12. $ 


1 


Properties of Binary Relations in a Set — qn 
(i) Definition — A bi A A 
nary relation R in a set X is refle 
Every x€ X, XRx, that IS, 5 x) e R or pi N 
The rel R is reflexive in X <> (1) (x. EX > xRx) ho 
e relati j ad HN 
have x < x. Similar ma 1 the set of CIO sio 
> ela ; . . O a 
subsets of a universal set. son ot inclusioA A ca 


(ii) Definition : 
-A , E 
and y in x, whenever Ey Pda, aset X is 
R ls symm t o». j 1S A 
Hen X>()NkEseXnye X AxR 


The relations < 
Metelafi S and < are not symmetric ¡ 
ation of equality is. etric in the set of real numbel 


(ii) Definition — A relati 
Xx, y, and z in X, whenever XRy an 
R is transitive in XxX 


symmetric if, Í 


3 | 


á A Rin a set X is transitive if, for 
A then xRz. That is E. 
ONE: XryeXnz 


The relations <, <and = 


a 


€ 


—> 


E X.(,x) e R. Note tha 
rreflexive, and vice-versa. 


Zanes Ya a 
a 05 y because 


ery x and y in 
tisymmetric 


'x is in Ay, then, since xRy, 
is in A,, then y e R(A7). On either case, y e R(A 


plation from A to B and S be a relation from B to 
the two relations R and S be a relation from the se 
Enoted by RoS and is defined as follows — 
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nition — A relation R in a set X is irreflexive if, for every 
t any relation which is not reflexive is not necessarily 
The relation < in the set of real numbers is irreflexive 


(iv) Deft 


for no x do we have X < X. 

(v) Definition — A relation Rin a set X is antisymmetric if, for 
Xx, whenever xRy and yRx, then x = y. Symbolically, R is 
in x iff 

CINE MES eXayeXoxRy a yRx > X= y). 

Theorem 6. Let R be the relation. from A to B, and let A, and A) be 


ubsets of A, then prove that= 


() If A; Az then RIAD: CRA) 
(1i) R(AJW.A2) =R(AJ)U R(A2) 
(iii) R(A, O A3)< RA1) O RÍA2)- 


Proof. (i) If y e R(A1), then xRy, +X € Aj. 
Since A¡ SA), X € Az. Thus y e R(A;), which proves (1). 

(ii) HfyeR (A¡UA>), then by definition xRy for some x in A¡UA). 
we must have y e R(A,). By some argument, if 
JOR(A)). Thus we have 


own that R(A¡ VA)>) < R(A¡JUR(A)). 
——Conversely, since Aj (A; UA)). Part (i) tells us that 


-R(A) SR(A¡VA92). 


* Similarly R(A>) < R(A¡ VA). 


Thus R(A¡)UR(A2) <R(A¡ VA2) which proves the result. 
(iii) If y eR(A¡MA>2), then for some X in A¡NMA), xRy. 
Since x is in both Ay and A), it follows that y is in both R(Ay) and R(A)) 
Le, y eR(A¡)NR(A2) 
Note — Part (iii) does not claim equality of sets. 


Inverse Relation — Let R be any relation from to B. The inverse relation 


f R, denoted by R”| is the relation from B to A defined by 


R”!=(G, x) : yeB, xeA, (% y)eR). 
Thus to find R”!, we write in reverse order, all ordered pairs belonging to R. 
Range of R”! = Domain of R 
Domain of R”| = Range of R. 
Hence, (x, y)eR > (, x)eR! or 'xRy > y Rx 


Composite Relation — Let A, B, and C be any three sets. Let R be a 
C. The composition relation 


t A to the set C, and is 
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RoS = ((a, c) : 3 an element beB such that (a, b) eR an d 


e A,c EC). 
Mee (a, bJER, (0, ES = (a, 0) EROS. 


Pictorial Representations of Relations — En we consider 
on the set R of real numbers, i.e., S is a subset of R“=R xR. Sine, 


represented b 
those points in the p | 
relation is also called the graph of the relation. 


The relation S consists of all ordered pairs of real numbers whic 


some given equation 
E(x, y)=0 


The relation is usually identified with the equation, that is we pex 


relation E(x, y) = 0. 
Representation of Relations on Finite Sets — Suppose A 


finite sets. Then, there are two ways to picture a relation R from At 

(1) Formarectangular array whose rows are labeled by the ele 
of'A and whose columns are labeled by the elements of B. A 1 or Qi mi 
each position of the array according as as A is or is not related to:be 


array is called the matrix of the relation, 
he (11) . Write down the elements of A and the element of B 
e and then draw an arrow from aeA to beB whenever a is re 
S picture is called the arrow diagram of the relation P 
E Directed Gra i 
another way of picturi 
from a finite 


y the set of points in the plane, we can picture S by emp 
lane which belong to S. The pictorial representat; 
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C : ¿ . . - . 

E ) 1 (iv) Relation of lines being parallel on a set of lines in a plane. 

| (v) Relation of living in the same town on the set of persons living 


¡ Canada. 
 Partial Order Relations — - A Y 
“Let R be a relation in a set A, then R is called partial order relation if 
(1) Ris reflexive 
¡.e., aRa, wa eA 
(11) Ris anti-symmetric 
¡.e., aRb, bRa>a=b,wa,beA 
(iii) R is transitive 
aRb, bRe > aRc, vw a,b, c eA. 
A Job-scheduling Problem — A job-scheduling problem means to make 
schedule for a finite set of workers to complete a given set of tasks. 
To explain it, we consider the problem of scheduling the execution of a set 
F of tasks on a multiprocessor computing system which has a set W of 
dentical processors (i.e., workers). ] 

Suppose T = (T¡, Tz, ..-., Tn) and W = (W,, W,, W3....), where 
Wi» Wa, ..... W, are n identical processors, in the computing system and 
1» Ta, ...., Tj are the tasks to be executed by the n-identical processor on the 
omputing system. Because the processors are identical, a task (i.e., T;¡ or T, or 
or T,) occupies one and only one processor from the set W, it is being supposed 
hat the execution of a task will occupy one and only one processor. Suppose that 
he time taken to execute a task T; on any one processor is denoted by A (T;). 
 Assume that the execution of task T¡ can begin if and only if T; (i < j) is 
ompleted then there is a partial ordering relation < over T such that for 
¡ + T;, T;¡ < T;. In this case T; is said to be predecessor of T;, and T; is said 
) be successor of Es 
Graphically, a partially ordered set of tasks can be depicted by the adjoining 
g- 1.14, where the execution time of each task is written in the bracket. 


SE 
JE Ñ 
CO 


' Dic R on the set A = a . ay of the Fig. - To interpret more clearly, let us consider a subset (T,, T»,... Ty) of task 
5 UL 2), (2 2 o y tom a larger program. Th 
52 (, 4), (3, 2 A e 
Note that there is an Vida e, 4, 4D (4, 3) 8 T¡ <T; => Subprogram T¡may use TG) TQ) 
Equivalence Relation— A re] ; ls líself, since 2 is related 2 1 me of the data generated by 15(3) 
relation if 1t 15 reflexive, Sy e Rin asetx is said to be an equ rOBr 2 T;. Therefore, the execution T.(1) 
IFR is an equivalene > ANd transitive, ET; will have to await the completion T,(3) d 


e relation in a sel 


X itself. Therefore R Will be calleg a relati 
€lati 


The following are so 

¡ numb 
(ii) Equality of subse 
(111) Similarity of tria 


real numbers. 


ts : 
ofa Universal set 


ngl 
816s On the set of triangles 


NO] 


1 Fig. 1.14 


For Example — Suppose a computer system is used on a space mission. 
PPOse T; be the subprogram which determines the course of the space 
aft, and T; be the subprogram which estimates the total cost of fuel 
-"Sumption for mid course adjustment. Then clearly, when the task T; is 
Ompleted then and only then the task T; can be executed. 


Set Theory, Relation, Function, Theorem Proving Techniques 43 


42 Discrete Structure | in order to compl ó 
t ¡Elapsed Time The tota e ee. the contó eS e Prob.45. Let R=(4,D, (1, 3, (1 4)) be a relation on A=(L 2, 3 
Tota ding to the given schedule, is al elapseg dr 10 is not reflexive. Why ? (R.GPV, June 2016) 


ofall tasks accor 


the schedule. o 
Ideal Period — The time int 


a task is said O be the ideal perio 
Ex. In the fIg- 1.14,a set (T¡ To ls w 
Tp Ts» Tos of tasks 15 gIven. We sha 
draw a timing diagram. Suppose Vi» Va» 
yz... are the idle periods of the processor. 2 
“In beginning (¡.e., al time = 0) only 
tasks T, and T, are executing. Suppose T, W 
and T, are executed on the processors W; 
and W, respectively (see following fig. 1.15). 
When T, and T, are completely executed then Tx becomes exeo 


The completion of T; lead to the execution of Tz, Ts, T6 
0.4. Define relation with example. Explain various types of r 
with example. (R.GPV, N 
Ans. Relation — Refer to the matter given on page 37. : 
Types of Relation — Various types of relation are as follows = 

(i) Void Relation — Refer to th ] 

Méding “Range”. e matter given On pass 
1 (ii) Identity Relation — For a given set X, I= ((x, Xx), X.€ xy 


LL Sol. The relation R=((1, 1D), (1, 3), (, 4)) in A is not reflexive since 
Mor 3en te A53€ A while (2, 2) € R, (3, 3) ¿R,(4, 4) £R, 6, 5) e R. 
E Prob.46. LetA=Z*, the set of positive integers, and let 

R=(f(a,b) EAXA | a divides b] 
IsR symmetric or antisymmetric ? 
Sol. If ajb, it does not follow that bla, so R is not symmetric. For example 
23 but 3/2 
If ajb and bla then a =b, so R is antisymmetric. 
- Hence given relation is antisymmetric but not symmetric. 


erval within which a processor is nc 
d of the processor. : 


Ans. 


== prob.47. Show that the relation “is divisor of” in the set of positive 


ntegers is reflexive and transitive but not symmetric. (R. GPV, May 2018) 


EE. Sol. LetN be the set of positive integers and the relation “is divisor of” be 
denoted by R. 
(1) R is Reflexive — Leta e N be any positive integer. 
" Since every positive integer is a divisor ofiitself. [e.g., 3 is a divisor of 3]. 
"* aisa divisor of ai.e., (a, a) € R, VaeN. 
E Hence R is reflexive relation. 
(ii) R is not Symmetric — Let a, b, e N. 
1 Tf “a is a divisor of b”, then it is, not necessary that *b is a divisor of a”. 
8. 2 is a divisor of 4 but 4 is not a divisor of 2]. 
If (a, b) e R, then (b, a) z R. 
- Hence R is not symmetric relation. 
(iii) R is Transitive — Let a, b,c € N- 
E Now if ais a divisor of b” and “b is a divisor of c” then necessarily “a is 
divisor of c”. [e.g., 2 is a divisor of 4” and “4 is a divisor of 8” then 2 is a 
visor of 8” also]. | 
(a, b) e Rand (b, c) e R > (a, c) e R is true. 
- Hence R is transitive relation. 
Prob.48. Show that the relation — 
h R=((a, b) | a, b e Z and a- b is divisible by 3) 
n equivalence relation, where Z is the set of all integers. 


E identity relation in X. In identity relation every element of X is related 


á For example, X = dá 
relation in X. d (1, 2, 4) then I= ((1, D), Q, 2), 4, 9) ds 


3 and range, (e, » ER when » y 0, 
Sol. The relat; x divides y, Determine Rs (R.GP.V, Dec. 2005, 2013) 
R = o En Sl (R.GPV, 2 Sol. (i) Reflexive — For each a e Z, we have a— a =0 is divisible by 3 
Domaj Ea (2, 6), a; 3), (3 ES Thus, wa € Z, we get, aRa 
main = (2, 3, 4) >» 6), (4, 4)) Th : 
; erefore, R is reflexive relation. 


Range = (3, 4, 6) 
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44 Disc have a — bis divisi : 
.. etric — Let a, b e Z, we fav S CIVIsible 
(ii) Syrimelr! divisible by 3 ; Prob.50. Let R be the relation defined on the integers by aRb if a — b is | 
> -(a . idol: by 3 ven. Show that R is an equivalence relation. (R.GP.V, Dec. 2011) | 
=> D- e : Sol. (1) Reflexive — Let ael, then we have : 
Thus aRb > a — a=0 is an even integer 


metric relation. 


b, e, € Z, then we have aRb and1 (a, a)eR ¡.e., aRa. 


Hence, R is reflexive relation. 
(ii) Symmetric — Let a, bel, such that 
aRb <> a=biis an even integer 

> — (a — b) is also an even integer 

> b - a is also an even integer 

> bRa, wa, bel 
Thus, aRb => bRa, wa, bel 
Hence, R is symmetric relation. 
(iii) Transitive — Let a, b, c el such that 
aRb and bRe > a— bis an even integer, and b — c is an even integer 

=> a-—b=2k,, b-c=2k) (k;, k, are integers) 


Therefore, R is sym 
¡¡¡) Transitive — Let a, 
e a — b is divisible by 3 
== b - cis also divisible by 3 
a-b+b-c, i.e., 3 is also a divisor of a— c 


Thus, aRb, bRe > aRc 

Therefore, R is transitive relation. 

Since R is reflexive, symmetric, an 
equivalence relation. 

Prob.49. Show that the relation R = ((a, b) : a— b = even intege 
bel i.e., aRb > a- b = even integer, is an equivalence relation, 


d transitive relation, therefore 


-(RGPV, Ju 
Or E > a-c= 2(k,+ k,) i 
Show that the relation R = f(a, 5) : a— b is an even integ pi > —>a-c =2k,(k=kj, + k)) 
equivalence relation on the set of all integers. (R.GP.V, June UE 5.e., a — cis also an even integer. 


Thus, aRb, bRc > aRc 
'Hence, R is transitive. 


Since, R is reflexive, symmetric, and transitive relations, hence, R is an 
Proved 


Sol. (i) Reflexive — Let ael, then we have 
a—a=0 ¡is an even integer 
(a, aJeR ¡.e., aRa. 

Hence, R is reflexive relation. 

(ii) Symmetric — Let a, bel, such that 
aRb <> a— b is an even integer 

> — (a E b) is also an even integer 
3 — E a is also an even integer. 
E > Ra b -: 
E q , wa, bel 
E ad Rise. Jl bel 

2558 18 Symmetric relation 

(iii) Transitive — ' 
aRb and bRe => 


valence relation. 


Prob.51. IfA be the set of all triangles in a plane andR =((a,b): Aa 
bj,i.e. aRb <> area of the triangle a = area of the triangle b, then prove 
is an equivalence relation. (R.GPV,, June 2016) 


Sol. (i) Reflexive — Since, w acA, we have 
Aa= Aa = (a, ajeR. 


Thus, aRa 
Hence, R is a reflexive relation. 
(ii) Symmetric — For any a, beA, we have 
(a, bbeR > Aa=Ab => Ab= Aa > (b, a)eR. 
Thus, (a, b)eR => (b, a)eR ] 
Hence, R is symmetric relation. 
(iii) Transitive — For all a, b, ceA, we have : 
(a, b)eR, (b, c)eR > Aa= Ab and Ab= Ac > Aa =Ac > 
hus, | ON 


a a, b, e el such that ; 
E de SS a integer, and b — c is an ev 
1» D— C=2k, (ky, k> are integ 
e a—Cis also an even inte A al 12) E 
US, aRb,bRe > aRe 
co R ¡is transitive. 
ince, R is reflexi 

ve, s ] 

equivalence relation. do paste ve relation E 
> 


(a, b)eR, (b, c)eR > (a, c)eR 


>= — ==” 
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Hence, R is transitive relation. : pe 
Since, R is reflexive, symmetric, and transitive relation jp A a 
an equivalence relation inÁ. 3 
Prob.52, Show that if R, and R, are equivalence relatioy , 
R¡NR, is an equivalence relation on A. (R.GPV, June 2005, 
Sol. Given that Ry and R) are equivalence relations in A. 
So, R; CAXAandR¿CA XA. 
Hence, R¡NR¿CA * A. 
(i) Reflexive — Since R is reflexive 
> (a aJeR¡, wacA 
also, R' is reflexive 
> (a,a)jeR,, wacA 
Since, (a, aJeR,, (a, ajeR, > (a, ajeR¡NR>, vasca. 
Thus, R¡MR, is reflexive relation. 
(ii) Symmetric — Let (a, b)ER¡NR). 
Since, — (a, b)eR¡NR, > (a, b)eR, and (a, b)eR, 
Since, R, and R, are symmetric 
“if (a, b)eR, > (b, aJeR, 
and (a, b)eR2> (b, aJeR, 
Since, — (b, a)eR; and (b, aJeR, 
> (b, ajeR¡AR, 
Thus, (a,b) e R¡AR, 
> (b, a)JeR¡0R, 
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Since R be a transitive and reflexive relation on A. It means that 
if(a,b) eR,(b,c)eR => (a, c)eR 
(a, a) e R, v, a, bbceR 
also (a, b) € T > (a, b), (b, a) e R 
"T is Reflexive-=wa e A 
(a, a) e TOA, a), (a, a) e R (+: R is reflexive) 
T is reflexive 
"T is Symmetry — v a, beA 
 (abeT=(,b) (ba) ER 
(b, a), (a, b) ER > (b, a) e T 
(a, b) € T => (b, a) e T 
“Hence T is symmetry 
T is Transitive—=wa,b,c e A 
(a, b) e T, (b, c) e T > (a, b), (b, a) e R and (b, c), (c, b) € R 
ES (a, Cc), (CM € R (-- Riis transitive) 
> (a c)eT 
“. (a, b) e T, (b,c) e T= (a, c) e T. 
Hence, T is transitive relation on- A. 
E ence, T satisfied, reflexive, symmetry and transitive relation, Hence T 
1equivalence relation. Proved 


Prob.54. Let R denote a relation on the set of all ordered pairs of integers by— 
(<, y) R(a, b) if and only if xb = ya. 

Show that R is an equivalence relation. (R.GPV,, June 2012) 
Sol. We must show that R is reflexive, symmetric and transitive. 


Has Ri5R, Is a symmetric relation, ko (i) Reflexive — Let x, y eZ, then we have 

(iii) Transitive — We hav e. y ; (x, y) R(x y) 

(a, b)eR % 0 ¡Thus, —xy= yx, wx, yeZ 
id ¡NR, and (b c)eR pe Th f s á A 
de ; ¡OR, : g erefore, R is reflexive relation. 
a 3 a 

nl )eR,, (b, c)eR, and (b, c)eRz (ii) Symmetric — Let x, y, a, beZ, then we have 

iS E (x, y) R(a, b) 


Sol. 


> 


> 


and (a, b (b, c)eR, => (a, c)eR A > xb=ya > ya =xb 
Si Ra, (b, c)eR : dá > ay=b b) R 
e (a, )eR, and e En (a, c)eR, 7 Thus, R is yo ES d 1053) 
US RIOR; » ER» => (a ho > a symmetric relation. 
Since, RIOR, A O ( c)eR¡NR, de (iii) Transitive — (x, y), (a, b), (c, d) eZ, then we have 
an equivalence relation. uE, symmetric, and t me : pe (G<, y) R(a, b) and (a, b) R(c, d) 
pn ransitive relati00, 444 <> xb = ya and ad = bc 
00.53. Let R be e. Es (bad) = b 
On A s, - A transitivo . 3 (ad) = (ya) (bc) 
e ir that (a, b) is jp y Lag reflexivo relátion ona LN => (xd) (ba) = (yc) (ba) 
an equivalence relation, "Y f both (a, b) and (b, a) are inB" <> xd = yd. Cancelling a + 0 and b + 0 from both sides 
(R 2) E 


"GP, Now/Dec. 2007, DEE ES IAAS0n) 


o 
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chos, bé relation ¡s transitive. Zo ES Set Theory, Relation, Function, Theorem Proving Techniques 49 
Since, R.ÍS reflexive, symmetriC and transitive relations, heno > a-— cis an odd positive integer 
, : l => aRc 
equivalence relation. disserofiió o : ARb, bRe => aRc 
Prob.55. IPR iS 4 relation on Y . set 0 E q de thai c edcbamiós bon 
- 7” or some integer n. Prove fat A oMxE_ . : e 
and only if'34 24D (R.GP e - Equivalence Relation — Since R 1s a transitive but not reflexive and 
relation. E smetric relations. Hence R is not an equivalence relation. 
but not reflexive and 


a + da = 78, when 2 18 an Intego. Partial Order Relation — Since R is a transitive 


Sol. (i) Reflexive — 3 
Hence Ris nota partial order relation. Ans. 


(a, a) ER ¡.e., Rs reflexive. 

(ii) Symmetric — 3b + 4a=7a + 7b- (3a + 4b) 
=7(a +b)-7n 

=7(a+b-—n), where a + b—nis an in 


(b, a) e R when (a, b) e R 


¡-symmetric relations. 
Prob.57. Set of tasks to be executed on a computing system with 3- 


rocessor. Construct corresponding schedule — 


hs Suppose we reduce the execution time of each task by 1. Construct the 


orresponding schedule. 
o T1/3 e» Tg/9 


¡.e. R is symmetric. 
/4 
(ii) Transitive — Let (a, b) and (b, c) € R ES : se $ 
e. let 3a+4b = 7m Ta/2 T7/4 
and 3b + 4c= 7n Tg/4 
Fig. 1.16 (R.GPV, Dec. 2008) 


Equations (i) and (ii) give, 3a + 4c =7 (m + n — b), | 
where m + n — b is an integer 
(a, c)eR 
1.0. R is transitive 


Since R i : : ed , sd 
Since R is reflexive, symmetric and transitive relations, the 
equivalence relation. A LE 


Y Sol. Fig. 1.17 shows the schedule for execution of the set of tasks in fig. 
1:16 on a three processor computing system. 


Prob.56, Let ] a ) 77 e. a 
Let R pd a binary relation on set of all positive integers$ 

is R reflexive ? a nl ls y LS — bis an odd positive integer) a y 2 3 E 4 

IC 2 Antis 2.9 $ a 3 ei A | 

ymmsiric ? fansiiie * 20 al Now, if it is assumed that the execution time of each task is reduced by 1, 


relation ? A partiall 
OR y ordered relation ? (R.G PV, De En the e ki f E j 
eflexive — Let acr+ —— xecution of set of tasks will be as shown in fig.1.18. 


4 


then we have 


, aáa-a = : = : 
E Rs not reflexivo. 0 is not an odd integer. Da j a Ls 
ii) S 6 
) Metric — Let a, ber" hu d Ta/1 T7/3 
aRb > a-bis Por to id 
Aa Sm. an odd positive integer: Fig. 1.18 
nce a) is not an odd positive 


Hence R is not aRb => bRa 
(iii) Anti % Symmetric relation 
doo ) Anti-symmetric Relari " 
gtven relation is not anti-s atton — B 
(iv) Transit; . retric 
ve — Let z 
aRb, bRe pe e any three elements o£ 1”, Y 
>a- O — €, are odd positive int 
— Cis an odd positive 


y (11) property we can € 
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prob.58. Define a relation and give a ple Of a relation. 


»mmetric and transitive but not idas (R.GP y, June 
dll efer to the matter given on page 37. 


(iii) T ransitive — For all x, y, zeL, we have (x, y)eR, (y, z)€R 
x = y (mod m), y = z (mod m) 
x—y= k,m, y — z = km, (k;,, k, are integers) 


pa 
AN PEA 


Sol. Relation — R E y 
ample — Mn. E (x—- y) + (-2z)= K¡m +km 
y mE (a, b, C) be any sel and . E. (x—z)= (k, + k,) m 
R = ((b, b), (6, 0) (a, b),(b, a)) be any relation on it because Rea > x—z= km, where, k = k, + k, is an integer 
, , ? SN R 
¡ ive — Since, as A, we have he mn (x, z) € R. 
(i) Reflexive E 2 y nd x= y (mod my Mímod m) 
> x = Z (mod m) 
de y E xRy, yRz > XR2z. 


 Hence, R is transitive relation. 


Hence, R is not reflexive relation. 
Since, R is reflexive, symmetric, and transitive relations, therefore R is 


(ii) Symmetric— Let a, beA, such that (a, b) and (b, a) bo 
Proved 


i equivalence relation, 


to R. 1 
Then, aRb > bRa, va,beA. - Prob.60. Define equivalence relation and prove that the relation a =b 
mod m); ¡.e., m divides (a — b) in the set of all integers I is an equivalence 
y (R.GPV, Dec. 2012) 


Hence, R is a symmetric relation in A. 
(iii) Transitive — Since (a, b)eR > aRb 
(b, a) eR> bRa 
(b, b)eR> bRb. 
Thus,bRa and aRb => bRb. 
Hence, R is transitive relation in A. 
By (0, (ii) and (iii), we find th j ? ibi 
bs , > atR 
A and transitive relation. PE A 
3 E Consider the set ] of integers and an. integer m >1 17 
E If da pias y modulo m, written x=y (mod m). | 
E Show $4 :s alvisible by m or, equivalently, if x =y + km for some 
á at this defines an equiva] > Y 0 
SOL (0 Reflexiy A e y 
e =— For any xel, we have 


lation. 

3 Sol. Equivalence Relation — Refer to the matter given on page 48. 
Proof — Refer to Prob.59. 

- Prob.61. What is an equivalence relation ? Let R be the relation in the 


ltural numbers N defined by (a — b) is divisible by 8. Show that R is an 
(R.GPV, June 2013) 


and 
also, 


uivalence relation. 
- Sol. Equivalence Relation — Refer to the matter given on page 40. 


- Proof — Let a e N. Then a—a=0 and 0 is divisible by 8. 


Therefore aRa for alla e N 


- Hence, R is reflexive. 
- Again aRb > (a — b) is divisible by 8 
> — (a — b) is divisible by 8 

> (b - a) is divisible by 8 > bRa 


AN 
poi 
eds 


.Hence, R is symmetric 


aRb and aRc >> (a—b)is divisible by 8 and (b—c) is divisible by 8. 


ES 
** X=X 18 divisible b 
y m. 
AA X = x (mod > [(a — b) + (b — c)] is divisible by 8 
Therefore, v*XEl, we hav, Y >> (a —c) is divisible by 8 > aRc 
Hence, R is reflexive re] la XRx, 3 Hence, R is transitive > 
(11) Symmetric — For ml des O Thus, R ¡is an equivalence relation. Proved 
all x, 3% A 
E (% y) ER >= uE y 5 L e x = y (mod 1H Prob.62. Consider the following relation on fl, 2, 3, 4, 5, 6), 
Y=x=(k > (k is an integer) E. R= (ij) :li-j=2)- 
> Mm (=k; : 3 l 
Thus (Y x)eR. Jm, (Ek 18 an integer) 3 (i) IsRisreflexive (ii) Is R is symmetric 
or, ; X = y (mod (iii) Is R is transitive (iv) Draw a graph of R. 

E XRy > yRx My (mod m) (R.GPV, Dec. 2009) 

Ence, R is symm j 0 


Structure 
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eR=(G,):li-J122 5 


L(i) Her 
00 21,23,45,0) 
For any as A, We have 
aRa > ja-al=0%2 


which is not equal to 2. 
So R is not reflexive relation. 


Fig. 1.20 


(11) ES a, b be any two element of A, we have 
año > la — b] =2 is an positive integer 


=== - de - dl 
Ex. — 2R4 él a o. lb — a] =2 which is also positive 


4R2 > 4-2] =2 
So R 18 Symmetric relation. 
(ii) Leta=2 h= 
e B—b1=2= p — q 
ES 7 P-d=2> 4-6 3 
Henc > Las 
€, Ris not transitiv “E 
(iv) pes R= (6,5): io 
112,3,4 5, 6) 


integer 


3 | "Function — Suppose X and Y are any two sets. A relation f from X to Y is said 
be a function if, for every X € X there is a unique y e Y such that (x, y) € £ 

uch as “transformation”, “map” (or “mapping”), “correspondence” 

” are used as synonyms for “function”. The notation f: X > Y 


> 


erms Ss 
1d “operation 
yy is used to express f as a function from X to Y. For a function 

Z > Y if (x, y) e £ then xis called an argument and the corresponding y 

álled the image of x under f. Instead of writing (X, y) € f it is customary 

yrite y = f(x) and to call y the value of the function fat x. : 

'As an extension of this notation to the whole set X, are sometimes denote 

range of f viz. Rs, by f(x). The range of fis defined as 

A fy|3xE€XnY = f(x), 

Tt was mentioned that the domain of f is X, that is, D¿= X. The range of 

8 denoted by Ry and Ry Y. The set Y is said to be the codomain of. A 

Equality of Functions — Two functions f: A—>B and g : A > B are 

ned to be equal, written f= g, if 
3 f(a) = g(a), v aca. 

The negation off = g is written f + g and is the statement. There exists an 

EA, for which fía) + g(a). 

¡Constant Function — The function f defined on a set X such that f(x) = a, 

EX, is called a constant function. 

In other words, f: X >Y is a constant 


—MCtion, if the range of f consists of only one ¡aa * 
ent. This can be represented by a diagram lo Ú 
the adjoining fig. 1.21 as, 

== de = en = Les . 
£(x) = 2, f(y) = 2, f(z) Fig. 1.21 


¡Types of Mapping — | 
( ¿) Injective or One-to-one Mapping — A mapping, fof X into Y is 
to be injective or one-to-one mapping, if distinct elements of X have 
Nct images in Y. It is called injective. 
[he f: X>Y isa injective (one-to-one) mapping if and only if, 
In f(x) = f(x) — Xx] = X2. 
other words, f : X>Y is a one-to-one (or injective) mapping, if 


4 Discrete structure 


om a set 


5 
whenever X] 


Thus a mapping fr 
each element of Y has a 
Ex.- If X= (a, b, C, 
and f: X>Y is defined as, 
fa) = 1, £(b)=2 
fc) =4, (4) =3 
It is injective or one-to-one mapping as 
no two distinct elements of X have the same 


dy, Y = (1,2, 3, 4 


image of Y. 


(ii) Surjective or Onto Mapping — 1f the mapping 
such that every element of Y is the image of 
at least one element of X, then the mapping | 
is called an onto or surjective mapping. In 
other words, the mapping f : X >Y is anta 
If given ye Y, there exists an element a 


such that y = fo. 
X>Y is defined by — 


Then, fis onto as Go) = 2,31= 
(iii) Bijective oy One-t : 4 


Procedure — 


(a) To Show that £ is one 

em f(x) = (0) > 
O Show that fiso 

> SUCh that (o) Esa 


Ex. — o 
X= (a, b, e, d), y - as 


Then, it is one-to 


number “One o 
of elements, "O Mapping. The 
sets X and Y havé 


where Xy, X2€X. 
X into a set Y is One-to-one or al 
¿least one element of X mapping into Y, Je 


Into Mappings — A mapping f: A—> B is said to be an into mapping 
is a proper subset of B. In this case we say that f maps A into B.. Es: 


Ex. FX = (a,b, 0), Y = (2, 3) and f: 


16) = 2,0) =3, Rc) 9, 


23, 4) and fía) = 1,0) =D 
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elena 
EA 


Fig. 1.24 


E Set Theory, 
S ¡nvertible Function —A function f: X>Y 
AS aid to be invertible, if there exists a function 
; le y_>X such that 


fog = Í, and gof = L,, 


XxX 
he identity maps. 


re, L, and I, are t 


Ú SN or 
b | such a case, the function g is called the 
| se of f and is denoted by f”. 
Cc 
| 


Composition Of Function = Suppose f: X > Y and g : Y >Z are two 
6 ; 


Actions. The composite relation gof such that 


gof = ((x, z)1(x e Xx) n (z EZ) a Ay) 
(y EY ay =f0912=800)) 


alled the composition of functions Or relative product of functions fand 
“lore precisely, gof is called the left composition of g with f. 
Tn the above definition it is assumed that the range Rf of f is a subset of 
ES domain of g, which is Y, that is R¿C Dj; otherwise, gofis empty. Assuming 
at gof is not empty. We now show that gof is a function from 
O Z. For this purpose let us assume that (x, z,) and (x, z7) are both in gof. 
lis assumption requires that there is a y € Y such that y = f(x) and 
20)» also z, = g(y) since g is a function, we cannot have z, = g(y) and 
= g(y), hence gof is a function. Any function g for which gof can be 
ith the function f. In such a case, 


ned is said to be left-composable w1 
E) = e(f)), where x is in the domain of gof. The composition of 


tions is shown in fig. 1.25. Given f: X > Y and g : Y >Z, we have the 
Imposite function gof. However the composite function fog may or may not 
St. For the existence of fog, it is necessary that R¿ < Dy. For functions q 
X and g : X > X, the composite functions such as fog, gof, fof, gog, 
sn be formed. Consider three functions £: X > Y, g: Y >Zandh:Z 
W. The composite function (gof) : X > Z and (hog) : Y > W can be 


Fig. 1.22 


ds onto Mapping Bl. 
ed bijective or one-to-one onto 3 ed. Other composite 
Ctions such as ho(gof) x f y £ z 44d z 
i MC ot can also be 
-to- ea. Both of these x Y1 
x ed WeBust spia ts liCtions are from X to W. eS | 3 
to 8 y =f(x),z= gy) * 2 x2 
% we must show that f0f 'W = h(z), we have rd z2 Z) 
E > GQ, Z)eg, (z, w)eh and le 5 3 


E) Egof, (y, w)ehog. xa 14 

Continuing the same . 
peras (x, w)eho(gof). 
arly (x, w)e(hog)of. 


ys 
Fig. 1.25 Composition of Functions 
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l ing true for any X eo . 8 b 
This fact being have (see also fig. pe d by two or more than two pigeons (i.e., objects). sl 
corresponding W, WE Ñ 8 igeonhole principle is also called Dirichlet Drawer Principle or shoe 
TEA ep 


ho(gof) = (hog)of (0) 
Hence the composition ol tUnelions 
is associative, and we may drop the paren- x6 
theses in writing the functions in equati0n 
(i), so that ho(gof) 
hogof = ho(gof) = (hog)of. Fig. 1.26. 
Recursively Defined Functions — Á function is said to be ren 
: : iti itself. In order for the q i 
defined if the function definition refers to 1 he deje t n — a momia 
not to be circular, the function definition must have the follo 3 a if all pigeons are to be assigned pigeonholes, then at e 
properties — E izo onhole contains:two or more pigeons. Prove 
t be certain arguments, called base values. fm . h a ; isned 
the Aeon ie pee to itself. Ñ E Theorem.8. (Generalized Pigeonhole ie If do . e a 4 
(ii) Each time the function does refer to itself, the arg A m pigeonholes (n.> A A 
function must be closer to a base value. (n-1) 
A recursive function with these two properties is said to be ell 
Factorial Function — The product of the positive integers from li 
called n factorial and is denoted by n!, ie. de 
n!=1.23......(n-2)(n—- Dn Mm A igeonholes is at most 
Itis also convenient to define 0!=1, so E le Peón is definail89ons- A 
nonnegative integers, Thus, : =$ ES =n-1 
0!=1, 1! = ! = = iS 1.205 e j ¡ 
1,21 =1,2 = 2, SIQNL 0 But this is in contradiction to the assumption that the number of pigeons 15 


Hence, our assumption is wrong and therefore, at least one pigeonhole 


Remark — The pigeonhole principle can also be stated as follows — 

3 “Ifn pigeonholes are occupied by n + 1 or more pigeons, then at least one 
onhole is occupied by more than one pigeon”. 

Theorem.7. If n pigeons are assigned to m pigeonholes, where m <n, 
E at least one pigeonhole contain two or more pIeecaS ] 
Proof. Suppose each pigeonhole contains at most one pigeon. There: ore 
: f pigeons assigned to m pigeonholes is at the most m. Since 
apio on are left without having assigned a 


E 1 pigeons. 


A : [a-D 
Proof — Suppose, if possible, every pigeonhole contains at the most A 


de and so on. Note that 


312321=3:256 
Ty positive integer n; that is 
n= n.(n— 1)! 


That is true for eve 


1st contain, more than E — 2] pigeons. Hence some pigeonholes must 
m 


E. —-1 
tain at least E y +1 pigeons. Proved 


.. Di ] ion and a relation. 

0.5. Differentiate between a function a 
Áns. Suppose A and B are two sets. Let f be a function from Ato B. Then 
M our definition of function f is a subset of A x B in which each acÁ 
Cars in one and only ordered pair belonging to f. In other words f is a 
Set of (A x B) satisfying the following two conditior s — 

(1) For each aeA, (a, b) ef, for some be B. 

(ii) If (a, b) ef and (a, b') ef then b = b'. On the other hand every 
Set of A x Bis a relation from A to B. Thus every function is a relation but 


Accordingly, the fa 
() lfn = O, then n! =$ 


E cm) =p + l, 
(iD m0 ag mE . > Amn=Am-10. 
a Pigeonhole Principle > En A (m, n)=A (m-1,A (mÍ 
tatement — If th E 
number of pi * Number Of pj ; e ll 
Plgeonholes (i.e., boxes), ed (i.e,, object) is oa 1 
S pigeonhole (i.e., DOM 


te Structure 
ion. IFR is a relation from A 
ot a function. I to B then ae 


FA. But, if fis a function from A to B, then qa 
lation from A to B an element of A may be E pe Sol. (i) No, because there is no element in B, which is assigned to the 
Clatoj E 


kement beA. 
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may be a subset O 


equal to A. Inare 
tin B. Also there may be some element ofA Which 


then one elemen em a ' 
related to any element in B. But in a function from A to B ea che e (ii) No, because rra z, E assigned to ceA. 
d only one element of B. | ne (ii) Yes, since each element of A is assigned a unique element of B. 


must be associated to one an 
 Prob.65. Consider the set A =¿1, 233, 4, 5) and the function f: A>4, 


ed by fig- 1.28. Find — 
Ss 


0.6. Briefly explain the application of pigeonhole principje, 
example. (R.GBy, Dee 
Ans. Let 32 people are chosen in any way from certain ero JE 
two of them will have the same birthday in the month of October Ñ 4 


days), 2000 (note , here each people pigeon) is assigned to the dy ; == 
month (October 2002) (called birthday : pigeonhole) on which is de S 
have been bron. ca Fig. 1.28 


Now, there are 32 people and the month of october has 31 days, : 
according to the pigeonhole principle, there must be at least two peo 
must have been born on the same day of the month. 3 


(i) The image of each element of A 
(ii) The image f(A) of the function f. 
Sol. (i) The arrow indicates the image of an element, there 
2 £(1) = 3, 12) = S, 

K(3) = 5, £(4) = 2, 1(5) = 3. 
(ii) The image f(A) of f consists of all the image values. Now only 
and 5 appear as the image of any elements of A. 
'Thus f(A) = (Q, 3, 5). Ans. 
Prob.66. Consider the function f defined by fig. 1.28. Find — 
(DAS), where S = 1, 3, 5), (ii) FfU(T), where T = fl, 2), (iii) 3). 
Sol. (1) We have 


a 513 
S LT 


Prob.63. Consider a function fF: AB 
(i) Let S o al 
AO. et S be a subset of A. Define the image of S under de 


(ii) Let T be a sub Ñ 
Aid Papo o B. Define the inverse image 07 pe 
Sol. (1) Here, £(S) = íf (a) :a eS) = 


In other words, f(S K(S) = £((, 3, 5)) = RD), 16), 15) = G, 5, 3) 


6D Here a of all images of the elements K(S) = (3, 5) ee 
Ti1acA:f ¿ ] " TT Ns id 
to y other words, PCT) copy (a)eT? (ii) Only 4 has its image in T= (1, 2). Thus 
il Ists of the element of A whose ima, fl (1) a (43 AnS. 
Prob.64 Sta pe 3. 
5 - ate whet : (iii) The elements 1 and 5 have image 3, hence 
Function from A= fa, y fa OF HO each di , 27, 1 a c 
(8, b, ej into p= $ agram in fig. 1. 2I3)= 1, 5) Ans. 
A — ¿X, Z 3 
B mi e dd Prob.67. Consider the sets where X= (2, 3, 6) Y=f y Y and 
=x, (3) = y, (6) = 2. Show that, it is bijective mapping. 
De DE Sol. We have, X Y 
> (1) Since every element of Y is the image 
FA t least One element of X, it is an onto mapping. MEE 
(a) ñ (11) Since no two different elements of X MESES 
e same image in Y, it is a one-to-one mapping. 
(Y) E li Fig. 1.29 


Hence, itis one-to-one onto or bijective mapping. 
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Prob.68. Prove that f HNALB) = GUAY AFB) M Set Theory, 
Sol. Let x be an element of f” !(AUB), then e 2 
seran) 29 AB A Now 1x1) = 09) 
> xe (A) orx NB) > xP) > dx 
- prasB) c AUF B)). E qt 
f is one-to-one 


Again, let y be an element of UA BY, then 


ye al AyuifUB)> ye f (A) or yef (B) > f(VeA o Let y be any arbitrary element of Z* such that 


(ii) fis onto — 
y =1f(9,x eZ* 


> f(y) €AUB > yef Y : 
(rayon Bye FUALB) ] y ie 
Hence by equations (1) and (ii), we obtain => ly =X 
> x= ly dl 


HLAUB) = HA) UB). 


Prob.69. If f : X >Y is one-to-one and onto, the - Since y is positive integer 


ly is also positive integer 


f 7? :YAX is also one-to-one and onto. (RGPV.DA 
a Or e q 1 - Hence 109 = £(/y) = y , 
da PÚ E dio neon s. Ifa mapping f: X > Y is one-one - Thus for each y e Z' and x =v/y eZ*, such that 
e onto. (R.GPV, y = f(x) , 
Proved 


] fis onto 
 Prob.71. IfX >Y and 4, B are two subsets of X, prove that — 


(y FA UB)= f(A) U f(B) (úi) NANDB)C IAN FE). | 
(R.GP.V., Dec. 2010) j 


Sol. Let y¡, yy Y such that 

£(y;) =x, and 

fly) = xo), Y Xx, XyEX 
f(x1) = y, and f(%)) = y, 


Now. el 
> Y1¡)= fl ] 
> e sE (2) h Sol. (i) Let x be an element of f(AU B), then 
Ñ x,) Re o) , xef(AUB)>f”"(x) e AUB 

do El Y = ya > £lUx) eA or fl) eB 
0 IS One-to-one mappin 2. > xef(A) or x ef(B) 

: galn, let x be an arbitrary ele >x e NA) y 18) 

lay ment of X, Since, xef(AUB)> xe f(A) UY(B) 

E | F(AUB) < NA) UAB) 
E) = A a * Consequently, 
FA)JORB) < F(AUB) 


Then, it shows that $1 


image of s image of : . 
ome element in y, yeY is xeX ¡e., every ele From relations (i) and (ii), we get 


Hence, fl is 0 n y. 
Prob.70. S ne-to-one onto. Ff(AU B) = f(AJu 1(B) 
A how th E . 
VxEZ* where Z* is q o Mapping f : z+ > q , (1i) Let x be an ap off(AN B), then 
Of Positive inte e defined! kEf (A n B) ==. (x) cAnB 
£ers, is one to one and => f(g9eA and £ 1) eB 


Sol. () fis 

one-to-one — 0 z 

Let x1, xa € Z* so that. BER lid => xef(A) and x ef(B) 
N(x1)= x2 p > xeflA)n 1(B) 
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xeflANB) >X ef(A) O 1(B) 
So r(amB)cr(A)01(B) 


Prob.72. Define recursive funcúl 


+ y is primiti 
Sol. Recursive Func 


ve recursive. 


ice that 
diiadid x+(y+ 1) =(x + y) + 1, so that 
fa y+1D= fm yN+1= S(f(, y) 
Also f(x, 0) A 


We can now formally define f(x, y) as 
Kx, 0) = x= U¡(9) 


f(x, y + 1)= S(US (Gs y, £(% y) , 
Here the base function is g(x) = U! (x), and the inductive-step unct 


h(x, y, z) = S(UZ(, y, Z)). 


In order to see how we can use the above definition to actuall; 0 pl 


the value of f(2, 4), for example, we have 


£(2, 0) =2 
EQ, 4)= S(K(2, 3) 


ls = S(S(R2, 2))) 
e = S(S(S(RA, 1)))) 
= S(S(S(S(£(2, 00) 
= SS(S(SQ))) 
= S(S(S(3))) 
= S(S(4)) 
= S(5) = 6 
Hence given function is primitive recursive, 
Prob.73. IFR is the se 
SF) =x? and mapping 


Sol ff: R >R is given by 


ene g : R >R is given by id 
209 =x +3 
N 
o dl (fog)x = KeCO)= fx + 3) 
also = (x +32 = 2 
Ps , (gof)x = 8íf)) = 
Hence, (og)x + (gof)x 


f0g + gof 


on. Show that the function 
(R.GP Y, Juni 


tion — Refer to the matter given On page 


t of real numbers and mapping f : R >R 
of £ :R>R is given by g(x) =x + 3, then SHO 
( 


+ 6x +9 
202) = x2 4 3 
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Prob.74. If the function f: R >R is defined by f(x) = cos x and the 
> netion g :R > R is defined by g(x) =xé, find (gof)x and (f02)x and prove 
that they are not equal. (R.GP.V., Dec. 2005) 
Sol. ff: R > R is given by f(x) = cos x and g : R > R is given by 
a) = Y 
Now (fog)x = f[g(x)] 

= K(x3) = cos x? 

(gof)x = glf(x)] 

= g(cos x) 

= (cos x)? = cos?x 
a (fog)x + (gof)x 
Hence fog + gof Proved 


Prob.75. Letf : R =>R be defined by 
2x+1,x<0 
vs idad 
Let g: RR be defined by 
3Ix—7,x<0 


g(x) - 3 


x",x>0 


8 


ES 
lS 


then find the composition gof. 
Sol. When x<0 
(gof)x = g[f()] = gQx + 1) = 3Qx + 1)-7 
=6x+3-7=6x-4 


(R.GBV, Dec. 2015) 


- Whenx>0 
(gof)x= [169] = gc? +1) =(2+ DP 
=x6+1+3xU(x2+1)=x6 + 3x4 + 3x2 + 1 E 
 Prob.76. Explain pigeonhole principle. Prove that among 100000 people 
tere are two who are born on same time ?  (R.GPV, June 2004, 2007) y 
Explain pigeonhole principle with an example. (R.GPV, Dec. 2017) 
Sol. Pigeonhole Principle — Refer to the matter given on page S6. da 
Let P=1P. Po P:00000) be the set of people. a 
Let H= (H,, Ha, ..... H24) be set of all hours in a day. 
A function *f” exists such that £: P > H p| 
By extended pegeonhole principle, there are at least El persons Do 


ing the same hour 


_ ES -4167 
24 
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Suppose Q = [q1 Y» : 
same hours. 

Suppose M = (my, M), 
hour and same minute and S 
minute. Then h : R > $. 


By extending pigeonhole principle, the number of persons born in 


hour, minute and seconds 


elo 


Prob.77. If n pigeons are assigned to m pigeonhole and m 
that some pigeonholes contain atleast two pigeon also show that 
people, there are atleast two people, who were born in the same 

(R.GPV, D 

Sol. (i) Refer to the Theorem 7 for solution of first part. 


(1) Let P = (P,, P,, P3....P¡3) be the set of peoples 


Let M = (M;, M)....M,>) be the set of all months in a year > 


A function f exists such that f : P=> M 


By extended pigeonhole principle, there are at least E 
[MÍ 


50 


during the same month = | 
F 12 


2 


Pr b.78. A Je 
00.78. State and prove Pigeonhole principle with an exi 


(R.GPV, 


Sol, natter pj 
Refer to the matter £glven on page 56 and Theorem 7. 


Prob.79, Show th pos 5 
] at the Mapping f ; R le» R, HG) E 2 


z m60) is the set of all persons be de y 
= [S1, S2» as Seo) is the set of all g e 0 3 
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1 
YI x y 
y+0 


1 
y is also a non-zero real number. 


] ( 1 
“Hence for every y +0 there exists its pre-image —— +0 in R as shown 
1 


l .. 1 
bai [+ 109-<, 


It shows that every 0% y e R has its pre-image in domain R. 
*, fis onto 


Hence the given mapping is one-one onto. Proved 


Prob.80. Let f: R >R be defined by f(x) = 3x + 4, show that f is one- 
and onto. Give a formula that defines f7. (R.GPV, Dec. 2016) 


Sol. (i) fis one-to-one — 
Let x¡, x, e R, so that 
3 f(x,)= 3x, +4 
f(x,)= 3x, +4 
f(x) = f(x) 
3x, +4= 3x,+4 
3x1, = 3x) 


3 


Now, 


' X17 X 
'f is one-to-one. 


(ii) fis onto — Let y be any arbitrary element of R such that 
y= f(x) =3x +4 


Zero r hi y! 
f(x.) = fx) eal numbers, then E LL 
> 1 03 E Since y is rational number 
E so A E de X is also rational number. 
d EE Xx) 4 ds > Y . 
K(x,) = Ra) y Thus any arbitrary element y in R, is the f-image of the element in R. 
fis One-one : 2>X]=x 3 ] 
Mapping 2 y fis onto. 
Let á n 
y 4 0 be any rea] numb 3 Hence, the given mapping is one-to-one and onto. Proved 
Cr -SuCh that o > 8 pping 
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(iii) Find pf*- | y 
Since £: R >R is one-to-one and onto the inverse function fu 


Let y be the image of x under f. Then, : 
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(go) = elfo] = 2) =2 - 


| Ed y zeZ, 3 an element xeX such that (gof)x = Z 


H 


y = 109) —.  gofis onto. 
=3x +4 E Hence, gof is one-to-one onto. Proved 
¿ E Ñ 1 = lao] — 
Hence, every y Will be sent into an x under the inverse To prove that (gof)! = f "08 
x = £ (y), where “Since gof is one-to-one onto mapping. 
y= 3x +4 (gofy” exists. 
x= yA If f: X >Y be given by f(x) = y, where xeX and ye Y 
or ; 
d Lg: Y >Zbegivenby £(y)= z, where ye Y and z eZ 
Thus f y) = 7 Esof - X>Z be given by (gof)x =z, where xeX and zeZ. 
By the definition of inverse mapping, we have 
Prob.81. Iff : X>Y and g : Y Z be two one-to-one onto y £O=x g(z) 
then prove that gof : e. 3 ene di onto and E y and (go DU) =x 
of) * = pla Ds Ñ 
A Now, (Mog)z= PIE) 
ES q El LA 1 7. 
EA 2 B and g : B >C be one to one onto functions, the ; n a 0 - x= (gofJ (2), vz € 
that gof is also one to one onto and (gofy? = flog”. 2 Hence, Mog” = (gof) 
(R.GP E (go)! = Mog” Proved 
Sol. ff: X>Y and g : Y >Z b : $ . = 2x +1, and g() =?-2 
e two mappings, then f(x) =  Prob.82. Let function f and g defined by f6) = 2x +1, and g 


ld Where, xEX, ye Y and zeZ. 


Gi » 
o that f and g are both one-to-one onto and ther 
exists and both are one-to-one onto 


To prove that gof is one-to-one — - 


pectively. : | 
Find — 
() (opta) (iy Fog) (ii) (sopla +2) (iv) (fogMa + 2) 
(v) fofísometimes denoted by f?) (vi) (208). 


1 


Let x1, x2eX, then we have (R.GPV, June 2015) 
a j “f00)=2x+1 
> pee )x1 = (gof xo Sol. (i) We have, (gof) (4) = g[f(4)] = g09) DE a a oi o] 
g (x1)] = eL .. 1 . 
> Xx2)] DE ni Ans 
8(Y1)= 8 =92-2=79 
E y, = y (ii) We have, — (fog)(4) = f[g(0)] = £(14) =2 (14) + 1= el 
f(x,) = 
E Y) (iii) We have, — fla+2)=2(a+2)+1=2a2+4+1=2a+5 
Thus, 20 is ome-o-ono ma 2 Then (gofl(a+2)= glfla +2)] 
To prove that g0f is ont ES = g(Qa + 5) = Qa + 5) -2 
-—Letz be any arhi pS 2 Ans. 
y arbitra Ñ ; : = 42? + 20a + 23 
element Ty element ' 3% A 
A such that g(y) =7, > SINCE g is onto, hence eel (iv) We have, g(a+2)=(a+22-2=32+42+2 
Fis onto, hence there exi. Y Then. (fog)(a+2)= fa(a + 2) 
an 


f(x) = y element xeX such that E = fía? + 4a +2) 


ARS 
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=2 (42 +42+2)+1 


=2a22 +8a+5 
(£0069 = FTÉCO]= fRx + 1) 
=2 (2x+ 1)+1 
=4x +3 
(vi) We have (gog)(Y = gle(x)] 
= g(? — 2) = (2-22 
= x4 -— 4x2 +2 


(v) We have 


Prob.83. Let f(x) =2x +3, g(%) =3x + 4 and h(x) = 4x for. 
R is set of real numbers. Find gof, f0g, foh and goh. (R.G PY, 


Sol. We have, 
(gof)x = g(f(x)) = gQx + 3) 


=3(2x + 3) +4 T- el E 


=6x+9+4 
= 6x + 13 

(fog)x = f(gG0) = K(3x + 4) 
=2(3x +4) 4 3 
=6x+8+3 
= 6x + 11 

(foh)x = £(h() = f(4x) 
= 2(4x) + 3 
=8x +3 

(Boh)x = g(h(x) = g(4x) 
= 3(4x) + 4 
=12 

Prob.84. Let x = Am x+4 


and 


- ne f: X >X such that 
Fi 1) fl q: > 5 b, 

MA DI ip f2 ig y e Je 

Sol. (i) The function f ¡g $ : (Eh GPÑ 


hown in fig. 1.30, 


Fig. 1.30 
= ((b, a), (a,b), (c, 0) 


The Inverse function fl 


So, E = [(a, a), (b, D), (6, 0) 


So, £? = ((a, b), (b, 2), (6, )) 


Set Theory, Relation, Function, Theorem Proving Techniques 69 


(ii) The £2 is fof as shown in fig. 1.31. 
fof(a) = f[f(a)] = £(b) = a 
fofí(b) = f[£(0)] = f(a) = b 
fof(c) = f[f(c)] = Ke) = c 


Fig. 13I > 
AnS. 


(ii) The £? is fofof i.e. fof? (see fig. 1.32), 
fof2(a) = £ [£? (a)] = f(a) = b 
fof? (b) = £ [£? (0)] = f(b) =a 
fof? (e) =f [1? (0)] = flo) =c 


Fig. 1.32 


Ans. 


(iv) The £* is fofofof i.e. fof? (see fig. 1.33). 
fof (a) = £ [£ (a)] = F(b) =a 
fof3 (b) = £ [£? (b)] = fa) = b 
fof3 (0) = £ [£%(0)] = fc) = 0 


<=] >] 
— 3 () 
f 


Fig. 1.33 
So, £* = (a,2), (0, DJ (6 O dad: 
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The inverse function pl 


pS 
f 
Fig. 1.34 


= (Q, 1D), (1, 2), 3, 3); 


(ii) The É is fof as shown in fig. 1.35. 
fof(1) = K1R1)] = 12) = 1 
fof(2) = 1802) = 1) = 2 
fof(3) = 13] = 168) = 3 


=2 == 
A PEA 


So 


Fig. 1.35 
f= (1, D), Q, 2), (3, 3)) 


(iii) The É is fofof ¡.e. fof? (see fig. 1.36). 


So £ =((1, 2), 


fo (1) = TP()] = 111) = 2 
fof(2) = 1P(2)] = (2) = 1 
fof*(3) = T£(3)] = £(3) = 3 


Fig. 1.36 
Q, 1, (3, 3)) 


, 3). Define f: A >Asuch that FE 


(R.GP y, 


ALGEBRAIC 
STRUCTURES 


Binary Operations 0n 2 Set — | 
Suppose G is a non-empty set. The GxG=((a,b):ae 6, b e G). If 


Gx G> 6, then fis called a binary operation on a set G. The image of the 
idered pair (a, b) under the function f is denoted by afb. Often we use - 
mbols +, X, *, O, etc., to denote binary operations on a set. Thus, + will be 


binary operation on G ¡ff 
3 a+beG,wa,b eG anda + bis unique. 


Similarly **” will be a binary operation on Giffa*b e G, va, 


* b is unique. 
A binary operation on a set G is sometimes als 
mposition in the set G. If * is a binary composition in G then a *b e G, 
a. b e G. Therefore, G is closed with respect to the composition denoted by *. 


] For example, addition is a binary operation on the setN of natural numbers. 

le sum of two natural numbers is also a natural number. Therefore N is 

losed with respect to addition i.e., 2 +beNvabenN: 

Subtraction is not a binary operation On N. We have 4-7 == 3 EN 
tto subtraction, But subtraction 


hereas 4 eN. Thus Nis not closed with respec 
binary operation on the set of integer. We have a-b e Lva, bel 
set G equipped with one or more 
* ¡s a binary 


Algebraic Structure — Á non-empty 
4 operations is said to be an algebraic structure. Suppose 
peration on G. Then (G, *) is an algebraic structuré. (N, +), 6 +), (1, -), 
+, *) are all algebraic structure. Here (R, +, -) is an algebraic structure 
ulpped with two operations. 

Properties of an Algebraic System — By a property of an algebrale 
tem, we mean a property possessed by any of its operations. Importan E 


be Gand 


o said to be binary 
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perties of an algebraic system are — ¡ 

(i) Associative and Commutative Laws — An 5 

is said to be associative Or to satisfy the associative law if, for E 

b, c in S, We have 

(a*b)*o=a*(b*c) | 

An operation * on a set S is said to be commutatiye 
commutative law if 

a*b=b*a 


For any elements, a, b in $. 


Algebraic Structures 73 
pro 


.d there exists an element e e M such that for any x e M 

h e*x=x*e=x 

here e is called identity element. 

E Example — Consider an algebraic system (1, +) where the set I = £0,1,2, 
4, NEO y the set of natural numbers and + is an addition operation. 


Closure Property — The operation + is closed since sum of two natural 
imbers is a natural number. 


- Associative property — The operation + is an associative property since 
(ii) Identity Element and Inverses — Consider an Operati eve 
S. An element e in Sis called an identity element for * if, for any el 
a*te=e*a=a 
Generally, an element e is called a left identity or a ri 
ase*ta=aora*e=a where a is any element in S. 
Suppose an operation * on a set S does have an i 
inverse of an element in S is an element b such that 
a*b=b*a=e 


(a + Dia AED + CR a,b,c el 


Identity — There exists an identity element in set 1 with respect to the 
jeration +. The element 0 is an identity element with respect to the operation 
ince the operation + is a closed, associative and there exists an identity. 
fence, the algebraic system (I,+) is a monoid. 


ght identj 


dentity elemente 


SA 


Theorem 1. Ifa semigroup has an identity element, the identity element 
unique. , 


Proof. Suppose a semigroup (S, *) has two identity elements e and e'. 
ice e is an identity element, we have e *a=a*e=a for all a e S. Since 
E $, this implies that 


a 


(iii) Cancelation Laws — An operation * on a set S j¿ 
the left cancelation law 1 


e*ter=e*e=efe ..«(1) 
MANO is saj : : simi 'is an identi S, we find that 
S d is said to satisfy the right cancelation law if peo since qe le a > A ment aná o (ii) 
db*a=c*a impliesb=0 d 


, From (i) and (ii), we get 

Semigroup — . '=e*e=e*e'=e , . 

to belle» ic lo RE Thus, e' and e are not different. It means that if (S, *) has an identity 
: ement, it must be unique. 


Group — 


botica n of natural numbers - A system consisting of a non-empty set G of e: a,b, c pa 
» addition is an asociar; Operation is said to ided the following postulates are satisfied — 
e clati : : said to be a group provide 
Similarly, the algebraic struc EE on N. 


Example E 


(i) Closure Property — For alla, be G>a.be€ G 
Th 
subtraction > d e algebraic Structure 


Le., G is closed under the operation *.”. 
(ii) Associativity — (a.b).c = a.(b.c), w a, b, c € G 
l.e., the binary operation *.? over G is associative. 
(iii) Existence of Identity — There exists an unique rai S, 
h that, e.a=2 =a.e, for every a e G. This element e is called the a 
j en 
(iv) Existence of Inverse — For each a e G, there exists an des 
€ G, such that aaTl =e=a la. i 
The element a”! is called the inverse of a. 


at lis closeg 
e emigroup, Under subtraction 
Onoid — A semi 

O i 
the operation * ¡ E UP (m, *) vit 


AY ze 


y *z 


te Structure e 
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ommutative Group — A group G is said tp y 


Abelian or C e 0h 

mmutative 1810 addition to the above four postulates the folloyip, ab =ac>b=cC (Left cancellation law) 
a tel 080 3 ba =ca>b=C (Right cancellation law) 
] 8 Proof: Let a be any arbitrary element of G, then there exists an element 


(v) Commutativity — a.b = b.a, for every a, b e G. 
. en -] uch that ' 
eneral Properties of Group je0. $ aa 1=e=a7 a, where, e is the identity element. 


Some G 
Theorem 2. (Uniqueness of Identity) — The identity element E now, ab= ac 
is unique. a E a=l(ab)=a7! (a) a 
Proof. Suppose e and e' are two identity elements of a grou o (by multiplying both sides on the En uy a7 ) 
e*e'=e, ife' is identity : > (a7la)b =(a7 tac (by asSanIQURS law) 
and e*e'=e', ife is identity E= Pe => sd ( a7*a=e) 
But e*e' is a unique element of G. ) so, ba 
la : 40 ] Eno a E > (ba) az! = (ca) a” : 
Hence, the identity element is unique. b(aa  =c(aa” L) (by associative law) 
Theorem 3. (Uniqueness of Inverse) — The inv a > be= ce 
group is unique. encon caca S > b=c Proved 
- Theorem 6. If a, b are any two elements of a group G, then the equation 


Proof. Let a b ; ; 
Ss . e any arbitrary element of a group G and lete be 


Suppose b and c are two inverse of a ¡.e 
ed 
*Xa — — 
bta=e=atb and cta=e =a*c 


¿=b and ya = b have unique solution in G. 
. Proof. Let a be any element of G, then there exists an element a” 1£G, 


ich that 
: arla=e=aa"! 


Now, b*(a*c) =b*e = E 
also, qe - me E b jj here, € is the identity element 
But b*(a*c) = e (ab*. a E: aeG,beG > a7!leG,beG >2. IbeG 
Thus, b Bare (by closure property) 
E Now putting x=a" 1b in the equation ax = b, we have 


: a (a7 lb) = (a a7 !b = eb =b 
' Thus,x=a" !bis a solution in G of the equation ax = b. To show that the 
dlution is unique, let us suppose that x = X; and x = x, are two solutions of 
e equation ax = b. Then, 
ax, = band ax, =D 
“: ax, = ax, >X1=% 
Hence, the solution is unique. 
Now, to prove the equation ya = b has a unique solution in G. We have 
acG, beG > arleG, beG > ba” e G (by closure property) 
Now (bar bha=b(a7!a)=be=b (by associative law) 
á y =ba”! isa solution in G of the equation ya = b 


Suppose y, and y, are two solutions of this equation. 


He 1 
nce, the inverse element is unique 


E Theorem 4, 1, 
A - Íf the inve . 
Le, la=-1 a of a is a=L, then the inverse 


0 


. , a 


a” lkg = 
(by left cancellation law) 


> 


a =(a-l,- 
a (17)-1= j q E T 
Theorem $, C 5 Me hen, y¡a =b and y,2 = b, therefore y¡2 = y,2 
( dl A (by right cancellation law) 


anc . 
- Vhree elements y ellation lay»s oy y 
f G, then d 200d ¡ A He pea : 
in a group. If a, b, E nce, the solution is unique. 


Structure 
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ble for Finite Sets — 


Composition Ta 


The composit>n (Or opio or Je on lb 15 the taby pe 4 Ea Es e. he a pe remainder 
dd mposition in a finite se XMDited. This (r,). (1) = UU] Taf> pt, 
in which a binary Comp his tblenes 1 de APREOa 


formed as follows = 


(i) Write the elements of the set (which are finite in a e . k is the least non-negative remainder when r; r, is divided by m. 
' -*)7h€ f addition known as 
row as well as 1n a column. pa «9 Modulo m — Here we define a new type o ; , 
(ii) Write the element associated to the ordered pair (a... E E o m and written as X +, y, Where x and y are integers and m is 
ko tion mo =r; 0<r < m, where r denotes the least 


This means X +, Y y 
ive remainder obtained on dividing the ordinary sum of x and y by 
E d the sum of x and y in the ordinary way and then remove the 
E roultiples of m from this sum such that the remainder is either 0 or a 
J sitive integer less then m. em 
E : -Multiplication Modulo p- Here we define a new type of multip Po 
own as “multiplication modulo p and written as X Xpy Or e e 
Ñ E, are integers and p is a prime number. This sIcADs XxX py r¡O<r<p 
here r denotes the least non-negative integer obtained on dividing the ca 
« and y by p 1.e., we find the product of x and y in the ma biso pa 
'n remove the integral multiples of p from this product such tha 
mainder is either O or a positive integer less than p. 

Order of an Element of a Group — Suppose G is a group and the 
position has been denoted multiplicatively. By the order of an element 
EG is meant the least positive integer, if one exists. 

Such that an = e (the identity of G). 

If there exists no positive integer n such that a” = e, then we say that a is 


intersection of the row headed by a, and the column below a. 


For example - The composition table for the group (168 
consists of the elements 0, 1, 2, 3, 4 1s given below 


sitive integer. 


table viz., 0 is obtained by adding the first element O of head row an 
element 0 of the the head column. Similarly the third element of 4h 
(viz. 5) is obtained by adding the third element 2 of the head row an 
fourth element 3 of the head column and so on. a 
Residue Classes Modulo m — 


LE a], 2, € L the set of 
1sible by m. 


all integers, then a, = a, (mod m) i 


= . al >. . b E Eb 
20 = a, (mod m) is read as “a, congurent to a, MO dulo Of in finite order or of zero order. The order of a 15 denoted by ( 4 A 
gurence relation (mod m)ig'2n quicio - Theorem 7. The order of every element of a finite group is fin 


Ss than or equal to the order of the group. 
omposition bemg denoted 


- Proof. Suppose G is a finite group, the C 
cave OS a e G, consider all positive integral powers pa É a 
O. “All these are elements of G, by closure axiom. Since q 
lite number of elements, therefore all these integral powers of a cannot be 
stinct elements of G. Suppose a" = af (1 > s). ; 


Sum of Res; 
: esid 
3 - Now aA=a>aar=aat>aat=a 


Modulo mm, their sum 7 Classes — 1f 


(1) and (r,) be two resid 


laz : defin d =r-—s 
negative rema; ed by fr Tas =e> a” =e, where m =1 - 
: €malnder when (r, + tn) Y 112) = (k), where k is the ; == Aba there exists a positive 
tk.) E 2) divided by m Since r > s, therefore mis a positive integer. Hence 
vto. : 3 > | 
2 r . ho 'cger m such that a” = e. 
a t po 1, 1f Tr, +1, em dz least member. 


Now we know that every set of positive integers has a — e has least 3 
lerefore the set of all those positive integers m such that a ch that a? =e. 3 
embers, say n. Thus there exists a least positive integer n Su 


lerefore o(a) is finite. 


Where k is the least non 


Product of Resid 
modulo m, their produ 


d if r; + 15) 22m E be 
Nder 1 A 
ue Classes — When E, + r) 18 divided 1 


| 1 - dl 
ct is defined by 1) and t1,) be two residueH 
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(a) < o(G). be Algebraic Structures 79 


Now to prove that o | | 
Suppose o(a) = M, where n > 0(G). Since a e G, therefoy 
property a 22, ..... a” are elements of G. No two of these are dy 
possible, let a” = s ]<s<rsn. Then a =e, since 0 <p - 3 Uy ¡op E eel 

21=S = e implies that the order of a is less than n. This is a con ta Ans. 


sde A 4 ictin E efine semigroup- 
a, a2,.....a are n distinct elements of G. Since n > o(G), ete 10.2. ee "> the matter given on page 75, 
: ANS. 


ossible. Hence we must have o(a) > o(G). ore po Asi sor 
Pp qa 03. Define monoid. FA v, June 2010, ec. ) 


mean by algebraic structures ? Explain its different 
,1. What do yo! (R.GPV, Nov. 2018) 
o the matter given on pagé Fs 
(R.GP.V., Dec. 2013, 2017) 


Theorem 8. If the element a of a group G is order n, th 


ha en 
is a divisor of m. : 


Write short note on monoid. (R.GP.V, Dec. 2010, 2015) 


Proof. Suppose n is a divisor of m. Then there exi 
that nq = m. 


sts an ina (R.GPV,, Dec. 2014) 


¡ E 


Define monoid with an example. 
Ans. Refer to the matter given on page 72. 


| , Í th an example — 
ne the following algebraic structure wil 
p* e son (ii) Monoid. (R.GPV, June 2017) 


Ans. (i) Semigroup — Refer to the matter given on page TZ: 
lA (ii) Monoid — Refer to the matter given on page TZ. 
3 (R.GPV, June 2015) 


Now 7 = 200 (a1)A= es (+= (a) 
=86 

Conversely suppose that aM= e, 

Since m is an integer and n is a 

algorithm there exists integers q and r 

Now 


positive integer therefore by 
such that m = nq +1, wher 
== al al = (ama q 20.5. Explain abelian group. 

-Ans. Refer to the matter given on page 74. 
0.6. Define semigroup. Write its properties. 
"Ans. Refer to the matter given on page 72, and 74. 

0.7. Define group. Distinguish between abelian and non-abelian group. 
olain with the help of example. (R.GP.V., June 2013) 
Ans. Group -— Refer to the matter given on page 13, 


- Abelian Group — Refer to the matter given on page 74. 


= el al = eg! = gr 
aM=e>a=e 
Since 0<r<n, therefore ar = 


(R.GP.V., Dec. 2015) 


E fo(a) =n, then there will ex 


> all infini lian groups (0 is the 
Proof. of a group, Example — (Z, +), (Q, +), (R, +) are all infinite abelian ; 
o de 1 and m are the orders Ofa af E ttity and —a is the inverse of a in each case), + being the binary operdion. 
( ax)? = (ol 2%) (01 A a and x? ax dé ; Non-abelian Group — A group which is not abelian is called non-abelian. 
gol ze , EN 
In =x 1 d Loc) ax e 1 01 [Ti 0 0d 1 1 
Erneral, we ger al ax = xl a? y A= elo Al a PFli ofF[1 0 
(x 1 ax) ? 
Xx)" = xl gn x = lle a quaternian group. 
A ax) < Xx = 8 Ñ It can easily be seen that it is non-abelian group with respect to 
Again 0 ; Mm<n, (-.- o(a) altiplication operation. 
ax) = ' 
e -1 > (01 
>> MS NUMERICAL PROBLEMS 
a Xx 
> < in => qm Xx (by left cancellak Pros ada 
Finally m < y me se A (by right cancellal , - Show Sa a sa I E pi > Ed 1 
n= m se O AT y y q q , , , , , yorrcnoo 


3 group with respect to the operation of addition of integers. 


ASS 
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Sol. (i) Closure Prope Algebraic Structures 81 


rty — We know that the sy 
a +b ely a, bel. 


O two. 


also an integers L.e., Ñ Ss , AE 
mEndS is closed under given operation. p From equations (1) a > e cd ; 
E caia ds be are=a=a 5 y left cancellation law) 
(ii) Associativity — We know that addition ofintegerg bre=b=bxb>e=b (by left cancellation law) 
a=e= 


composition. Thus, a+(b+c)=(a+b)+c,w a, b, ce 

(iii) Existence of Identity — Let 0 e I, we have 04 

w ael. Therefore 0 is the additive identity. | 

(iv) Existence of Inverse — Let ael, then (- a) e 1 ie 

inverse of a, since, a+(a)=0=(Ga)j+awvace. Mi 

Thus, every integer possesses additive inverse. Hence 1 
respect to addition. 


hich is a contradiction to a+ b- 
= Hence (A, *) cannot be a group. 
-— Prob.4. Let ((a, bj, x) be a semigroup where ax a =b show that — 


(i) axb=bxa  (R-GRY, June 2005, Dec. 2006, June 2007) 
(ii) bxb = db. (R.GP. V., June 2005, 2007) 


L Sol. Given that : 
] ((a, b), ») is a semigroup and ax a =b. 


Ans. 


Prob.2. Is the set of integers, I= £...., 3, 2, 1,0, 1, 2: A 
f , e... 2 b =a axa . = b 
_ for the binary operation defined as — "O : a de = A j 0 doc ms 
a*b=a-—b for all a, bel ? de =bxa (:+ asa =b) 
id (R.GPH, J | a+b=bxa 
ol. I denotes the set of all integers N (ii) Since (fa, b), +) is a semigroup | 
- (by closure property) 


bs+b=b wa, b 


(i)_ Closure Property — Let a, b eL then we have , 


a*b e ] 
el>a-b el Show that for a, b, ceA ifatc=c*a 


K Y. h 
—Prob.5. Let (A, *) be a semigroup. if 
(R.GP.V, June 2009, Dec. 2010) 


lis c 
: Pp ES to the operation **”, > ind b*c = c*b, then (a*b)* c = c*(a*b). 
bromas roperty — Let a, b, c, el, then we ha Sol. (A, *) is a semigroup, and 
and (a*b)*¿= a Eo 0 =a-(b-c)=azb os. y . a*c = c*a 
From equations () and (+ c=(a-b)-c=ab y oW 3 pd o Pipetas 
11) : : We have to show that, 
at(bror*(a*rb)*e (a*b)*c = c*(a*b). 


lative wj : 
Lis not a group. with respect to the operation **, Taking L.H.S. SUERO 
Prob.3. D e ds E = (a*b)*c we a, b, CE 
: dia : = ax(b* by associative law) 
Spotert element cap ea a semigroup with more E E Sea) dd (given) 
Show that e (R.GE ; | = (a*c)*b (by associative law) 
be a group, a Semigroup with mo == (c*a)*b pe (given) 
Sol. Let "e Han one idempotent ele -= c*(a*b) (by associative law) 
(axb). Th o mieroup with (R.GP Y, JE = R.H.S. Proved 
727 Men we WIt : : 
po two idempotent elem Prob.6. What is a semigroup ? Prove that (A, +) is a semigroup, where Á 
ata= E the set of all positive even integers and “+” be the ordinary addition operation. 
Now assume that b*h EL (R.GPV, May/June 2006) 
a = ; 
d; Aisa group With . Sol, Semigroup — Refer the matter given on pagé 72, under same heading. 
and a Identity element e, prove, the given algebraic structure (A, +) is a semigroup, Where A is the 


Lof all positive even integers. 


re E | 
Let, a, b, € € A, 110 +0 =(a+ b)+0c E sol. (0) Closure Property —Leta, beQ. Then a and b are rational numbers | 
F sample, 2. 4,6 € A, then E auch that a+ 1,b% L. daba 
or ex q. 08 A a“b=a a 
4 +6)= n cA -* y A Now , 
Q a de cd =12€A E which is also a rational number and it cannot be equal to 1, because 
and 2 a+b-ab=1= (a-1) (b-1)= us a=lorb=1 


we have 
From (i) and dE +(4+6)=(0+ 4)+6 w which is not SO. a*beQ, v a, beQ 


ture (A, +) satisfies associative de E Hence, Q is closed with respect to given operation. 
dE (ii) Associativity — Let a, b, CEQ, then we have 
a*(b*c)= a*(b + c — bc) 
=a+(b+c- bc) - a (b+c- bc) 


Hence, given E struc 
(A, +) isa semigroup. 


Prob.7. Show that the set G= (a + b/2 :vabeQjisa 


respect to addition. 6% » =a+b +c-ab—bc-ca+ abc (1) 
: Also (a*b)*c =(a +b=ab)*c 
Show that the algebraic structure (la +b/2:a,b el b +) Forms ag = (a+b-ab)+o-(a+b-ab)c 
(R.GP.V, Dec. 2016, Nov. =a+b+c-ab— bc-— ca + abc ...(1i) 


Sol. (i) Closure Property — Let x, y be any two elements of de EXI equations 0) and (ii), we have 
: a*(b*c) = (a*b)*c, w a, b, ceQ. 
Then, x=a+b+/2 and ela: where, v a, b, 
Now, x+y=(a+b42)+ +(c+dv/2) =(a+c)+(b+ +13 
Since (a + c) and (b + d) are the elements of Q y 
(a+0O)+(b+d4/2EG > x+yE€6, Y x ye 
G is closed with respect to addition. 


a (ii) Associativity — The elements of G are all real als 
addition of real numbers is associative. 


(iii) Existence Identity — Let aeQ and e be the identity element, then 
ate =a, waeQ 
= ate-ae=a => e-ea=0>e(l-a)=0 
Since, asz1l .:e=0€Q 
So, O is the identity element. 


(iv) Existence of Inverse—LetaeQ and a7! be de inverse of a, then 
a 
A A a E iaa eQ, 


SES 


Mii) E. os 
6 id) pe of Identity — Let a +b/2 eG, where ya Ecause ax 1. Also = 5 ad 


(oajeloro/z) 0) od a 


0 +04/2 is the additive identity ofa+b/2:: 


ce (iv) Existence of Inverse=Let a + by/2 eG, where, Y 4, be 
ave, a+bReG > (-a) +(=b Ya, a 
Since a, beQ=>- a, —beQ ¡nl | 


Now, 


a 
71 is the inverse of “a”. 
(v) Commutative — Let a, beQ, then we have | 
arb=a+b-ab=b+a—ba=b*a wa,beQ - . axb=b*a 
Thus, Q is an abelian group with respect to given operation. Proved 
Prob.9. Prove that the set Q, of all rational numbers other than —1 


hith the piscis defined by — 
*b=a+b-abis an abelian group. 


Sol, Es to Prob.8. 


[ca + e | | 
dl N21+ (a + ba) = lea +2+ CoN (R.GRV, June 2010 


9) /2 =0+0/2 =identitY: 

Up with pl ra inverse of a +b yz SS 
ct to addition. 

Prob.8. Show that th 

esetO ofal 

e abelian group brain! numbers other thar 

io peration **> defined DY “e 

(R.GPV, Jun 


Ea+ E 


Hecs G is a gro -—— which exists 
a+ 


Here 0 is the identity element and the inverse of a is 


hice a+1%0 and -=—-1. 
a+l 


j ture 
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be the set of the nonzero real numbers and lez as 


*) is an abelian group. (R. GPV, Dec. 2009, y 
f all non-zero real numbers — - 


CC prob.11. Prove that the set Z of all integers with binary operation * 
sfined by — 


Prob.10. Let G 


then show that (G, 
Sol. Let G denote the set o 
(i) Closure Property — For every a, b e G, we have 


arb=a+b+I1 Y a, beZz 


an abelian group. (R.GP.V, June 2012) 
Sol. Let Z denotes the set of all integers — 


(i) Closure Property — w a, beZ, we have 


sd RR arbeZ>a+b+1leZ 
G is closed with respect to given Op AN Z is closed with respect to given operation. 
(ii) Associativity Property — Let a, b, c e G, then we have. a (ii) Associative Property = Let a, b, ceZ, then we have 
bey abc e 3 ax(brc)=a *(b+c+1)=a+b+c+1+1 =a+b+o0+2..(i) 
dl 3) 4 | me A (arb)rc= (a +b+1)*c=a+b+1+c+1=a+b+c+2..(ij) 
b From relations (i) and (ii), we have 
A pas (2) ro Abe as(b*c) =(axb)re 
- 4 Zi is associative with respect to given operation. 


From relations (i) and (ii), we have 
a*(b*c)=(a*b)*c 
'. G is associative with respect to given operation. 


(iii) Existence of ide LetaeGande e G be tha (e Ñ 
element, then we have | 0 (iv) Existence of Inverse — Let aeZ and aleZ be the inverse of a, 


en we have 


(iii) Existence of Identity —LetaeZ, andeeZ be the identity elements, 

a we have 

h A AA eZ 
-— l is an identity element. 


axal == aglxa, w aeZ 


> a+tal+1=-1>al=-2-aeZz 
— 2 — ais the inverse of a 
(v) Commutative — Let a, beZ, then we have 
arb=a+b+1=b+a+l = bra va, beZ 
Hence Z is an abelian group. Proved 


Prob.12. Suppose (A, x*) be a group, show that (A, *) is an abelian 
pup ifand only ifa? «+ b?= (a * b)* for all a and b inA. 
(R.GP.V, June 2005, 2007) 


a ae 3 
a=ate=e*awvaecG> =E =a>e=2Ee6G 
2 is an identity element. j 


(iv) Existence of Inverse — 1 =1 hh 
a, then we e etaceGanda? e boe 


az ds Sol. Let a, b any two elements of A, suppose 3, 4, 5 are three consecutive 
a: e mbers, such that | 
also Aa da (ar beat de (a 9 Das Do 
a a a * bP=a" * b 
e We have ; ) 


(a * bY = (a * by * (a Ss b) 
a bó=a% x* b** (a * b) 
arar birb=ar ar birbrarb 
Mr bi=3xbirbxr*a cl 
[by left and right cancellation laws] 


A 


element of A. 
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la 8 $ 
pS (a * E a a « by * (b * a) E ¡y All the elements of the composition table are also the elements 
> (a+ py » (a . Pcia [by left Cancela » e Hence, G is closed with respect to multiplication. 
a y 01 of G- (ii) The elements of G are all complex numbers and we know that 


¡ lian , a 
(A, *) is abe , . E a ation of complex numbers is associative. 
*) bea ea al that ¡f 30 a From the composition table we see that 1 is the identity element, 
* b) * (a =q . . e Voy 0V./Dec. ; y 


E la =a.l=a,wvaeG 
. : ES because 
commutative semigroup, and a*a=a, pr Y 4 


sia 


Prob.13. Let (A, 
a and b *b=b, then (a 


Sol. Give (A, *) is a 


(iv) Elements 1 0 0? 


To show that (a * b) * (a *b)=a*"b 3 Inverse . a E 1 ts 
ing L.H.S. E ce, G has inverse of each elements 
lid = (a*b)*(a*b) va be A p a group with respect to multiplication. Proved 


Prob.16. Prove that the set G=40, 1, 2, 3, 4, 5) is a finite abelian group 
Porder 6 with respect to addition modulo 6. (R.GPV., Dec. 2015) 
- Sol. First we prepare the composition table ' 

] +5 PW 1.2 3 


=. (a *b) * aj? b y 
(since (A, *) is commutative sen 
(a*(b*a))*b=(a* (a * b) *b 
= ((a*a)*b) *b= ((a* a) * (b * b)). 
= a*b=R.HS. E 
Prob.14. Let (A, *) be a monoid such that for every x in A Y 
where e is the identity element. Show that (A, *) is an abelian grow. 


UN-=O0aNBE|A 
E YN == O ul un 


Sol. Let x and y be any two elements of the group A. Then x 


(y) * (y =e (i) Closure Property — All the elements of the composition table are 


32 


r. lso the elements of set G. Hence, G is closed with respect to addition modulo 6. 
Now, (xy) * (xy) =e=> (y =x [: A (a de : b . . 
ylxl =x id , y) ; 7 (11) Associative Law -— The composition * 4 15 associative. fa, b, c 
But, Xxx e la 1 Be any three elements of G, then 
Similarly, y*y =e=yl=y l a +5 (b +¿ Cc) = (a +¿ b) +¿0, v a, b, ceG 


Hence, from (i), we get (iii) Existence of Identity — Let a be any elements of G, then we have 


a+¿0=0+¿a=a,waeG 
O is the identity element. 
(iv) Existence of Inverse — From the table we see that the inverse of 


1,2, 3, 4, 5 are 0, 5, 4, 3, 2, 1 respectively. 
For example, 


yx = 
Thus, we have e 


; Xy = 
(A, *) is an abelian so. YX yeA 


4 Eg 2 =0=2 Te 4 
> 4 is the inverse of 2. : 
(Y) Commutative Law — The composition *+g” is commutative. 
b are any two elements of G, then 

a+, b:=b+,a, wa, beG 
“. Gis ' ¡ 
M Ccommutative. 
* number of elements in the set G is 6. 
“- (6, +0, is a finite abelian group of order 6. 


If a, 


Proved 


ASS SE A 


rs 
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em 17. Prove that set, G= fl, yA 3; 4) IS a finite Abelign a Algebraic Structures 89 
eration multiplication modulo $5. (R.GPy . Mn Property <Frointhé tabl 
the 0p mposition table — Tn (i) Closure Prop e we see that all the elements of 


Sol. First we prepare the co 
X5 L :2 


] - 0 Mine composition table are elements of the set G. 
A Rx . . . . 
2 Hence, G 15 closed with respect to multiplication modulo 7.' 
: (ii) Associative Law — The composition X, is associative. If a, b, c 


ee elements of G, then 
ax, (bx, c)=(a x,b) x,c, w a,b, ceG 


[are any thr 
(iii) Existence of Identity — Let a be any element of G, then we have 
ax,1=1*x,aza, waeG 

- 1 is the identity element. 
(iv) Existence of Inverse — From the above composition table, we 
be that the inverses of 1, 2, 3, 4, 5, 6 are 1, 4, 5, 2, 3, 6 respectively. 
For example, e 35 3x7 5 =1 (by the composition table) 

3 is the inverse of 5. . 


(y) Commutative Law — The composition is commutative as the 
d columns in the composition table are identical. The 


402=4x2=8=5(1)+3=3 
5 5 


Itis the element written at the intersection of the row headed 
column headed by 2. Similarly 8 
dia ás UA 


orresponding rows an 
set G has 6 elements. 
. Hence, (G, Xx») is a finite abelian group of order 6. Proved 


“ Prob.19. Find the multiplication table for G= fl, 2, 3, 4, 5, 6) under 
ultiplication modulo 7. (R.GP.V., June 2016) 
Sol. Refer to Prob.18. | 

, Prob.20. Let (A, *) be an algebraic system where * is bina 
ich that a * b=a for any a and b in A. 

(1) Show that * is an associative operation 


(ii) Can * ever be a commutative operation ? 
| (R.GPV, Dec. 2008) 


n * can be represented by ¡ts 


e 


Both these are within brackets in the table. 3 
(i) Binary Composition — From above table we conclude hi 


E posta e b is again a number of the set and hence the compositionish 


as when e rte Foie Eo ne lv dl pe A L 

(1) Identity — Clearly the identity element is 1. E 

Ed iia In order to find the inverse of any elemet say 
cel head Aa to the identity elementin that: 

4-4=16=5(D+1212 a Le. 4 is the inverse 0£f4, 

is 3 and of Í is 1. = identity. Similarly inverse of 3 is 2 


ry operation 


to the ro 
element 


- Sol. If A is a finite set, then an operatio 
Jeration multiplication table as follows — 


Again si 
nce a.b=b a B 
-0=ba 
5 ¿*a,be set and as such the C 
commutative. H alb a 
- Heénce an abelian gro 
esetG= (1 : AÑnere abeA 
, 4 . 


of order 6 with res . 

Sol. First we o to multiplication É UN Now, 

(i) We find that 

a*(ata)=a*b=a=(a*a)*a 
a*(a*b)=ata=b=(a*a)*b' 
a*(b*a)=a*ta=b=(a*b)*a 
a*(brb)=a*b=a=(a*b)*b 
:b*(ara)=b*b=b=(b*a)*a 
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pta=a=(b*a)*b 


p*(a*b)= -(h*by* 
b*(b*a)=b : a= A al de e e Hence Gis a group with respect to multiplication. The number of element 
p*(b*b)= b*b= de dde e get Gis 4. Also the multiplication of complex numbers is commutative. 
The above relations show that * is associative. : nerefore Gis 2 abelian group or order 4 with respect to multiplication. Proved 
(i) Since sd pe Prob.22. Let Ss =¿0, 1, 2,3, 4, 5, 6, 7] and multiplication modulo 8, 


*p=a=b*a,b*b=b 
ty element in A under * : 
*_ We observe that it is commuta 


E, is xO y=(y) modulo 8 
E (i) Prove that ((0, L), 0) is not a group. 


Thus, b is the identi 
(ii) Write three distinct groups (G, E) whére GS and G has 2 


Hence A is a monoid under 
Prob.21. Prove that fourth roots of unity namely (1, 3, 
abelian group under multiplication of complex number. (R.GP y, 
Sol. Let G= (1, -1,i,— 1). To show that multiplication isac 


1 : ] (R.GP.V., Dec. 2014) 
o Sol. (i) (a) Closure Property — The set (0, 1) is closed under the * 


y peration O, 


in G, we form the composition table 
CU] 0 Es 
o0o|p0 0 
i: | 0 1 


(b) Associativity — The operation E is associative. Let a, b, c 


€ G, then we have 
| h (a9b)9c = aA0(b8 Cc) €-8., (081)81=(0)891=0 
- Similarly, 09(191)=08(1)=0 
(c) Existence of Identity — The element 1 is the identity element 
s for every a e(0,1), we have er 

"  18a=a=a081 
(d) Existence of Inverse — There must exist an inverse of every 
ement a e (0,1), such that / y 

aQa”=1 

peut the inverse of element 0 does not exist, Hence ((0,1), 
up. 


8) is not a 
Proved 


(1ii) Existenc 
that the row head e of 
, ed by t 
composition table. Did a j 
lA (ii) The three distinct groups (G,9) Where G<S and G has 2 


'Ements is as follows — 


(a) ((,3),9) 


(b) ((,5),9) (0) ((,7,9) 


efi Inverse — E 
e left e We know that the identity 


lumn headed e of l is 1. From the compos 
dy-L is, EDED=1.Th dy—1, the left identity 1 paa ps the 10 | 


in th erefore—1 ; 
Sd) ca dyi the len e left inverse of — 1. AlSOW 
ye + Ore —i, j a Occurs ¡ 
— L the left identity 1 a left inverse of ES bre del headed Cyclic Group —A gror is called eyelic, if for some aeG, every element 
is the left inverse of in the row h - Finally in the colú EG is of the sel A dea Gis calle ea Symbolically we write G = 
an, where n is some integer. 


eaded by ¡. Thus ¡(=i)=1 


— i. Thus each 
e 
lement of G possesses left inv 


m 


ture 
gle element a is then called a generator ofG 


ted by a single element, so the cyclic group ia 
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¡.e., the elements of HK are obtained on multiplying each element of H 


¡ ¡s genera 
e . So with each element ra ia 
- yo. ve E , mn. 
ex. - The multiplicativo group G= ÉL — 1 3 ÁS cyolio, yy, Since kelo kea 
o 2p ¡4). Thus Gis a oyclic group and ¡is a generator, Algo y and - | 
oe G=+iEyNCE $, Ed+. El we find that hHk e G. Hence HK <c G, ¡.e., 
| | HK isa complex of G. 


So, - 1 is also a generator of G. A 
up and H is any subgroup of G, 


Coset — Suppose Gis a gro ' | 
(ha : heH) is called a right CoSet of: 


element of G. Then the set Ha = 

generated by a. Similarly the set aH = fah : heHj is called a left cos 

G generated by a. a 
Obviously, Ha and aH are both subsets of G. If e is the identity ele 

G, then y Y 


He =H=eH. 
So, H itself is a right as well as a left coset. 
If the group G is abelian, then we have 
ah = ha, wheH. dos 
8 Therefore, the right coset Ha will be equal to the correspondin; ll 
58 aH. However if the group G is not abelian, then we may have aH HIM 
Complex of a Group — An Gi 
y nonempty subset H of a groupul' 
as a complex of the group G. did 3 E * 
bien ea SS any complex of group (G, *) and ifacH, beH >Aa*b <H,4i 
ay that the complex H is stable for the composition 4. 


composition * in G hasi 
as indu sE 17 Í 
composition. ced a composition in H-which is called We 


Subgroup — > 
of G, if H is ca on-empty subset H of a group G is said to De 
or the composition * and (H, *) is a group 


For example ( 
e — (1) The additi ' : 
the additive group of all ico group of even integers 15 


(ii) The multip 
group (1, —1,i,-i). 


licati 
Icative group (1,—1Y is a subgroup of the MÍ 
Note — H ¿8 


Proper or non trivial 


Algebra of Com 
a group G, then their 


Plexes of a G : 
SS z 
Product js defined py If H and K are a E 


HK = 
(xeG : x= hk, heH, keK) 


If ÍK =KH, then each element of the set HK is present in KH and vice-versa. 
Inverse of a Complex — Let H be any complex of G. Then we define 
p-1=(h7 Me 


e, H7? is the complex of G consisting of the inverses of the elements 


Theorem 10. IfH and K are any two complexes of group G, then 
(HE)! =K-H7?. 

Proof. Let x be any arbitrary element of (HK)7!. | 

Then x =(hk)7!, heH, keK 
=k-Ih-leK”! H-1 

E (1)71cK-1H7! 

Again, let y be any arbitrary element of K” LH! 


(te Ko1,H7de 45?) 
¿.o(1) 


Then, y =k-!h7 1 keK, heH 

=(hk)7! e (HK)7! (since, hk e HK) 
> K-1H-1 E (HK) 7 1 ...«(1i) 
From equations (i) and (ii), we get 
Hence, (HK)-1=K- 1-1 Proved 


Theorem 11. A non-empty subset H of a group G is a subgroup of G if 


(i) aeH, beH > abeH 
(ii) aeH => a—* €H, where a 


Proof. (i) The Conditions are Necessary — Suppose H is a subgroup Of 


—1 ¡s the inverse of a in G. 


3. Then H must be closed with respeet to multiplication, 


es acH,beH > ab eH 
Let aeH, and let a— |! be the inverse ofaeG. 
Since, H is subgroup of G. 

H itself is a group. 
Then a”! is also the inverse of a in H. 
Hence, aeH> a leH 

(ii) The Conditions are Sufficient— 
Then H is closed with respect to multiplication . 


H => abeH. 


Since acH, be 


s ture E 
Discrete Struc a | 
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A 


(a) Associative La 
Proof. (i) Necessary Condition — Suppose His a subgroup of G. 


of G. G is associative. 


Therefore the same composition must also be associative ; in bo Let acH,be 


h elermaril of H must possess inverse because H itself is a group. 


(b) Existence of Identity — The identity of the 0909 Now €eac ee boleH 
same as the identity of the El E e | t be closed with respect to multiplicati h 
NN pei E 1H, (by the given coi ba H mus Mei p. eE 1.e., the composition in G. 
. acH,a7leH>aa” LH, (by the given or e - A 
a -cH LN (ii) Sufficient Condition — e that, 
> PE 3 acH, beH> ab! 
- es the identity element of H. e 
a 10 Then we have to prove that H is A, 2 of G. 
(c) Existence of Inverse — ¿ cc . -J : 
A acuoateH 3 (a) Existence of Identity — Let aeH, we have - 
ince € : E. 
a , acHjaeH >aarleH, iti 
- Each element a of H possesses Inverse. : 3 cell Es RS: 
Then H itself is a group. e is an identity element of H. | 
- Hence H is a subgroup of G. 
(b) Existence of Inverse — Let a be any a. of H and e be 


the identity element. Then we have 
| ecH, aeH =ea leH ste E 
=Thus, each element of H possesses inverse. 


és Theorem 12. 1f H, K are two dicas of a group G, he 
E subgroup of G, iff HK = KH. E 


Proof. Let H and K be any two subgroup of a group G. 


Let $ j 
desd HK=KH pa (c) Closure Property — Let a, b are any two elements of H. 
erto pe that as isa A of G, itis sufficientt tc ¿pon lis Then, beH > b”!eH, we have 
Nm ve coa (HK)”* = aecH,b7leH>a(b”!y1eH (by the given condition) 
: | beH (+ (67 !y? =b) 
(HK) (HK)- 1 = ss >a 
) _ e E H-1) co (HK)- ho A (d) Associative Law — The elements of H are also the elements 
a o ) H-1 te O E The composition in Gis associative. Therefore, itmust also be associative 
2 ) H (++ K is a subgroup > H | did 
(KB) H-1 . ds No ence, H itself is a group for the composition in G. 
=K (HH!) E Therefore H is a subgroup of G. i Proved 
=KH ; 
ze (-- His a subgroup >4B Theorem 14. IfH, and H, are two subgrou, sofa group G, then H,NH 
HK group p e 
HK = dd: 5 4 also a subgrou 
KH > HK is a sub ( group of G. ! 
Conversely, suppose EE. of G Proof. Let H, and H, be any two subgroups of G: Then 
Then, (K)-1 Kisa Subgroup. ce HH, * , 
> k=-1 SS A least the identity element e is common to both H, and H,. 
= KH E N Order to prove that H ¿QH, is a subgroup it is sufficient to prove that 
. = p -1 
(-- Kis subgroup Now aeH,NH,, beH¡NH, => ab eH,NH,, 
And simil Ñ aeH,NH,, > aeH, and acH,. 
NN dl ca Sin beH,NH,, > beH;, and beH). 
e : ce 
where pide group G to de "má uficient condition for. al H, H) are subgroups. Therefore 
su aecH,,beH, > ab”!eH;, 


IS £ 
he inverse fbinG STOUp ¡s thar aecH, beH = 
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= 1 Si ey ds ; 43 ES 
E ah” 1H, and ab” *eH) > ab 'eH, 04 de $e Theorem 18. Every subgroup of a cyclic group is cyclic, 
¡s a subgroup Of G. -- E Or 


Hence, H¡ NH) “Ae li 
E t every subgroup of a cyclic group G is cyclic, 
If His any subgroup of G and heH, then No Prov A -(R.GPV, Dec. 2015) 
Hh = H =hH. he Ms 4 Proof. Suppose G = (aj) is a cyclic group generated by a. If H = G or 
Proof. Let heH. Then to prove that Hh = H. M0 ihen obviously H is cyclic. So let H be a proper subgroup of G. The 
Suppose h' is any arbitrary element of H. Then H'h is an arbitrar, Mr ents of H are integral powers of a. If aseH, then the inverse of a* ¡.e., 
of Hh. Since H is a subgroup of G, then we have — a” eH 


Theorem 15. 


H'eH, heH >hh'eH. : H contains elements which are positive as well as negative integral powers 
Thus, every element of Hh is also an element of H Y. m be the least positive integer such that 
de Hh CH. e ae H 
Again, we have, H' = h' (HT 1h) = (H' h7 Dh (HU Then we shall prove that 


H = (am) ¡.e., H is cyclic and is generated by a”. 


eHh (+: heH>h"!eHandh'eH,hleH=>Hi Sue 
O Let al be any arbitrary element of H. By division algorithm, there exists 


Hence, every element h' of H is also an element of Hh. 


H c Hh - integers q and r, such that 
A A -— "E t=mq+r,0<r<m. 
From equations (1) and (ii), we obtain Now, ameH > (am)IeH > amieH > (879) leH > a MEH. 
E ateH, a MIEH > ala "EH >al MieH > aeH. 
Similarly, we can prove that Ñ (:» r =1-mq) 
hH=H. ¿Now m is the least positive integer, such that 
Then, Hh=H=hH. 3 aTeEH,O<r<m. 
- Theorem216.1fa, b are an Hi Therefore r must be equal to 0. 
d "Y 8, two el, G and 
 Subgroup of G, then dd e Hence t=mq ..al=a"t= (a), 
Ha=Hb >Sab-1 Hand aH = HS ah. EH di Hence, every element ate H is of the form (2”) drid 


' Therefore, H is cyclic and a” is a generate of H. 


Properties of Cosets — Let H be a subgroup of G, and a and b belong to 
Then, 


(1) acaH 


Proof. Since a is an element of Ha. + 


> et is > ab"le(Hb)b-1> ab leH (bb , 
Conversely, ab=1 ey eHe > ab-leH. (0 


> A, ¿e (ii) aH=Hiifand only ifa e H 

imi ab” !b= Hp 59 (ii) JH=bHoraH NdH=4 
S > Hae= = Hb. ora 

Imilarly we can PTOVe that poa (iv) aH = bH if and only if albeH. 
Theorem 17. Ey "H=bH > a” IbeH. Proof. (1) a=ae e aH, e is the identity element ofG. 
Prof Lei 6 — es o £'OUp is abelian. (R.GPY, (ii) If e be the identity in G and so is in H, then 

. = er , de . H 2 

Ifx, ye G, then there o STOUP generated by a. h E a A 3 es | (1) 


XIsts integers 
Now; X=4a y= as 
? Xy =4', as = 
Thus, e .a =ar+sz 
á yx, Y Xx, yEG 
belian group, 


r and s such that 


Again, ifa e Hand h e H then 
acH>aheH vheH 


Hence, Gis an a aH cH 


ASS o A 
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axiorms. =>alheHvheH by closure | | Wise. b are the elements of the same left coset of H in G, then 

> a(a!h) e Hwh e H by clos 1 | de b!laeH 

>heaHwheH o so Ha = Hb > Hab" H> ab” e H 
non E Now suppose a function f : G > Giis given by f(a) = al, where a e G. 

c a 4 as A A o . . 
E an fis one-to-one mapping of G into itself as inverse of each element 
So aH c Hand H caH > aH = H a is unique. Now suppose beG then if a, b are the elements of the 
Next acH>aH=H E Ro left coset of H in G, we have bla e H, ie. b? (ay! e H. ie. ar! 
1 > . 

Hence «H=Hoóae H by (1) and (ii). a 1 b7! are the elements of the same right coset of H in G. 


3 So, if a, b are the elements of the same left coset of H in 6, then their 
mages under the function f are the elements of the same right-coset of H in G. 
enc e for the function f we have a one-to-one correspondence 
l between the sets of left and right cosets of H in G. Proved 


(iii) Let H be a subgroup of a group G and let aH and 
its left cosets. Assume that aH N bH 4 and let c be the co 
the two cosets, 

Then we write c = ah and c = bh, for h, h' e H.. 4 
Therefore ah = bh', giving a = bh' h7! 0 
Since H is a subgroup, we have h' h7! e H 

Let h'h! =h" so that a = bh". 

Hence aH = (bh") H = b(h"H) = bH, since h"H = H. 


DH 
IMMONne 


¿Bl 5 a H 
Normal Subgroup — 

Definition 1—1£ H be a subgroup of the group G, then H is said to be the 
ormal (or self conjugate or invariant) subgroup of Giff a h aleH,vhe 
e nd aeG. j 

From this definition, it is evident that H is normal subgroup of G iff 


3 Hence the two left cosets aH ¡ > rica 
EL citeralH DH =00r 2H HL and bH are identical ifaH n be Ha Mic H, waeG. 


(iv) We have, ; o — A subgroup H of a group Gisa normal subgroup of G iff 
a, waeG. 
= —] Z y > 
iii me =a7 DH - Improper Normal Subgroup — Every group G possesses at least two 
> (aa) H= (a1b)H -Mormal subgroup viz. G itself and (ej, where e is the identity element in G. 
> eH = (alb)H, e being the identity hese two normal subgroups are known as improper normal subgroup. 


Pe é > H= (al b) H : Proper Normal Subgroup — A normal subgroup H of a group Gis defino E 
3 Also, ifarlp a dH> alb e H a proper normal subgroup of GiffH + G, H= (ej, where e is the identify 
, e H, then 'ement in G 
bH = E ; sá e 
From (i) dE (22) (05) = a(a—lb)H =aH ¿[E Simple Group — A group for which improper normal subgroups 812 E 
nd (11) ¡My normal subgroups is called a simple group. 
ES . a -1 = e 
Index of a Subgr aH =bH s aTlb eu Theorem 20. A subgroup H of a group G is nor mal iffxHx""=B, a 
number of left or right e 2 Group — IF H is a subgroup Of' Proof. Let H be a subgroup of a group G, such that 
denoted by [G : H] or bi o£H inG is known as the index ofH: xHx7!=H, wxeG 
If a be the ggnerato y 'S 4 2 AS 
¡ ro infin; pol! Hi 
(eyclic) subgroup H, Pe e infinite cyclic group G and 44 H is a normal subgroup of G. d also if xeG is arbitrary 
Theorem 19, T, S a positive integer then [G : H] 9? e E verse, let H be a normal subgroup of G and als 
of right co y ne Mumber of lo de Nx €G, Now if H is normal subgroup of G then (i) 
P, pe of H in G, Jcosets of H in Gis equalt0! 5. xHx7! cc H, wxe6. pa 
roof. Tf a, b are 1 3 -] RAT H 
he elements of the 4 «Al A Xx : H (x7*)7*< (07 1) -1=x) 
able y ame right cosets 01 124 ' xx gx <cH 
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(171 Hx)x 7! E xHx 7 L wxeG 
H cxHx" lwxeG 


iaa .. Ñ 
uations (i) and (11), Wwe ge 
Jl xHx71=H, v xeG 


=/ 


Theorem 21. A subgroup Hofa group Gis a normal sy 


each left coset of H in G is a right coset of H in G, 
Proof. Let H be a normal subgroup of G. 


Then, xHx7!=H, wxeG 

e (xHx7 )) x = Hx, vw xeG 

= xH = Hx, w xeG 

> each left coset xH is the right coset Hx 


Conversely, suppose H is a subgroup of G, such that 
Hx =xH, wxeG 


Now Hx =xHwaecG 

== (Ho x= (BD), Y xeG 
> H(xxb)=xHx! wx e G 
> H=xHx! w xeG 


Since xx"! = e, the identity element and He = H. 

“. Hx=xH, v xeG => His a normal subgroup of G 
E Theorem 22. The intersection 
iS a normal subgroup. 


Proof. Let H, and H, be tw 


Si 
ca H, and H, are subgroups of G. 


A, OH, i 
Let x be any ele ' a * also a subgrap Of G. 


heH,n 
Since H, is a no 105, heH and heH) 


rmal Subgroup ofG 
as xeG, h de 
Similarly, sl pe > xx le, | 
Now 2 
> Xhx-1 Ñ 
Thus we have xeG, Mas: Xhx 'sH, > xhx7 1eH, A B) 
Hence, H, NH LO) xhx! eH;, NH, 
1 


Factor or Quotient Gro '* 2 normal subgroup of G. 
then the set of a]] left cosets o Ñ 


of left coset and defined as 


(AH) (bH) = 


of any two normal subgroups( fa 5 


O normal subgroups of a group po : 


ment of G and h be any element of H, N H, Ye 


q 
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permutation Group — Let X be a nonempty set, A permutation of X is a 
le function from X onto X. A group (G, *) is called a permutation group 
one-on* empty set X if the elements of G are permutations of X and the 
1 y on a ER * is the composition of two functions. 

Bro o. ES permutation on n-symbols, then o is completely determined by 
le values (1), 0(2), .----» S(D). 

1 The following notation 1s used to denote o — 


_ EE pe - A E 
“ (o(D, 02), 93), ....., o(n) 
iZ TM ; 
For instance O = E ha ,) denotes the permutation on the four 


E bols (1, 2,3, 4) which maps 1 0on2,2 0n 1,3 on 4 and 4 on 3. This is the 
sermutation corresponding to the symmetry of the square which is a reflection 
y al ong the vertical bisector. 

" Clearly, the order of the column in the symbol is immaterial so long as the 
corresponding elements above and below in that column remain unchanged. 


The number of elements of a finite set is the degree of the permutations. 


Equality of Two Permutations — Let f and g be two permutations on a 
X. Then f = g if and only if f(x) = g(x) for all x in X. 


Ex, Let f and g be given by 


_(172-3, 4 (3-2 1.4 
ES 2.3.4 1)*.143 2 1 


' Evidently (1) =2 = g(1), fQ0)=3=820) 
186) = 4= 23), 1(4)=1=8(4) 

Thus f(x) = g(x) for all xe (1, 2, 3, 4) which implies f= g. 

¡Total Number of Permutations — Let X be a set consisting of n distinct 
lements. Then the elements of X can be permuted in n! different ways. IfS, 
E the set consisting of all permutations of degree n, then the set S, will have 
different permutations of degree n. This set S, is called the symmetric set 
Permutations of degree n. 

Identity Permutation — If each element of a permutation be replaced by 
Elf then itis known as the identity permutation and is denoted by the symbol 
For instance, 

I= ( 
a 


- Product of Permutations — The product of two permutations Í > E eN 
3 degree 1s denoted by fog or fg, meaning first perform f and then pe . 


$ 


e 
A 
A 


E e] is an identity permutation. 
c 
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d Algebraic Structures 103 
_ aj a az das a E 
“2 nes 
n y Z2 541 
bj b Bo. 
ad E 0 é, e E written as t = (1,2) 6, 4 0) 6) . on; 
n : sitions — A eyclic permutation such as (a, b) which interchanges 
=|[1 "din... ON erat aving all other unchanged is called a tramsposition. In othe 
then fog = de 2. as... a aida is cycle of length two of the form (a, b), i.e., itis a 
rdS, 


For f replaces aj by b, and then g replaces b, b apping which maps each object onto itself excepting two, each of which is 


Y C¡ SO that - Má : e 
milarlv. f laces a, by €, a, by e l fogyyl d on the other, for example, (1, 2) is a transposition. 
a, by c,. Similarly, fog rep 2 PY C,, az by cy, ppe F onitsidro dé 
Obviously, fog is also a permutation on S Even and Odd Permutations — A permutation is said to be even or ode 
v10UuSly, 108 . E ding as it can be expressed as a product of even or odd number o; 
If we want to write ef, then f should be Written in such a Marne Ae eor 8 
second row of g must coincide with the first row of f£. e 
Inverse Permutation — A permutation is one 
1s inversible, ¡.e., every permutation f on a set 
P= tas, ddr 0...., 9) 
has a unique inverse permutation denoted by f”1, 


itions. 
E ación of Groups — A mapping f from a group G into a grouf 
de G' issaid to be a homomorphism of G into G* if, 

E f(ab)= f(a). f(b), w a,beG. 
] Also then G'is said to be homomorphic image of G. 
] Ex. — Let G be the group of all real numbers under addition and let G' be 


a a a : S | he group of non zero real numbers under multiplication and f: G > G 
Thus, if iS lación ns then [éfinedbyf(a)=2* y a e G thenitisa homomorphism because 
b; b, Td b, | f(a+b) = 22tb = 22 2b = f(a).£(b) 
fl = dy banobls ba, Theorem 23. If fis a homomorphism of a group G into a group G, de 
ARA, an | (1) fe) =e', where e is the identity of G and e' is the identity of G' 
Cyclic Permutations — : : A obiebis cil (iy Kad) = [y] + asG. o 
is called a cyelic len de ao ch replo e (iii) If the order of a eG is finite, than the order of f(a) is a diviso; 


Fthe order of a. 
Consider the Permutation P = 12.34 This assignment E Proof. (i) Let aeG, then f(a)eG', we have 
2341) - E 


could flaje' = fía) (*-e is the identity of G” 
Ould be presented schematically as follows — = fíae) (+: e is the identity of G) 
= “+ fis a homomorphism 
3 f(a).f(e) (-: fisa 
. E ¡Now  Gisa group. Thus 
Such dia 34 


gram ¡ E f(aje' = f(a).f(e) a 
S=(1234).Th . c"Tabersome, we leave out the arrows and IE => e' = f(e) (by left cancellation law in G" 
follows — 1 ¿s cola JS 1ead in eyclical order from Ii (1D) Let a be any element of G. Then a1eG, e have 

replaced by 1. Thus de ,2 is replaced by 3, 3 is replaced DE: e' = f(e) = fíaa!) = f(a).fa7!). 


1) 
E : p E 
Which follows and the ls Of the symbol is to replace cacl hu (7D) is the inverse of f(a) in the group G 


Number b E 3 fal) = [fíayr! 
Th y the first, : e (a) = [f(a)] 
. 2 Mumber of elements pe nd ¡ts le (11) Let aeG and o(a) = m. We have 
the disjoint Cycles are th "muted by a cycle is said to be 118! (a) 
length 1 means that the Fe Jeich have no common elementS y o(a) =m>at=e copied 
identity Permutation. oca element js the element itselfaDl22 > f(a7) = f(e) > f(a.aa........m times) = e 


faJf(a).......m times = e' > (fKía))” = e' 


If: 
Un is the order of f(a) in G', then n must be a divisor of m. adas 


E 


aia 


y 
ade 
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Kernel of Homomorphism — If fis a homomo E 
a group G', then the set K of all those elements of G S 


Algebraic Structures 10: 


: py dp 4] 
Which Are an d Then fa) = e', (b) = e', we have 


onto the identity e' of G' is called the kernel of the ho Let aber. 

ea Moo o 1) = fa). £(b7!) =Ñ l=e.el= eee 
Hence, if fis a homomorphism of G into G', then je a don Bs f(ab Y a f(b") = f(a) [fK(b)" = e. e e. =6 

= . =p! ro- le E a pre 
K=1x0G : 1) = €, where e' ig the ide; , Eence a, beK > ableK. 

Theorem 24. Let G be a group and H is a norma] sb 008 h: K is a subgroup Of G. Now to prove that K ¡is normal in G. Let g b: 
is a normal subgroup of G containing H i.e. H - K + A. hement of G and k be any element of K. Then 
group K/H is a normal subgroup of the quotient group G, Ho pe a £(k)= e, We have fígkg"!) = (DH) fg”) 
K/H is a normal subgroup of G/H, then K is a normal e =f(8) e [1 = Kg) MJ" = e 
containing H, (R.GPy sd | ékg"eK 
Proof. Tt is given that H is a normal subgroup of G ang 18 a E énce geG, keK> gkg* e K 
itself is a normal subgroup of G. Therefore, His also a n PEE So K is a normal subgroup of G. Prove: 


and : 
o ta * Isomorphic Groups — Let G and G' be two groups. Further suppose tha 


e compositions in both G and G' have been denoted multiplicatively. The: 
«Je say thatthe group G is isomorphic to the group G' if there exists a one-to 
he mapping £ of G onto G', such that p 
j f(ab) = f(a).f(b),  foralla,beG 
, the mapping f preserves the compositions in G and G". If the group Gi 
somorphic to the group G', symbolically we write 
(Hg) (Ho) (Hg). = . > A . G=G, 

di e Es e [+ (He) o á Another notation for isomorphism is =. 
Since K is a * His normal 5 (Ha) [b)* 

normal subgroup of G, therefore gkg” e K. 


8” e K/H. j 
a 5H is a normal subgroup of G/H.... 
order to prove that, Y Clement of G andilet k be any elemeal 


at K is no , 2n ms 
We have Hx e G/H ea al in G we must show: that xkx” is mA 


Subgroup of G/H, Me Hk e K/H. Since K/H is given to be 


Theorem 26. The necessary and sufficient condition for 1 
bmomorphism f of a group G into a group G' with kernel K to be al 
Omorphism of G into G' is that K= fe). 

Proof. Let f be a homomorphism of a group G into a group G. Suppos: 
e are the identities of G and G' respectively. Let K be the kernel of f. 
Let £ be an isomorphism of G into G'. Then f is one-one. Let aeK. The1 


(Ex) (Hk) (O e K/H — E f(a) = e, (by the definition of kernel 
Hxkocl ex cr fía) = Ke) (: fe) =8 
; xkcl e k is [His nora _ a=e (:- fis one-one 
K ¡is normal in G. Also K/H A Py aeK > a =e. In other words, e is the only element o 
subgroup of K. Therefore k A IS a quotient group implies that Ich belongs to K. 
515 a normal á = 
T, sub dH = 
heorem 25, ]f Fis group of G an venal K = (e) 
, ÉS a 


: y suppose that K = fe). Then to prove that fis an isomorphisn 


nto GQ ¡ : 
G' Le, to prove that f is one-one. 


P, (4) 
roof. Let f be a hom , If a,b ec then 


Ú ó 0 
e, e are the identities of q MOrphism o 


and G' res i f(a) = £(b 
_ Pectivel ken (6) 
K = ÍxeG y and K be the 1 > 1 Ñ 
:NO=0 E. (a) [Kb)J! = Ab)[(K0)] 
f(c) =e', ther y e f(a) f(b!) = e (++ fis a homomorphism 


$ Ol VW 


Cfore at least eseK. Hence K is) 
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Kernel of Homomorphism — If £ is a homomorphism k 
¿K of all those elements of G whj o 
a group G, then the se e Which are y. Then f(a) = e', K(b) = e 
eato the identity e of G'is called the kernel of the homomo A ed Pe : fa) 1) - a pd 

Hence, if fis a homomorphism of G into G”, then K is the bl dd ler [KbD)J"=e.enl= ee =e' 
K= (x00 : 100) = 6, Where el is the ideig E pfence SPD 

Theorem 24. Let G be a group and H is a normal SUBgronp, “E go, K is a SUDETOUP of G. Now to prove that K is normal in G. Let g be 
is a normal subgroup of G containing H i.e. H CK, then pl any element of G and k be any element of K. Then 
group K/H is a normal subgroup of the quotient group G/H, € de y £(k)= e', We have fíekg”!) = Mk) Agr!) 
K/H is a normal subgroup of G/H, then K is a normal subom.' =f(g e [Kg = (9) Ro” = e 
containing H. (R.GPV. EN e. gkg" eK 

, . LON 8 . 

Proof. It is given that H is a normal subgroup of G and H Ku — Hence geG, keK => gkgl e K 
E is a normal subgroup of G. Therefore, H is also a normal suben JE So K is a normal subgroup of G. Proved 
and consequently K/H is a quotient group. : ups — Let G and G' be two groups. Further suppose tha 

If th Ha i : Sold de : 

e coset Ha is an element of K/H, then a is an element ofy me compositions in both G and G' have been denoted multiplicatively. Then 


acK > aeG. Therefore Ha is also an element of G/H. Thus the quoti pe 5%Y that the group G is isomorphic to the group G' if there exists a one-to- 


E is a subset of the quotient group G/H. Therefore K/H is a subgn te mapping £ of G onto G', such that 
: A A f(ab) = f(a).£(b), for all a,beG 


., the mapping f preserves the compositions in G and G". If the group G is 
fomorphic to the group G', symbolically we write 
o G = G. 

Another notation for isomorphism is =. 
Theorem 26. The necessary and suffic 
bmomorphism f of a group G into a group G' 
omorphism of G into G' is that K=fej. 

Proof. Let f be a homomorphism of a group G into a group G'. Suppose 


le' are the identities of G and G' respectively. Let K be the kernel of f. 
Then f is one-one. Let acK, Then 
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p Isomorphic Gro 


Ñ pr shall now show that K/H is normal in G/H. Let Hg be a | 
E and Hk be any element of K/H. Then geG and k e K. We h: ve 
(HH (Hg)” = (HH (Hg!) [ «(Hg 

= Hgkg! — [.: His normal 
o | al (Ha 
Hat Son a subgroup of G, therefore gkg”! e K. Coi 
- Therefore K/H is a normal subgroup of G/H.. de 


Conve 
rsely, let x be any element of G and let k be any elemél 0 


order to prove that K ¡ 
is n ; 
We have Hx e G/H ormal in G we must show that xkac! 


¡ent condition for a 
with kernel K to be an 


and H : MM MES 
subgroup of G/H, therefore k e K/H. Since K/H is givent0? Let f be an isomorphism of G into G". 
(E) (Ho (HX)7 e K/H | | f(a)= e, (by the definition of kernel) 
xk! e K PE His A a=e (:: fis one-one) 
K is normal in G Als : Hence acK > a=e. In other words, e is the only element of 
subgroup of K. o ls a quotient group implies that Which belongs to K. 
a normal 1 Ss = 
Theorem 2 subgroup of G and H K = (e) o . 
with kernel K, y Vf isa homom : ¿De Á Conversely suppose that K = (e). Then to prove that fis an isomorphism 
el K, then K Orphism of a G into : e , 
Porbe isa group Y! S into G' ¡.e., to prove that f is one-one. 
+. Le ea ho . If a,b 
e, e are the identities of E ee ofa group G into a group o f(a) = £(b) 
respective] e E e 
K sea. ely and K be the ker > Ro! = fo oy” ' 
XEG : fx) = e”) > Ax a = ki 1 (:: fisa homomorphis) 
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> flab!) =e' > abrleK did | tii 
abl=e CE A IN (Ka) = f(a) = y 
l ab”!b = eb 2 sele 
> ¡ES Copy Final Y a) (5b)] = d(Ka8) = flab) = Na) Kb) = d(Ka) 4(Kb) 
= e. O $ is an isomorphism of G/K onto G.. 


enc: G/K = G-. Proved 
: Automorphisms of a Group — An isomorphic mapping of a group G 
Gnto itself is called an automorphism of G. 

E __ontO_, Gis an automorphism of G if 

one-one 


f(ab) = f(a).£(b), v a,beG. 


-Theorem 28. The set of all automorphisms of a group forms a group 
ith respect to composite of functions as the compositions. 

4 Proof. Let A(G) be the collection of all automorphisms of a group G. 
Then, A(G) = ff : fis an automorphism of G). 

We shall prove that A(G) is a group with respectto composite of functions 
sg composition. 

| (i) Closure Property — Let f, geA (G). Then f, g are one-one 
lappings of G onto itself. 

"Therefore, gf is also a one-one mapping of G onto itself. 

1 If a, b be any two elements of G, we have 


(gf) (ab) = g[fab)] = glf(aJf(b)] 


Hence fis an isomorphism of G into G", 
Fundamental Theorem on Homomorphism of Groups - ) 
Theorem 27. Every homomorphic image of a group G is ol 
some quotient group of G. e " 
Proof. Let G' be the homomorphic image of a group G and 
corresponding homomorphism.Then f is a homomorphism of G ob 
K be the kernel of this homomorphism. Then K is a normal Subgroupoí 
will prove that : 


- Thus, f: G 


Y 


GK G.. 
If aeG, then KaeG/K and fía) e G”. 
Consider the mapping $ : G/K>-G' such that 
a p(Ka) = f(a), for all asG. : 
E eN bs pl show that the mapping 4 is well defined ie á 
d(Ka) = d(Kb). We have 
Ka =Kb > abrleK 


> e A y 5! 
=> o (-: e" is the ¡de = g[fa)] e[f0b)] 
S > Ne = [60] [EDO 
y Pb) =e Kb) Kaye! =K(b) 0 ef is also an automorphism of G. 
> dirias ()=f(b) = $ (Ka) = 4 (Kb) Hence A(G) is closed with respect to composite composition. * 
(i) bis On ined, _ (1) Associativity Law-— We know that composite of arbitrary mappings 
e-o0ne We have associative. Therefore, compositive of automorphisms is also associative. 
= HKa) = (Kb) (iii) Existence of Identity — The identity function i on Gs also an 
> fa) [£ e = £(b) ¡tomorphism of G. 
e £ AN Or = £(b) [f(by] Obviously i is one-one onto and if a, beG, then i(ab) = ab =(8) ib). > 
=> do Al Thus, 18 A(G) and if fe A(G), we have 
=> ABS abrlek ( if =f=fi : 
¿ $ is bue pS G ont (iv) Existence of Inverse — Let fe A(G). Since fis one-one mappi28 
(id dis ee ; pe O itself. 
some aeG, — Let y be any eleiient or TAN E exists and is also a one-one mapping of G onto itself. 


because fis onto G. € shall show that £-1 is also an automorphism of G. 


A SA 


-- 


ructure 


f - 8 
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1 iaa shere exists a', b' eG such that : a gebraic Structures 109 
Let abeU pla) =129 f(a) =a E 0.8. write short note on cosets. Es (R.GP.V., Dec. 2009, 2010) 
1(b) => Rd) =b E 
f(b) 0 15) 8 (R.GPV., June 2010) 


£1(ab) = fIf(adA(0)] Ae 3 Define cosets. 
= £[f(a'b")] a O Refer to 
h! = f (a) £(b) 4 9. Define subgroup. (R.GPV, Dec. 2013, 2017) 
=> a e * . - 8 .Zo ; 
£l is an automorphism of G and thus Ans. Refer to the matter given on E ” o 
E rmal subgroup. .GP.V., Dec. 2005, June 2010) 
feA(G) > fe A(G) 9.10. Define no a, 


Therefore each element of A(G) possesses inverse. Hence AQ 
with respect to composite composition. SA 
Theorem 29. A subgroup H of a group G is a normal SUBEroIpy 
and only if the product of two right cosets of H in G is again a rio. 
of H in G. 
Proof. Let H be a normal subgroup of a group G. Let a, 
arbitrary elements of G. 


We have the matter given on page 92. 


] What is normal subgroup ? Explain with suitable example. 
(R.GPV, June 2013) 


Or 
Write short note.on normal subgroup. (R.GPV, Dec. 2015) 


Ans. Refer to the matter given on page 99. 
0.11. Write a short note on isomorphism of groups. (R.GP V., Dec. 2016) 
-Ans; Refer to the matter given on page 105. 


E 0.12. Explain homomorphism and isomorphism of groups with an 


Then H l ; 
S en Ha and Hb are two right cosets of H in G. o (R.GPV, Dec. 2014) 
om (Ha) (Hb) = H (aH) b amp. Or 
H se ES EW ] . 7 hi roups with 
, seda (>. His norm a Differentiate between homomorphism and pa pat 4 gi ec 2017) 
a = HHab = Hab p n example. Or 
ince, aeG,beG > abeG, therefore, Hab ¡ ight E 
, : is also a right cos . , 7 d isomorphism. 
a the product of the right cosets Ha and Hb is.the right: | Differentiate between homomorphism an AGP Y, Nov. 2018) 
verse — Let H o 
dea subgroup of G such that the producto Ans. Refer to the matter given on page 103 and 105. 


cosets of H in Gis a 


gain a right coset of H in G. of groups with an 


Let xEG > x-1eG 0.13. Explain homomorphism and isomorphism GPV, June 2017) 
Hx and Hx=1 are two ri : xample. Write down their properties also. (R.GL.Y, 
Consequently, b ght cosets of H in G. A : rphism — Refer to the matter given on 
Y dy hypothesis HxHx -1; ' | ns. Homomorphism and Isomorp 
Since eeH, therefore e call x” is also a right coseto Age 103 and 105. 
But H itselfie a .: “X= eis an element of the right c ] Theorem 26. 
have one Are e tcoset of H in Gand esH mor tw Properties — Refer Theorem 23 and 
on, t : L ; 
Therefore we must A a identical NUMERICAL PROBLEMS 
Hx Bx-1 = b* a for all 
> hyxh A a. Ue Prob.23. Let (G, *) be a group. Let H= fala nd on /Des 2007) 
Ex ed E le xEG; y h,,heH | € G). Show that H is a subgroup. 
> 122 eh H, vw x6G y h He) Sol. Let a, a, e Hand then 2) 
xhx-1 2 1 3 a *b=b*a,a*b=b*2 


EH, y XxEG and y heH 


Now a,*b=b* 
C-h! H=Has hy! eB 


-1 
/ ¿1 A=a1*(p*a)* az 
> Hisa normal Suberomp De sá az * (a, * b) sd a2 a2 (b * a, 


ture ps 


110 Discrete Struc El — 
bras!) = (az +b)+(a7 az!) E | a” 
> (as *a2) *(D+* 2 A «is gebraic Structures 111 
qn b nn y az * : he s E 3 prob. 26. What do you mean by cyclic group ? Show that any subgroup 
Aboverelation implies az. EH: me | 3 10 E eycio group is eyelic group. (R.GP.V, June 2016) 
Now  (a¡* 27.) «pb =aj*(aj * y e 4 Sol. Cyclic Group - Refer to the matter given on page 91. 
= ay*(bx*a, ) ESE: E proof — Refer Theorem 18, given on page 97. 
= (a, *b)x ay | 3 Prob.27. Prove that a subgroup H of a group G, is normal if and only 


o! = H, Vx eG (R.GP.V, May 2018) 
Sol. Refer Theorem 20 given on page 99. 


PES prob.28. Let (H, .) be a subgroup of (G .). Let N = fx |xeG xHx”? = 
1H). Show that (N, .) is a subgroup of G. (R.GP.V., Dec. 2011, 2012) 


] Sol. Refer Theorem 20, given on page 99. 

* Prob.29. Show that G=A,-1, i, —3 is a cyclic group under multiplication 
here i is the imaginary quality such that 2 =-1, (R.GPV, June 2013) 
=- Sol. The multiplicative group G= (1, -1, i, 1) is eyelic. We can write 
A 14), Thus, G is a cyclic group and ¡ is a generator. Also, we can 


= (bxa,)* az! 
= bx*(a, * a71) 
Above relation implies 
(a: +87.) *b = bx(aj *az)) 
:. ay az. also belongs to H, when a,, a, e Hand hence 


H 


Prob.24. Find out all the right cosets of H and K in G Y 
is a cyclic group of order 10 and 
H= (a?), K = (a?). 


E Thus, —¡is. also a generator of G. 


Sol. We have 
G= (a, a?, As, a”, a, aó, a?, as, a? al0 = e) 
k _Prob.30. What is a coset ? Give an example. Show that the set of the 
Ha= (83 25 27 29 > 4 6 -8 iverses of the elements of a right coset is a left coset, or more precisely 
Hd (as 0 a), Ha? = (al, aS, aS, e, al) iio» that (Hay! = aH. (R.GPV, June 2012) 
o. , > , a, a == í 
Similarly, Ha = Ha6 = Ha — E 0 - Sol. Coset — Refer to the matter given on page 90. 
HaS = Ha? = Ha? = Ha As. ' Proof — Let Ha is a right coset of H in G, where a e G. 
Let ha be any element of Ha, where he H. 
We have (hay! = a!h7!. | 
Since H is a subgroup, therefore h e H> hr? eH. 


onl eS hb 
may be noted that > two distinct right cosets of Hin G vi 


HN Ha = 
Now, Ka = (96 os o Ha eS ah! e alH. 
Kaó=( 2 4 ds (a, 2), Ka3 = (aó, ad), E e inverses of all the elements of Ha belong to the left coset alH. 
P ice (Hay? < ah. 


? a, Ka5 = 
Simitog 57 = (a2, 47) (e, 5) = K, Kaó = (a, a 
im: arly Ka SS Ka3 9 . : 
Hence all the distin PS Ka* Ke = K 


: Conversely, let a"Ih be any element of alH, 
Then ah = (yA = (ray! eH a), since ph! 
¡A € Ha, 


cH and therefore 


These right 18ht coset 
COset SOfK in , y 
and furth eS of K are disjoint: ¡e . ES K, Ka, A (MM Therefore, every element of a”'H belongs to the set of the inverses of the 
dura, ; Le. having no element BEments of Ha, 
Prob.25, p KaU Ka U Ka y E E aTlH c (Ha)” | 

of G Fondo Pi anon-e U Ka - Hence (Ha)! = aH , Proved 

ly if “empty s ; 7 
ner Very pair of pl ofa group (6 E Prob.31, Define normal subgroup and show that the intersechion yA qe 
ments a, b, eS, a*b al Subgroups of a group is a normal SubgrOup. (R.GPV, Dec. 2005, 2013) 


Sol. Refer 
13 (R. GP V., Ju Sol, Refer to the matter given on page 99 and Theorem 22, 


* $IVEN On page 94, 
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Pro G  (R.GPY, sub 
a normal subgroup Of «GRV, June 2099 E Ss E OO 
group Gis a nor a 008, Ap prob.35. Express the permutation (¿3 2 y 3 5) as a product 
“FA 3 
H, are normal subgroups of a group dl sitions. 
If H,; and H) G then , ” transpo ress the given permutation as a product of disjoint cycles. 


6 and then 6 to 1, giving the cycle (1, 6). Then 2 is moved 
d to 3, which is moved to 2, giving (2, 5, 3). This takes 
ts except 4 which is left fixed. Thus, 


al subgroup of G. (R.GPy E A First, eXP 
y. A 

¿0 Here 1 15 moved to 

d which is move 

ro of all the elemen 


H, NH) is also a norm 
Sol. Refer Theorem 22 given on page 100. 


Prob.33. If G is a group then show that the mapp Inerse : 


by $0) =x"", where x e Gis an automorphism ¡ff G is an ab ala, pora 145 ó - (10053) pue 
Sol. Here fx) =M) >x 7 =y” (by defi (s 52434 
>= A 


q Prob.36. Show that the permutation E F z y : 5) is odd, while 


The function f is one-one. e 
Also, if x e G, then x”! e G and we have the permutation ( 6 TU 572 %) is even. 
re (by defi | 
MO 
The function fis onto. a E Sol. We.have, 
f 7 ENE 3-« 5)(263)=(15)0.6)Q3) 


>xXx=y 


Now let a, b e G be arbitrary and G be abelian, then E NA ll 3 
f(ab) = (aby (by definition a Thus, the given permutation can be expressed as the product of an odd 
A A — A a *— fumber of transpositions and hence the permutation is an odd permutation. 
ab) = bl al, since G is abelian. 0 
= f(a). f(b) C: fa) =a 0): 


fis an automorphism of th ¡2 
2270 y - pil 
automorphism of the group G. group G. Conversely, let the RE N 


Now 
(3313 H)-090349-19090905 
Since itis a product of an even number of transpositions, the permutation 


Let . 0% NA ¿ 
ve G pas Then e [SS an even permutation. 
a = -1 o 20 . 
) o a (bydefl ne Prob.37. Find the inverse of the permutation — 

Z hs Se, 12345 

o C- £a)= 00 03157) 

= f(ba E 3 ; 

) (fis an sul Sol. Assume the inverse of the given permutation be 


Also as f is ONe-One, so 
, f(ab) = 
> G is abelian. 
Prob.34 IfA= : 
. = (1 2 3 4 E3 
-023451(23)(45 ! 
Da as) 


£(ba) = ab:= ba 
Then 


AS 
N =— 
N un 
Pb u*R 


» UY ou 


al 34 9/1123% ., 6 51 “(11.2 3,45 
233 00335 | Y zx voujo(12345 
LEERSE: "Mar Ñ 
] , A 4 ns. 
= E 2 3 4 5 E 1 Hence, the required inverse is E i a 5 ) ' 
254 ) =a35) 


> 


¿ cture di 
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Prob.38. Prove that every finite group Gis isomorpp;e to ay DE 
(R.GRy mu q, 1 is th 


e inverse of element Ta of G". 


group. e» G'is a group. 
Sol. Let G be a Ha ld e e n, a y y he oia fetus define a mapping ra hal 
A > f(a) = 11, V ae 
der. : , pa 
We shall form the n permutations as under. e o fa =D) >1,=M 
Leta e G be any of the n elements of G, then the products. E ES one-one — f(a) a 


aa, aa), ddz, ..... , AAy 
will all be distinct and shall be elements of G which is a 3 
any two of the products say 
aa; = aa; a 
then by cancellation law it implies that a; = a; which contradicts the 
the group G is of order n. Hence we conclude that aa,, aa,, le 


: aj e. E 
22; ba; 
e one-one. 
3 q — As both G and G' consist of the same number of elements 
i 


, erefore f being One-0ne implies that fis onto also. 
10 , 


up. For de 4 


17 


fis Composition Preserving — 
f(ab) = Tap — Tag? Tp = f(a) o f(b) $ 
Because of the above three properties we can say that fis an isomorphism 
| and G = G. h . Ñ 

E Therefore the set G' is a group isomorphic to G. Me 
Note that the permutation group G' to which G is isomorphic is called the 
regular permutation group. Proved 
y Prob.39. Let (S, *), (T, 4) and (V, O) be the three semigroups and 
Uf: S >T and g : T > V be semigroup homomorphism. Then justify that — 


h = gof is a semigroup homomorphism from (S, *) to (V, 9). 
(R.GP.V,, Dec. 2008) 


Therefore a; > aa, is one-one correspondence of G onto itsel 
a] 242 0 cm... an | 
aa] da)... la 
is “a” permutation on n symbols. 
For convenience sake we denote this permutation as 


aj 
Or T 
aa; sil 


3 po pa ES the n elements of G In this way we shall getn p 
rn p 
des a tHerent values of a, Let G' be the set of these h pe 


G'=[r, :ac G] ¡ 


Sol. Leta,b,e S 
then (gof) (a * b) = g(f(a * b)) 


RE 


Closure Pro 


ty — la EA = g(f(a) A f(b)) 
each asa Perty — Let m, and 1, be any two elements ORGIA - (Ka) O 280) 
dl De = (gof) (a) O (gof) (6) - Proved 


TaTyla;) Ñ Talm,(a;)] = ra(ba;) E 

Sr a = a(ba;) = (ab) a, (+: Gisió 
Mula) = Tabla;) Y a¡eG 3 

Since abeGand a e. 
s G' is closed for multi 


_Prob.40. Consider an algebraic system (O, *) where Q is the set of 
fañonal numbers and * is a binary operation defined by le 
arb=a+b-abvajbe0Q ¡ 
Determine whether (O, +) is a group. (R.GP.V,, Dec. 2014) | 
le Sol. Closure Property — Since the element a, b e Q for everya, be Qu 
nee, the set Q is closed under the operation +. 
Associative Property — Let us assume a, b, c € Q, then we have 


pe a 
Thu plic -% (-. abeG) and hence Tab belen 
Associative — Multiplic Ñ !0N Of permutations as the composild! 

». a 10n of ' 

Identity — Let e be the iden pe 


Imutations is always assoC. 


Ri Ta oT, =p ty of G and aeG. (ar*b)xc = (a + b-—ab) x* c 
Similarly omo - (a+b-ab)+c—(a+b—abje 
Hence Te is the identity of ' = a+b-ab+c-ac—bc+abc 
Inverse — 7, o 7 1 es Simil =a+b+c-ab- ac — bc + abc 
Ñ a qe Tab = : Marly, * = - a — bc + abc 
lo = 7, "e = Identity of G' ar(brc) =a+b+c-ab—ac 
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Therefore, (a*b)*c = ax*(b*c) 


x 15 associative. 


Existence of Identity — Let e is an identity di E 
| Then 


axe = awa€0Q 
a+e-ae=a 


e-ae=0 
e(1-a)=00re=0 
Similarly, era =awaeQ 
Therefore, for e = 0, we have are=e*a=a 
Thus 0 is an identity element. 


or 
or 


Existence of Inverse — Let us assume an element a e 


inverse of a, where a7! eQ. Then we have 


ara! =0 
Le a+ al = aa”! =() 
ds al (1-a)=-a 
a 
al= — 
a-1 


a 
Now, 150 if 2. 


Since the al : 
AS , gebra : 
ns Se des ose (Q, 9) sil e 


Th 
erefore, every element has inverse such that a+ 1. 
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La left coset contains m elements and there : | 
Since every E 
1 pumber Of elements of all the cosets is 1m, which must be cal .s to 
q pumber of elements of G. Hence : ne e 
ta b 


m 
=> misa divisor of n 
> o(M isa divisor of o(G). 

that A ís the index of H in G and 


m above we see 
n 


h Fro 


bich shows that A 15 a divisor of n. Hence we conclude that the index of 

Nery subgroup of a finite group isa divisor of the order of the group. ' 

 prob.42. ISR'is the additive group of real numbers and R, the multiplicative 
rove that the mapping f: R >R, defined by fx) 


roup of positive real numbers, p. 
e* for all xeR is an isomorphism of R onto R,. (R.GPV, June 2015) 


== Sol. fx is any positive, zero Or negative real number, then e* is definitely 


positive real number. 

Also e* is unique. Therefore if 

| ' (0) = e, thenf:R>R;y. 

(i) fis One-one — We see that 

Xx 2022 > f(x1)+ £(2). 


x¡ 4X) ER>€ 
e different f images in R,. 


rties 0 
; Thus different elements in R hav 


Prob.41 Proy ! 
. e 3 
divisor of the order a order of each subgroup of a finit No f is one-one. egin E e 
Proof. Let G be a a (R.GPV,7 (ii) fis Onto— Let y e Ry ¡.e., y is 2 positive real number. Then 
vedada of G. group of finite order n and let m be! 08 y de a real number, i.e., log y y R. isis , 
. E ow, flo ) = el08 Y= 
1 Prrororsr., be e P g y y 

5 ES aeG so that h,, de m distinct elements of H.. Therefore yeR>3 log y ER . that ON 
có 18 2 left coset of E ha , flog y) = y adi ars ; 

The left coset aH h (ahy, 2 | " Therefore each element of R, is the f image of some element of e 

Thi MN o pa Thus, £ is onto. PT 

¡ : ¡> an; > Ea Le d Ñ As a 

, s PS the fact hol el > p (by left cance ml be $, Preserve Composition in R and ] 
finite Coset ofH ¡ 1as m distinct elements. . pxEeR CEA ES 
le group, so that group G Pe G will have m distinct eleme nts. SÍ Thén ; , 

in of H in G n be decomposed into finite numb£ f(x, +X2) 
be the numb ; 
Hence, if a,H o En disjoint ]  Thusf pre A. 
15 HH, ....a, H eft cosets of H in G 'Additive and serves compositl 
¡ composition 
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RINGS AND FIELDS — DEFINITIC 


Ring — - AY 

Definition 1 — An algebraic structure (R, +, -) Consisting of a 

set R and two binary operation, called addition (+) and multiplica 

called a ring provided the following postulates are satisfied — ' 

R, - The system (R, +) is an abelian group. So we have the follow 

(i) Closure Property — The set R is closed with rest 
composition +, 

aeR,beR>a+beRjvabeR El 


(ii) Associativity — Associative law holds good in the 
composition + 


Í.e., (aA+b)+c=a+(b+c)wajbjceR 


(iii) Existence of Identity (or Zero) — There exists al 
(called zero element) such that EN 


a+t0=a=0+awaeR 3 


| (iv) Existence of Inverse (or negative) — For each aeR, q he) 
an element —a e R, such that a + Ea)=0=Ca)+ra E 


() Commutative of Addition — Commutative law e 


MOS 7 
+ 


1 


1.€., 


the set R for the composition + 
Le., 


a+tb=b+awa b eR 
R, — The set R js closed with 
6 — abeR oy aber 
Mos Mulet : 
de 3 ulti 11 e . 
ho va, beer. Plication composition ¡js associative e (de) 
| R, - Th a : 

4 € multiplicat; Ea : 
respect to addition. Plication composition is right and left distribu 16 Wi) 

1.€., a.(b + c) 0 3 


respect to the multiplication:comf 911 


and 


Definition 2 A 
— An algebraj 
ofa non-empty SetR any two sq pa athematical) Sys 
O Risa aia raton + 


the ring. 
Types of Rings E 


(D) Null Ring — . 
defined by 0+ 0=0 And ES Singleton 0) With bj E - 
“=0isa ring Called the a a 
zero ring or null 


bs 


a comí 


lo b 


+) Com A 
then the ring z d 

ptative ring provide 

a.b =b.a va, d e R 


Jfthe multip 
ls e the ring is calle 4 
Á A nit element or a "di lb 
a EAT 


CFE 

(ii) Cy ED ab 
(iv) a (b=0)=ab=ac 
(y) (b= c) a= ba — ca 
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: ing — 1 the multiplication in a ring is also 
ative Ring — Y A 
apt s known as commutafive ring i.e., the ring (R, +, -) 


lication is not commutative, it is called non-commutative ring 
ic 


¡ e — Ifie be an element of a ring R such that e.a = 
a lled ring with unity and the element e is said 


£. (1), We have, | (: 0+0=0) 
Proof. ( 0 a0=a(0 50 by left distributive law) 
00 (+ 20. ER, 0+20=20) 
A 0+ > EN sb (by right cancellation law) 
=a 
> 
Similarly, we have (: 0+0=0) 
Oa = (0 + 0) a (by right distributive law) 
= 0a + 0a (-- 0+0a= 02) 
> 0 + 0a= 0a + Oa :oht cancellation law) 
= 0 = 0a (by righ Proved 
a0 =02=0 
(ii) We have, (ban ñ 2 
a[(- b) + b] = a0 (by left distributive aw 
2 En =-—b) 
a (-b)= as inaring a+b= 0>a 
. , A .q 1 wW 
Similarly, we have io ide le 
Gat+a)b = 0b E 
e Ea)b+ab= 0 ed 
> Ca)jb =- (ab) 2) b id 
Hence, a(-b) =- (ab) = E Eb) =- (ab)] 
(iii) We have, RAS ap 
Ca) Ed) =- [63d] [. Ea)d SE 
=- [-(ab)] (La. ves 
s Proved 
= ab 
Hence, Ca) Eb) = ab 


II  — 
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ft cancellation law holds in R. Similarly we can show that the 
(iv) We have, soso] Y us the E n law also holds in R. 
a(b — =ab+a(=c) (by left distribu A y ca Suppose that the cancellation laws hold in R. 1f possible, 
Ve) io ersely — 
= ab + [- (ac)] ET c)=. conv 0.b%0 
= ab - ac kl et ab=0,27 have ab=a0 (--20 = 0) 
H a(b-c) =ab—ac », E Then, WS a+0,ab=a0=>b=0.  (byleft cancellation law) 
ence, m3 
¡3 Now a ds 
We have, b ; diction. 
(v) We (b-c)a=[b+ Go) a rt a hich 15 E vrithout zergliffViMls. Proved 
= ba + (-c)a (by right distribute, E Hencos Element— An elementa ofthe ring (R, +, :) is called nilpotent, 
= ba + E (ca)] [+ E c) a=. Nilpotent e integer n such that a” = 0, 
(a Í xists a positive miteg 
= ba — ca if inere o «ly zero of thering is nilpotent. 
Hence, (b—-c)a =ba-—ca Pron Obviou 


Ring with Unity Element — If'1 is an element of a ring R, such ta 
a=a.1 = a, where aeR, then the ring is called the ring with elemen 1, 

Inversible Element — I£R be a ring with unit element and there exj 
elements a and b in R such that a.b = 1 = b.a, then a is called inver 
element and we write b= a"! and it is called multiplicative inverse ofa, 


Ring with Zero Divisor— A ring (R, +, -) is said to have divisors of Integral Domains Ldomainil. 
(or zero divisor), if there exists two non-zero elements a, b e R such tha A ring is called an integra 
b=0 or b.a=0, where 0 is the additive ¡ | 


dentity in R. Here a and b are cals () itis:commulative 
the proper divisors of zero. ÓN 


31. Every non-zero nilpotent.element of the ring R is 
Theorem E 
] ily a divisor of zero. | a 
Dl Suppose a be a nilpotent element ot the ring R. e Hs exis 

of. ca SA 
: le 4 integer a such that a” = O, i.e. a.a? = 0, where ae 
a 

A = a isa divisor of zero. 


(ii) itpossesses an unit element 


tito til ivisors. 
5 (iii) it has at least two elements and (iv) 1t A ie PES a 
Another Definition — If a be an element of a ring (R, +, -) and there exi Example — The algebraic structures (+ Rk 
a non-zero element beR such that a.b= O where O is the additive identity inR;¡MPE integral domains. 
a 1s called a left zero divisor. If a % 0, then a is called a proper left zero diviso Field — “- called a field if, 
Similarly, if there exists a non-zero element b e R such that ba* A ring R with at least two elements 15 calle 
where 0 is the identity in the ring (R, +, -) then a is called a right zero divis! (1) itis commutative (ii) it has unily + DOSSesses multiplicative 
Ha +0 then a is called a proper right zerd divisor. : (110) it is such that each non-Zero element Pp 
Rings Without Zero Divisors — inverse, 
A ring R is said to b 


€ Without zero divisors, 


zero elements of R 1S Zero, Le, ifab=0 ha = 


a is a field since it is a 
Example — The ring of rational numbers (Q)+, 7152 


:« inversible. 
ment is inv 
a ? on-zero ele is 
commutative ring with unity and each n tements is called a division riM8 


if the product of no bone 
0orb=0, :S 


12 
eS 
Ia 


Theorem 30. A ri 


Ñ Ñ . two € ent possesses 
a : Skew Field — A ring R with at least p-zero elem: 
cancellation laws ho lg R is »ithout zero divisors if and only! a skew field ¡fit (i) ee unity, (ii) is such that each no 
laws hold in R. "0 Ris with without zero divisors cant Multiplicative inverse. z 
main. 

Proof. Fi . :< an integral do . ; ity, therefore 

dd First suppose that R has no zero divisors. E 1 Theorem 32. Every field is ál , comutative sing Wi that a 

W h a, b, CER such that ax O, ab = ac E in 0 of Let F be a field, e A a integral domain, Le á 

cave, ab=ac> ap ac=0 feta er to show that every field 15 

— a(b—c)=0 , 

and 


as NO zero divisors. 


p=0 
ax0>b-¿= Let a, beF with a +0, such that 2 


0 L.e., b =C. 


RA 
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270, a7! exists and we have, 
ab=0=> a”! (ab)=a7!0 > (a7la)b=0 


(0 271 4 
1b=0 E. 
> 


A b=0, 


Similarly, let ab=0andbx0 

b +0, b”! exists and we have, 

ab=0 
> (ab)b=!=0b=! vn 
> a(bb”1)=0, Coop 
> al =0>34=0 
Hence, ab=0>a=00rb=0. 
Therefore a field has no zero divisors. Therefore every field is amina 

domain. 


(4 Pro 0 h 
(or a finite commun 


Theorem 33. Every finite integral domain 
ring without zero divisors) is a field, 


Proof. Let D be a finite integral domain 
a, d),...,2,. 

As Dis an integral domain so itis a co 

Let a be any non-zero element of D. 

Consider the set , D'= 


= (ax : xeD and x + 0). 
For this we have 


ax 
It shows that D' 


consists of distinct and non 
Moreover x 0 


Zero elements o 
so the number of 


"is'n — 1. Als 
element 1 is an element of D*. elements o£ Dis n 


Hence to each non- ; ¡1210 
ina NON-Zero element a of D, there exists a non-zero el 


(R.GP.Y, J 


Pro b. 


consisting of n eleme 


mmutative ring with unityi 


— AY > X= y, since the cancellation law holdsá! 
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ine ring and show that in a ring R 
o hb Cb =ab ()CYED=1 


has an identity element. (R.GP.V., June 2009, Dec. 2012) 
e Ring — Refer definations On page 118. 
Ñ (y) EJE b) = ab — Refer property (iii) of ring given on page 119. 
Z 3 , 
.. ve, Ñ 
on 5 ED=- [ED 1] [+ a b) =— (ab)] 
1) [:- a) b=- (ab)] 
sl a [--ED=L*1eR] 
| Proved 
— 17M 1)=1 
Hence,  ( 
: ¡ ive, if and only if 
hat a ring R is commutative, if an 
yan ca y a2+2ab+b? y abeR. (R.GPV, June 2007) 
> = 


4 Sol, We have 


la+b 
(a + by? = (a + b).(a +b) =a. (a +b)+b.a ) 
=a.a+a.b+b.a+b.b 


| aoo(1) 
hor (a + dy? = 22 + ab + ba +0? 
; e given that ae 
Now, we ar aa by = al + 2ab + pb? 
¿s b 
From equations (i) and (ii), we conclude tha 
ab = ba 


i.e., the ring R is a commutative. ce 
Conversely, let R be a commutative ring. 


(- a? = aa) 
= b) : istributive law] 
Then a + b? = (a + b). (a+ - right distribu 
= a.(a + b) E +.) di E distributive law] 
= al + ab + ba 


2 : . 
= 2 +ab + ab E Ñ ab, R being commutative ring] 
les a= , 


= a? + 2ab + b? 


¡ ] Proved 
Hence if R is commutative ring, na 
(a + by? = a? + 2ab +b 


hat, 
qe a ER. Prove Í 
Prob.45. If R is a ring, such that .” 


(i) a+a=0, vaeR o 
(ii) a + b =0 implies a = dro 
(iii) R is a commutative ring: 


beR 
(R.GPV, June 2013) 
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ture he 
124 Discrete Structu ' Define ring. If a, b, c are arbitrary elements of a ring R, 
Sol. (1) We have, d | prob.48- 
AR EprovettBl o )_ga=0 (MaC=-()=(-0 
ns (a+ a) =(a +a) Y a 20 (R.GPV, June 2014) 
(a+a)(a+a)=a+a A : 118, und headi 
=> ataJat(ataja=ata (by left distribu , Ring Refer to the matter given on page 118, under same heading. 
> (04 qe (22 + a?) =a+a (by right distributiy So (0 a0 = 0a = 0 — Refer property (i) given on page 119. 
= (a+a)+(a+a) =a+a (el 2 (ii) a (-b) =- (ab) = (a) b—Refer property (ii) given on page 119. 
= + 0 A 2 A? . . 
s (a+a)+(a+a)=(a+a) “a+ t every field is an integral domain. 
% a+a=0 (by left cancellatiop Prob.49. Prove tha ry fi (R.GP.V., Dec. 2016) 
E ci 50 ea 9 Sol. Refer Theorem 32 given on page 121. 
: ay + a se. 
- Si +0 t every finite integral domain is a field. 
W , = a h (by left conca E Prob.50. Promo NS (R.GPV, Dec. 2002, 2003, June 2011) 
SR ¿ E On 
(iii) We have, — (a + b)?= (a + b) dea 


Sol. Refer Theorem 33 given on page 122; 


3 (a + b) (a + b)= (a + b) e Prob.51. Define field and prove that the set of pata 
> (a +b) a+ (a+b)b=a+b (by left distributivela field w.r.t. ordinary addition and MRIpecOcon | ¿Yes 
> (A+ba)+(ab+b?%)=a+b (by right distributivel Sol. Field — Refer to the matter given on page 121. Then 
> (a + ba) + (ab + b) =a +b (a a, wal Proof. Let, a + ib and c + id be any two complex pan : 
> (A+b)+(batab)=(a+b)+0 2” (a + ib) + (c+ id) =(a+0)+i(b+d) 
(by commutative and associated l ho. d (a + ib) (c + id) = (ac — bd) +1 (ad + bc) 
> ba+ab =0 (by left cancellationh 
> 


x numbers is 
There are again complex numbers. Therefore, set of comple 


closed under addition and multiplication. PE dsdéciafive 
E Farttisr in complex numbers both addition and eS NES 
as well as commutative composition. Also calle identity. The 
respect to addition. The complex member 0 + ¡0 18 


ab = ba (by part (ii) of thi 
Risa commutative ring. ó 3 


Erob.46. Let (A, +.) be a ring such tar a.a =a for alla í 
(i) Show that a+a= ; 


7 0, va <A, where 0 is the addit 
(1i) Show that the Operation “.? ¡ 


5 


10 is the 
Eo A : mplex number 1 +1 
iS commutative. o inverse of a + ib is — a) +iCb). The comp A 
ultiplicative identity. eiii un 
AS (R.GPV, 1 ins 
Sol, o E to Prob.45 (i), si sE 4 Therefore the set of complex number ís a CO 
u ... O E sale 
eter to Prob.45 (111). r the given composition. divisor since the product of two NON-ZErO 
Prob.47. Proye that if a nON-ZerO elemen Also this ring is free from zero 


a multiplicative inverse, th 


fore set of complex number is 
Sol. Given x + 0 and 


Ex ofa ring R mwith 1 de the multiplicative inverse of 


£R X cannot be a zero divisor. 


re 
Sor complex numbers cannot be zero. The 
sel 


an i 


; ntegral domain. But this is not a field since ber 
exists, lex numbe 
a 7 pee 2 + ib will be —*— + i ) which is not always a comp?e 
> e ma as a —b sarily integers- 
Xx) y=0 (- ps AÑ and ———— are not neces 
Ed C ls ac bgroup H of a group G 
> = S j , O a su 5 
Thus x % 0, xy = a e _ are rob.S2, Prove that any two right coseis S (R.GP.V., Dec. 2005) 
y 4 0. Hence x cannot b A E 


a p 1 eit pa a A 
hich is against our supp sito her disjoint are identical. 


€ a zero divisor. 
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arise viz., there may be no element «si 


Sol. Here two cases sta ] 
and Hb or there may be an element common to Ha and Hb. 0 y 1 


Case 1. If there is no element common to Ha-and Hb, then Han ' 
the null set i.e., Ha and Hb are disjoint. Mb 


Case IL. If there is an element C (say) common to Ha and Hb, then. 


7 


c=h¡*ra, h¡eH Weh 
and RE h2*b, ha eH 
h¡*a = h>*b 
=> h>!*(h]*a) = h7i*(h,*b) 
si (h7!*h¡)*a = (h7!*h>)*b 
E (hz'+h,)ra =b 
Si (h>l*h,)rara”? = har 
2 (ari )e(era 2) pea! 
> h71*hy = bra! 
bra”! eH, since hz '*hy <H 
Hence Ha =Hb 
This complet O. 138 | 
identical. pletes the proof that two right cosets which are not disjolts 
ee 0 
AA : ¡SN 
rob.53. Show that the Polynomial x? + x + 4 ¡is irreducible over F 


Jield of integer modulo TE 


E The field Fis ((0, 1, ....10y, +12 X11) 
t ()=x2+x+4 , 
If aeF, then by an 
Now 


11 aX, a... upto n times. ! 
4 (1)=124, 144% 
4=10, 1(3)= 32 LE +11 4% 
N6)=62+,,6+,4=2 
(9) =6, and £(10) =4.. 


ication = 2% 
Sol. Field — Ref modulo 7 is q Field, (R.GPV, 


A er to the m d 
First we prepar atter given On page 118 


En % , under same! 
modulo 7. * COMPOosition table for-additi ] 


on and mM 


e 


and multiplication modulo 7, we shall prove following laws — 
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OO 1.2537 4:.56 
111 2 3.4 5.6-0 
212345601 
3|3 4 6 0-1 2 
4l4 sMo 123 
s|s_6 01 2.3 4 
a TE 

Composition table for multiplication modulo 7 is as follows — 
Ue 1 3 4 6 
0 0 
0 6 
0 5 
0 4 
0 3 
0 2 
0 1 


Now for proving that the set F(0, 1, 2, 3, ,6) is a field under addition 


to... 


(i) Associative Law — The composition “+7 is associative ifa, b, C 


- are any three elements of F, then 


a +-(b+7 c) = (a +7 b) + 70 
For example, let a = 2, b = 3 and c = 4, then 
L.H.S. = a+y(b+7c) = 2+/(3+74) = 2+10 = 2 
RES. = (a+/b) +70 = (2+73) +74 = 5t/4 =2 
L.H.S. = R.H.S. 
(ii) Existence of Identity — Let a be any eleme 
a+,0=0+,a=awaeF 

For example, let a = 2 

L.H.S. = a+,0=2+70=2 

R.H.S. =0+,2=0+72=2 
Hence 0 is the identity element. 

(iii) Existence of Inverse — Fro 
h at the inverse of O, 1, 2, 3, 4, 5, 
Or example, 4+,3=0=3+7 al 
Hence 3 ¡s the inverse of 4. mn 

(iv) Commutative Law — The composition “+7 1 e 
la, d are any two elements of F, then 
a+,b=b+,a,v2, beF 


Hence 
nt of F, then we have 


sition table of addition 


compo ] 
a 4,3,2, 1 respectively. 


| Ml Se 6 are 0, 6, S, 


mutative. 
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+b /2Ja> +b 42 = (a,a, + 2b 
(a, 1 Jl ) ás 4 Ad + abr) /2 Sol 
, Na 4 10,, a,b, + ab 
Thus R is closed with respect to addition and multiplicatioz. A 
AJI the elements of R are real numbers and we know that addition and 
, aftiplication are both associative as well as commutative compositions in the 


bers. 
et of real num ". | 
Ñ Further, W€ have 0+04/2 eR, since 0eQ. 


bh e R, then we have 

(a +02) +(0+042) =(a+0)+(b+0) /2 =a+b/2 

o + 04/2 ¡is the additive identity. 

ps ifa+b/2 eR, then Ca) + E b)/2 eR and we have 

(a+ 0/2)+ [Cd COW2] = la +31 +1b+ 0942 =0+04/. 


Each element of R possesses additive inverse. 
Further'in the set of real numbers multiplication is distributive with respect 


= =4 
For example, let a =2, b 
LH.S.=2a+7b=2+74 =6 


10) 


Hence F is commutative. 
(v) For any a, b, c, e F, we have 
ax(bx70) = (ax7b) x70 
For example, let a =2,b=3 and c=4. 
L.H.S. = ax (bx7c) = 2x7(3x74) = 2X75 =3 
R.H.S. = (ax7b) x70 = (2X73) x74 = 6x4 =3 
Hence L.H.S. = R.H.S. 
(vi) For any a, b, c, eF, we have 
ax7(b+7c)= axyb +, axz0 
For example, leta=1,b=3,c=5 
LES. = axy(b +70) =1%,(3+75) = 1xy1 =1 
R.H.S. = axyb + ax70 = 1X73 +7 1%75=3+5=] 


a ss 


Let 


Hence L.H.S. = R.H.S. 
(vii) For any a, b, eF, we have to addition. 
axyb = bxya Again, 1+0/2 eR, we have 


(a +b/2)(1+ 042) = (a+b/2)= (1+0/2)(a-+b42) 


1 + 04/2 is the multiplicative identity. a: 
Thus R is a commutative ring with unity. The zero element of the ring 15 
0+0+/2 and the unit element is 1 + 042. 


- NowR will be a field if each non-zero eleme pe 
inverse, Let a +b/2 be any non-zero element of this ring. 1.0. a 


a ánd bis not zero. Then 
Sd a-by/2 


For example, let a =3,b= 5 
L.H.S. = axyb = 3x75 = 1 
R.H.S, = bxya = 5x73 =1 
Hence  LH.S.=R.HS. 
(viii) For any aeF, we have 


1x3a = ax71 =a 
For example, let a =5 


ntof R possesses multiplicative 
t least one of 


L.H.S.= 1x0 = 1x35=5 


RÁS= ax] = ES 1 o PANA 
71 = 5x,1 = 0 A 2-2b 
Hence L.H.S. = R.H:S " eE a+b4/2 (a +b/2)[a-042) quee 
Hence the setF=(0, 1, 2 -D, : 


7 is a field. _ a), 2 jO 
> a? E 2p? a? —2b 
Now ifa and b are rational numbers, then di cd 
a2=2b2 only ifa=0,b=%: «not 0, therefore 
W Since here at least one of the rational numbers 2 leal 


--> 6) under addition and multiplica 


Prob.55, Show that 


; the set of ny 
and b as rational numbers is a fielg ji E qe Ds h 
4 .GPV, Dec. , 


AR (8+b/2:a,b <q) 
Let a +b : 


1v2, a, + b 2 
2 42 €R, vw, a, b 


a? =2b? ¡.e., a? - qp+=0 


numbers and at least one of 


S a 
¿E b ' 

= (a, +8,)+(b,+ ap ano “aa: E both rational 
1s an 


Es a; + az AS 


the 
"MiS not Zero. 
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b : 
ñ a ra >) is a non-Zero element of RO 
decos: a —É 
multiplicative inverse ofa+byW2. 35d 
Hence the given system is a field. 


Prob.56. Define field and show that the set of real num de y 

/3 where a and b are rational number is a field with respect 

and multiplication. (R.GP.V., Dec. 2005, June 200 

Or dl 

Let S be the set of real numbers of the form a + b/3 where a A 
rational numbers. Show that S is a field with respect to sde 


E > q3> TAR AGAN AA E A 
E DE A o 5 
PA A IT COR 

PROPOSITIONAL LOGIC 
STATE MACHINES - 


IA 


multiplication. (R.GPV, Dec. 207 ] p q : | 
Sol. Field — Refer to the matter given on page 121. es $ TAUTOLOGIES, CONTRADI 
Proof — To prove the given problem, refer Prob.55 in - PROPOSITION, LOGICAL 1! 


3 only. 


which reolamb AL IM 
ireleil QUIVALENCE, PREDICATES, Ñ 
PELIS AND EXISTENTIAL 


3 


Proposition or Statement— A proposition is a declarative sentence which 
is true or false, but not both. For example, the following eight sentences — 


(1) Paris in France (ii) 1+1=2 
(mm), 2423 (iv) London in Denmark 
(v) 9<6 (vi) x=2 isa solution of x2=4 


(vii) Where are you going ? (viii) Do your homework. 
_ All of them are propositions except (vii) and (viii). Moreover, (1), (ii), and 
(vi) are true, whereas (iii), (iv) and (v) are false. 
Compound Proposition — Many propositions are composite, that is, 
composed of subpropositions and various connectives discussed subsequently. 
Such composite propositions are said to be compound propositions. A 
Proposition is called primitive if it. cannot be broken down into simpler 
Propositions, that is if it is not composite. 
For example — 
With sub (M0 ohn is intelligent or studies every night” isa compound Do 
Proposition “John is intelligent” and «John studies every night”. % 
(ii) “Roses are red and Violets are blue” is compound proposition 
Propositions “Roses are red” and “Violets are blue”. E 
lc Logical Operations — The three basic logical operations e 
On and negation, which correspond, respectively, to the English words 
> Or”, and “not”. Ñ 


Coni ? A 
. WOrd e elo ta (Pq) — Any two propositl 


O form a compound proposition Sal 


With sub 
. di S Basic Lo 
e Junct 


ons can be combined by the 
d to be the conjunction of the 
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riginal proposi den, | . E ( 
En da Since png is 2 proposition it has a truth value, and this ny E eo! p”; denotes the negation of p. The truth value of p depends on the 
depends only on the truth values of p and q. Specifically — y E. ip value of p as follows. 


pefinition —I£p is true, then — p is false, and if is false; thén pis te 


e 2! 
TP F 
MO, T 
For example — Consider the following six statements — 
(a) Paris. is in France. 


(az) It is not the case that Paris is in France, 
(az) Paris is not in France. 


Definition — If p and q are true, then pq is true; oth erwise DA 
5 


For example — Consider the following four statements — 
(i)_ Paris is in France and2+2=4 
(ii) Paris is in France and2+2=5 


(iii) Paris is in England and 2 +2 =4 (b,) A 5 
(iv) Paris is in England and 2+2=5, (bz) It is not the case that2+2=5 
(b3)2+2 + 5- 


In the given four statements, only the first statement is true. Eachof 
other statements is false, since at least one of its substatements is false 


Disjunction, (pvq) — Any two propositions can be combined by! 


word “or” to form a compound proposition is said to be the disjunction 
original propositions. Symbolically, có 


Then (a,) and (as) are each the negation of (a), and (b,) and (by) are 
"each the negation of (b,). Since (a,) is true, (a,) and (az) are false and since 
¿(b,) is false, (b>) and (b3) are true. 

' Propositions and Truth Tables — Suppose P (p, 9, ...) denote an 
expression constructed from logical variable P, q «uo» ».- which take on the 
True (TI) or False (F), and the logical connectives », v, and — (and other 
discussed subsequently). Such an expression P (p, 9, »..) will be called a 
proposition. 


The main property of a proposition P (p, 4, ---) is that its truth value 
vel e its variable, that is, the truth 
e of each of its variables 15 


ionship iS through a truth 


table. We explain a way to find such a truth table below. ita 
Consider, for example, the proposition = (pA= 0: A Pe , first 
how the truth table of — (p A 9) 1S constructed. Observe ha id 
po Utrns of the table are for the variables P, % -- and that there 2 
Ws in the table to allow for all possible combina 


v 143 
coles. Then there is a column for each eleme O ng determined 
"Struction of the propositions. The truth value at each step 


E ves A, V, TT 
e the previous stages by the definitions of the a S de (8 
aly y obtain the truth value of the proposition, venia de 


: = q) is shown IM 
on =(p 2 


For example — j | | 
A A -Consider the following four statements = - 
! ABS 1S in France 02D 4 y 

(1) Paris ¡is in France or 2 4 2= 
(ii) Paris is in En e 
(1v) Paris is in En 
Only the last statement 


. is f. 
at least one of its substatemente e daa 
6, 


gland or 2+2=4 
gland 0r24+2=S. 


ents 


Th e 
the negatio Given any Proposit Pta e actual truth table of the proposition, hich appear 
false that A of p, can be formed by Po auotia POTES ou als 3-1(b). It consists precisely of the columnS in table on ere merely 
.--- Defore p or, ifpossible,» writing — It is not the case th8 der the variables and E der Ed proposition; the other columns wW 
n , 


Used in t 


> Oy inserting ¡ “not”. 
g in p the word po : he construction of the truth table. 


AP Of =p; 
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Table 3.1 (a) 


T 
F 
T 
T 


VA pArA 


Tautologies and Contradictions — Some propositions P (p, 4. 


14 
: : colo 
only T in the last column of their truth table or, in other words, th, A 


: . an Y are py 
for any truth values of their variables. Such propositions are Said t, 


tautologies. Analogously, a proposition P (p, q, .....) 1s said to bea COMAdic 
¡Fit contains only F in the last column of its truth table or, in Other words j 
is false for any truth values of its variables. For example, the propositior M 
not p”, that is p v— p, is a tautology, and the proposition ““p and not p” tha] 
p A = pis a contradiction,. This can be verified by looking at their 
tables 3.2 (a) and 3.2 (b). 58 


Table 3.2 (a) Table 3.2 (b) 


EE 
A 
So EN 

a 
: 5 
> , 


A 
une negation of a tautology is a contradiction since.it is alwaysÍil 

sd the negation of a contradiction is a tautology since itis al vayS : 
OW Suppose P (p, q, .....) is a tautology, and supposeP, (p, 9, +), Pol 
q ...) are any propositions. Since P (p, q;....) does oe pend upon! 


particular truth values of it vari 1 
, s variables titute Py Ú 
Poor in ihe tantolo P, q) ... we can substitute: e 


words — P (p, 9, ..) and still have a tautology. In 
Ea ee 1. (Principle of Substitution) —1f P (p, q, .....) is a AU 
L> P2, .---) is a tautology for any proposition py, Pas === 


Logical Equivalence a e Ls 
are called logically equival Two propositions P (p, 9, ...) and Q 


ent, or simply equivalent or equal, d 


P (p, q, s509) = Q 


| both pro O 1ti 


(PA) ==pv>q 
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Table 3.3 (a) Table 3,3 (b) 


Algebra of Proposition — Now we shall study the laws of algebra of 


propositions. 


(i) Idempotent Laws — 
(a)p VP2P (Ypap =p. 
(a) Truth Table forpvpop- 


Table 3.4 
T 
E 


FALA7IV272071 
Since, the column under p v p > p contains only T's. Hence, itis a tautology. 


T| T a 
F| F T 
Proved 


Proof. 


(b) Truth Table for p Ap SP- 
Table 3.5 


e]o [ere [error 
TIT pl 

F|E| F z 
Hence, pap => p is a tautology. 


(ti) Commutative Laws — 
(4) p vq =q vp, 


Proved 


()p19=91P 
Proof. 


(a) Truth Table for p v4= 4 VYP” 


s. Hence, it is a 
Proved 


Similarty, (b) can be proved. 
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netion is Distributive over Conjunction 


(a) Disju 
Table 3.9 


(ii) Associative Laws — 

(a) (p vo Vr SP v (q vt) 

pr DAr errar 

(a) Truth Table for (p VA) VYSPY (quo 
Table 3.7 


proof. 


AS 
< 
ES 
> 
as 


Proof. CAU 
T : 


pvQ pvgvr|qvr de | 


o o e A A 


] 
do o 
= 


Since, the columns in the above table under p v (4 A 1) and (p v q) A (P 


v T) are identical. | dis 
Hence, it is a tautology. NO 
(b) Conjunction is. Distribu 


Table 3.10 --— par p 
ga pes | 


T 
q 
Y 
ES 
pu 
F 
F 


F 
E 
F 
T 
F 
T 
F 


MÁ 


PS 


Since, the column und img E 
under (p va) vr <= pv (q v 1) contains only div over Disjunetion 


Hence it is a tautology. Pron 


dE 
T T F Ti 
] rr iris 
a F F F Pone 
; T F F ES 
j T F F F 
T F F F 
F de 
ENORA A 


a Since, the columns under P A (quo ace, 
nee, itis a tautology. Bo 
(v) De-Morgan's Laws — E 
()-p vag ec»)? (9) a 
A 


Hence it is a tautology. 
(iv) Distributive Laws — 

()p (GA =(p grp vr) 

BM)paqvro)=( PAD) vprr. 
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Proof. (a) - (p Y Y 2 Pp) A Eg) 
Table 3.11 


AAPeaa 
EPA y) 


FIT Y CUT F T 
FIEL FIT A TI1TIH «T T 


fruth Table for (a) Truth Table for (b) 
Table 3.14 (a) Table 3.14 (b) 


P|=Pp|pA(p) 
qn 


T 
pi 
JH Es - 


«cal Implication — A proposition P(p, q, .....) is said to logically 
Logl . 


Proved 


mn 3>” 


“on OQ(p, 9» .... ), written 
roposition Q(p, q, 
imply 2 P P(p, 9» ----) 2 Q(D 9, ---- ) > 
: P(p, 9, +...) is true. 
eE , j A ) is true whenever “Ip, 9, eli e 
Se all entries in the last column are T”s, Hence, the given PrOpOsito IE if A de “ample, we claim that p logically implies pra. e 
a o For e trutivtable in fig, 3.1. Observe that p is true in 
(b) = (p A 9) > (Pp) v (9) | pos and 2, and in these rows p v q is also true. Thus p > a 
Table 3.12 E q E y : 
1 : j itional Statements — Many statements, 
y ditional and Biconditiona : , 
(— p) v (- q) 7. in mathematics, are of the form “If p then q”. Such statements are 
F F F de pon ED! El to be the conditional statements and are denoted by | 
AR p>qorp=>4q : E 
» S a 4 e: . ” « onl if q ñ 
y 10 y The conditional p > q 15 frequently read “p pad cl E if p. Such 
T p Ta h Another common statement is of the form zo Ñ er ilenoted by 
e Y LT ll . statements are said to be bi-conditional statements an 


Since all entries in the last column are T” proposition Sble 


1 ble 3.16 
a tautology. E A 2 Provel Table 3.15 (a) Table 3.15 (b) ls 
(vi) Identity Laws — Ue 
(a) The identity element : , e 
¡ or 'conjunci0 
is a tautology t, and is such e (or identity statement) for con] E 


qe 
O 
A 


PAÍ=tAp=p, | se 


(b) The identity ele : A | 
: E ment (o j disjunci 
Is a contradiction (or fallicy) f and is a pa e Slatement) sos | 3 hs are defined by the tables 3.15 (a) 
0% he truth values of p > q and p 4 
T p- 0 A 4943.15 (b). Observe that — first part p is true 
r bl Table for (a) Truth Table f 3 ; ) is 1 is false only when a the conditional 
able 3.13 (a) e for (b) 1) The conditional p > 4 when p iS false, 


Table 3.13 (b) and the second part q is false. Accordingly, 


P> q is true regardless of the truth value of q: henever P and q have the 
(ii) The biconditional p + 9 5 ble of the proposition — P 
“me truth values and false otherwise. The La ofpvaqandp > e 
y appears in table 3.16 observe that the truth e second Case. According!Y, 
y tical, that is, they are both false only des d 
> ais logically equivalent to =P Y % tha 
p>qa=p vt 


(vii) Complemen y 
> t Laws — : ayis BE 
negation (= p) such that — For every statement p there HH 


(D)pvEp=+t 
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itional statement “If P then a»: 
ds, the condi 
In other words, 


1 slo E 
ich only involves the Ely 
t “Not p or q whic COMnen: 
: to the stuemen 
equivalent 


d thus was already a part of our language. We may re 
an o for an oft-recurring a y 
a rse, Inverse and Contrapositive Proposition — 
Converse, nl € 
If p > q is the direct proposition, then 
i) q => pis called its converse há 
a the proposition — p > - q is called its inverse, and 
1 


(iii) the proposition = q => - p is called its contrapositive, 
111 
We have 


-b>49=(4q> =p). 
Again we have 


Table 3.18 


(1>3p=kp>- q) 
1.€., CONVerse = inverse, 


Well Formed Formula — 


all 
It should be noted that a statement formula is not a statement hoy a 
Statement can be obtained from it by replacing the variable by statemelt 
order to define a fo 
Language consists 


d certain concept like language, 
en below — 


rmula, we nee 
of symbols glv 
(1) Connectives (negative, di 
(11) Equality denoted by = 
(111) Element-hood o 
(iv) Parenthesis den 
(v) Variables like Xx 
A string is an 
the other. 


sjunction, conjunction etc.) 


E delongingness 
Oted by (,) 


> Y, Z 
y Succession 


denoted by “e”. 


El 


Of symbols of the language written 


on 
a 
13 


Chiva, 
gard D za ] form 


rs N. 
| on the set of natural numbe 
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the definition of a formula. A formula is also called well 
te ] 

we now ¡ae d is abbreviated as WFF. 

ula 


ed formu called a formula if it has the Pot da 
desd cEail letter is a term. * di 


=yi la. 
() d y are terms, then x = y is a formu 
(ii) EX m0 are terms, then xey is a formula. 
(ii) TÉ E is a formula, then — P is a formula, 
(iv) E P and Q are formulae, then PvQ is aa ii e 
(m1 formulae are those given by the rules (i) to (v). 
¡y The only form 
(vi) Y 


Let A be a given set. An expression denoted by P(x) ís 
. - Mike 
Predicates 


irional function or a predicate on A if P(a) is true or false for 
- called EA de has a truth value for each a e A. 
1.0: 
cacha € > 


le 


b X e f Or E | A, , sli 
18 tru 5) , 


¿€ Nis substituted 
a statement whenever any element Ad 
becomes 
Hence, P(X) 
for XxX. 


P. are the atomic variables. Y A! 6602 Ae 
y where Eds P, e. np 


-and obtain the result 
Parás Pi and 0 SN uch a truth 
: th values to Py, P», ble for A; such a 
amos ans A, then we get se q truth ln 
truth values o » ula may have ne TU Pro ia Pio Y 
A , The form ables P,, Da 
NN Ei cda of the truth values o luey. IFA bas (he th 
si u : pro 
apa A is called identically true, or di values to Py, Pa «- de value T 
for all possible assignments auadiciad Finally, i£A +. > P,, then A 
. , E e to a q. 
EE truth values assigned to Y 
or at least one 


, whether a given 
Ear ining in a finite pr e e leas satisfiable 15 
The problem of determinin 


. > 10) 
ontradiction 
statement formula is a tautology or a € d “product” in place 
Own as a decision problem. use the WOr 
Disjunctive Normal Forms — e dajmnciion” ula is called an 
“ . . > e ”3 lace O : in a form pe sons 1S 
9% conjunction” and sun a d their e and their negations 
a a 
> A a a a larly, a Sum of the v 
Mentary produc. > cal 
Called an elementary sum. 26 mic variable amples of Aa 
Suppose P and Q are any nn P are some o 1 DA ed A 
aun Qy : Any P 
Products. On the pe Arica sums of the tW 
Y — Pare examples o 


en P, -PAQ, 
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sum of product which is itself an elementary y 
ary 


: 1 Form— Suppose P and Q are two y lab] 
Uno «ciunctive Norma ; ] are two variables, 
an element > «tor of the original elementaty sum-of produc; Ass principa Al possible formulas which consist of conjunctions of P or 
said to be a facto a De pstuctan tions of Q orits negation. Now of the formulas should 

A P are some O =:Q,, ¡a ys € conjuncti0B3 A bas 
Pa - P, and de hold.for elementary sums and produer, Mir p E Le egation a ble and its negation. Furthermore, any formula which is 
no 1e 4 ; 0 , ion : a . . . » á mM 
following staten icon elemen AUN iq both 2 ting the formulas in the conjunction is not included in the list 
(i) A a A a b come rmula will be equivalent to one included in the list. For 
: : is that 1t con Ors ¡ y h alo 
to be identically false 15 


"Wi 
he other. de 
ns o... and sufficient condition for an elementan 
be identically true is that it contains at least one pair of factors in wh 
the negation of the other. dE | e 
We know that for any variable P, P 4 — P is identically false. Ty 
P A — P appears in the elementary product, then the product is ¡ dent 
false. On the other hand, ifan elementary product is identically false 20dde 
not contain at least one factor of this type, then we can assign trut value 
and F to variables and negated variables, respectively, that appear in the prdy 
This assignment would mean that the elementary product has the ruth vay 


T. But that statement is contrary to our assumption. Hence the statem 
follows. | 


«Hor Pp A Qor Q A P isincluded but not both. For two variables P 
] ql 22 such formulas given by 

“and Q, there PA7Q IPAQ and 1PA1Q 

| e are called minterms or Boolean conjunctions of P and Q. 
These form Y of these minterms, it is clear that no two minterms are 
From the truth fro * has the truth value T for exactly one combination of 
equivalent of the variables P and Q. This fact is shown in table 3,19. 
the truth V 


Table 3.19 ad lo dE 
T ' 
F 
F 
F F E 


Ss a q » ivi 1 
For every truth value T in the truth table of Ene oa 
minterms which also has the value T for some Co dió 
of P and Q. bind dl 
This discussion provides the basis for a me a | 
100 
any connective is equivalent to a formula con a de + disjunctions 
For a given formula, an equivalent formula pao rol Jam Such a 
minterms only is known as its principal a ol po. . 
normal form is also said to be the sum-produc ei le oEyarables, 
ven fam Principal Conjunctive Normal Form = Si e OL din 
unctive normal form of a given” ¡BE "axterm of these variables is a formula W | 


IC 


A formula which is equivalent to a 


sum of elementary product is said to 
given formula. 


given formula and which consis 0 
be a disjunctive normal Sorin 0 


We shall first discuss a procedure by which one can find a disjund 
normal form of a given formula. It has already been shown that ¡fl 


1 . 5 É O 

connectives > and 2 appear in the given formula, then an equivalentfom 

can be obtained in which “>” and “2” are replaced by », v and 1.M 
PA 


onnectives yet undefined. hdi 
A : rour discussion of principle dis, 

"mal lorms. So, there is no loss of generality in assuming that the gl 
formula contains the connectives a, y 


and 7 only. 


Normal Form j 
, s— Con 
Is the one which cont 


junctions in 


Observe 
í car on a 
ival ."AIms the product of elementary sums (the f Which each variable or its negation but not both et each of the he 
Quivalent to the given formula). that the maxterms are the duals of minterms. No the truth yalues Of - 
Observations — has the truth value T for exactly one e lá peo fore br hd + 
(1) The Procedure fi ; : Variables and this £: be seen from tru 4 e. pfthe truth vall 
a Or Obtaini j iunctive Be n 1s fact can mbination ofthe E" an be 
0 qe Similar to that of inc Hd de era has the truth value F for exactly on€ CO plo e NES 
(ii) The Conjunctive norm the e . 


quo princ 
: : duality prin 
de iriables. This fact can be derived from the MECA 3 
ef) Irectly obtained fr ] IO ctions ol. 
A e 1 om truth table. AS g of conjun ES 
il be Identical if every elementary MR Or a given formula. an equivalent formula Jer ori na e 
a k e terms only is known as its principal com eS A 
A tary sum present IM ' y “A UCt-s um canonical form. Mao 
ICh One IS the neoatian af tha ather q Fi 
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Quantifier — Á proposition function P(x) becomes a ue 


imposing restriction “for some Xx” Or for every x”. These rey EN pe above statement will become false, if we say that there is an Indian 
called quantifiers. 0 ob 4 pot ¿ honest' Or in symbolic form is written as 
There are two types of quantifiers — yo (3 x e M) ( is not honest) 


Therefore, the negation of the statement “All Indians are honest* wil| be 
ndian who is not honest” or in symbolic form 


(Gx€ M) (x is not honest) 
Thus the negation of vx P(x) is Ix[—P(9], where P(x) denotes “x is 


(i) Universal Quantifier — The symbol w which is le 

every” or “for all” is called the universal quantifier. Fad yy 
Let P(x) be a propositional function defined on the set D.1r4, 

e D, P(x) is a true statement” then by the use of universa] ona So 

written as O Yi 


uihere ¡s an l 


onest. : . o TENE : 
4 Hence, We see that the negation of a statement with “universal quantifier” 


ca statement with “existential quantifier”. 
Again suppose the proposition 
“Some Indians are honest?. If M denotes the set tof Indians, then the 
sbove statement in symbolic form is 
om A - -(8x e M) (x is honest) E 
The above statement will become false, if we say that No Indian is 
honest' or in symbolic form is written as sia del 

(ux e M) (x is not honest). - y Ene E» E 
Therefore, the negation of the statement «Some 'Indians'ate biúnest" will 
— The symbol 3 which is. reads En te be “No Indian is honest”. 
e ntial quantifier. , In symbolic form, the negation of (3 x.e M) P(x) 15 we PA 
Let P(x) be a Proposttional function defined on the set D. dl pe cai Where 200 denotes “x is Doro: dea de 0: e 
P(x1 ¡Sat Hence, we see thatthe negation ofa statement wi “existential quantiier 
ls a statement with “universal quantifier”. eS 


0.1. Explain the following terms used with propostons= LN 
(i) Logical connectives (ii) Bi-conditional- EE 
(iii) Converse (iv) Inverse 
(v) Contrapositive. 


(mxeD) P(x) or wx P(x) l 
Example 1. The statement (y n e N) (n + 2 > 1) is true sino 
11)=4n:16N,n+2>.1 : 
= (1,2,3,4,....) =N 
Example 2. The statement (y n e N) (n+ 1 > 5) is false sind 
T(P)= (5, 6,7, ...) 4 N 


, 


statement or for at 1 
Cast 
15 a true statement, then by eve 


existential quantifier Dita xeD, P(x) i 


s 1t 1s Written as 
( Xx € D) P(x) or 3xP(x) 


1. The stat de 
T(P cuen En Nes 3 4) is false, since sis dos 


Example 2, Th a E ¿ 
numbers, is true bsinos “Biement (Ex e R) (é — 4 =0)¿R is the sel: 


T(P )= ($2 


Example 


(R.GPV, June 2013) 
Áns. Refer to the matter given on pages 131, 139 and 140. 


4= 2, le - 
Example 3. Let A 2% $ A ¿ Pri mesos Er es me EE 
Adhier be , Oonverse (ii) Inverse (iii) Contrap (R.GP. y, June 2017) 


denoted b 
¿ ES may also be 


Ans, Refer to the matter given on page 140. 
93. Write short note on predicates. (R.GP o) 2 2 o 
honest>. dns, Refer to the matter given on page 141. lndo 

24. Write short note on quantifiers. (R.GP.V> June 2011, aa | 


of I Erice Proposition call: 
"5. Refer to the matter given on page 144. 


S the qm” 
9, n the above in symbo 
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0.5. Explain universal and existential quantifiers With 


(R.GPV, Dec, 20m ! j 
Or . 201), Mor, E Sol. a 
Write short notes on universal and Pots qUANtifieyo 4 dió) 
( -GP y, June 2010, (iv) 
Ans. Refer to the matter given on page 144, ey | (v) 
0.6. Write down the principle of duality. (R.GPy lo (vi) 
Ans, The dual of a Boolean function F, represented bya Boo a (viD 
is the function represented by the dual of this expression. This E m (vii 
denoted by FA does not depend upon the particular Boolean ex pe | (ix) 
to represent F. An identity between functions represented pan (x) 
expressions, remain valid when the duals of both sides Of the 0 SN (xi) 
taken. This result is called the principle of duality. | ; an (xil) 


0.7. Explain the following +t j 
e Ff g terms and also give examples to h 


(1) Quantifier 


(ii) Universal quantifer : 


(iii) Existential quantifier (iv) Negation of a quantin A 

(v) Normal form (vi) Tautology. 5 (vii) 
(R.GP.V,. June 
Ans. Refer to the matter given on pages 144, 14] % qe 


and 134, > 


| (ii) 


(iii) 


ERICAL PROBLEMS 


Prob.1. 1f P=Ramesh ¡ 
esh is a | 
Then, write down the followin 0 
0 =pe q 0 
(1i1) 4 5p ca 


(vin) 
(viii) 


(ix) 


Sol, (1) Ramesh ls 
(ii) Ramesh ls 
(id) Mohan is 


P 
Player, E 
Í 
(iv) Mohan is an in h 
Prob.2. Ler , o 
* Let p = 11 5 | 
which describes each E > 
ae (v) 
(iv) 4 3p, a 
(vii) PA=qg 
bre y o 


. Write the following in symbols —.. 


oc. 
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It is not cold. 

It is cold and raining. 

It is cold or it is raining. 

It is raining if and only if itis cold. 

Tf it is cold, then it is not raining. 

It is raining or it is not cold. 

It is not cold and it is not raining. 

It is cold if and only ¡fit is not raining. 

It is not true that it is not raining. 

If it is cold and not raining, then it is cold. 

It is not true that it is not cold. 

If it is cold and not raining, then it is raining. * 


Ans. 


Prob.3. Ifp =itis 8 0"clock, q =the train is late, then state in words the 
following results — 


p vo (il) pag (iii) pag, 

q V=P, (0) Epia (MM: Epa, 
(pvr(G4g, (viii) - (paq, (ix) <p >p. 

It is 8 o”clock or the train is late. 


It is 8 o”clock and the train is late. 

It is 8 o”clock and the train is not late. 
en | a 

It is 8 o*clock but the train ¡is not late. 

The train is late or itis not 8 ovclock.":" "== ** 

It is not 8 o”clock and the train is late: — een 

It is not 8 o”clock and the train is not late. á 

It is not 8 o*clock or the train is not late. | 

It is not true that it is 8 o*clock and the train is late. 

If it is not 8 o*clock, then the train is late. E 


Whatsoever , he refuses from that. : 

I' shall reach 0 siaód e time, otherwise Ishall miss the train. 
I shall go to Gwalior, but I shall not seé ze 

Whenever 1 take leave, I fall ill.' 
Until I shall not be called till then 
Atul will go to work or will remain 
White-wash the house. Ñ 
Not only men, but also women Q 


Ishall remain here... 
in the house and he e 


nd children were killed. 


E 
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(viii) Ifhe will do labour, he will success. If he wi sd | 
get pleasure. Thus by doing labour one ger > e, l 
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,  Heis poor but is not hard worker. 
(ii) 11 is false that he is poor or hard worker, 


(ix) If teams do not arrive or the whether ¡s bad, th A A (iii) 1 is false that he is not poor or is hard worker, 
be no match. : a E (iv) Neither he is poor nor he is hard worker. 
(x) The necessary and sufficient condition for Pin ( v) He is poor or is not poor and is hard worker. 
the sky should be cloudy. E 8h ( de It is not true that he is not poor or is not hard worker. 
(xi) [shall go to Agra, but I shall not see Taj Mahal q hematically, the solutions are as follows — 
Sol. (i) Let p=1 say, q = he refuses from that e sol Na pad (id) Pa-q 
Statement is : p AQ. Se - (p Y 9). (v) -Gpvag). 
(ii) p=1 shall reach the station in time. € -p Az: (vi) pvEprg). 


q = 1 shall miss the train. 
Statement is : p v q. 
(ii) p=I shall go to Gwalior, 
q =1 shall see Zoo. 
Statement is : p > - q. 
(iv) p=Itake leave, q =1 fall ill. 
Statement is : =p > q. 


(vii) - EPA 0D: 
that _ 
didas 7, y >(p VD is a tautology. ... pe 
| (R.GP.V,, Dec. 2008) 
Sol, Truth table forpAq>pv4 is as follows=:.....-: 
Table 3.20 + 


Y T 
B T 
B T 
F F 


Hence (p a q) > p v q is tautology. 


(v)  p=I shall be called, q =1 shall remain here. 
Statement is : =p > q. O 
(vi) p=Atul will go to work, q = Atul will remain ir th hon 
r= Atul will white-wash the house. e 
Statement is : PV (q A 1). lo 


pla 
Pi 


E 
T 
F 


- Proved 


q pe men were killed, q = women were killed Proj7. Prove that the proposition CUA a 
were killed. | Pe : lev= ya py gjva isa tautology. * ir Jue 2010 
A Statement is ; PA(qAD). a | y '(R.G dá 
(viii) p=he will do labour, q =he will success, r=he will; ples 30% | 


P = teams do not arriv. : 
e, q= T 
no match. q = whether is bad, 


Statement is : 


PYg=>r | | 
Statement is A Y 1_— ' 
¿ : E : tement 1s a 
(xi) p=Ishal E | Since all entries ¡ he last column are T's, hence the give iS Proved 
St 80 to Agra, q =1 shall see Taj Mahal tolo ande Hand Aa 
atement is ; P>-=q AA 8y. reslogien 


ej ta 
Prob.8. Show that the following proP' Spin e PAD 
(1D) (PO) Pra gyrerPADY ps 


(iD Pv-QrrPr-D vQ (R.GPV, Dec. 2013) 


Prob. 5, lfp=he; q 
e.de P = h RA, 
Wing enn 15 POOr, q =he ¡is hard worker, then 
0) 'N Symbols (Le, ¡y the language of lO 
hard worker, ds 


follo 


He is poor ang 


mE 
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Ss 1 


Sol. (1) 


Table 3.22 5 fruth table for (p > 4) Y (=p va) is as follows — 


0 Table 3.25. 


Er DIES TÉR 


| 

P T 

T T 
F|F| TI] 1 ER 


ince the all entries in the last column is T”s, hence given statement is 


Since all entries in the last column are T”s hence the given ta 
State 
Ent 


tautology. Eos 
(ii) Refer to Prob.7. autolog)y- Proved 
Prob.9. Is the formula tautology ? E ÓN Prob.11. Prove that (p 290 1 (1 21 => (p 27 is a tautology, 
pP>(P1(>p) R-GPY, Der) ». “Wi (R.GP.V, Dec. 2006) 
Sol. Truth table for p > (p A (q > p)) is as foll 03 ee pe dd e ' r) =B | | | 
OWS por=A and (p > gr MOD ; 


Table 3.26 Ó 


Table 3.23 | 
VI TRCETNEZICES? Delia epenqer» 
TT T T T | 

Fr] E Y o PT T T F F T | 

F|F > E : 0 | F. F F T 1 
Since the all 2 E PT¡F F E F 5 a i 

ea j : 
tautology, entries in the last column is T? E E E E de E 
a F T F F 
3% F TO| OT Y 1 


Last colurinskows that B 24, 1e4 0 gro n>( pS 1) isa 
tautology, S ds 
Prob.12. Show that 

[Pm) > p] > (q is 4 C0 
Sol. Truth table for [(paq) > P] > (a 
Table 3.27 


rob.10. Show that E 

: the followi , A 
(D) (pr P> 9) e > Wing are tautologies — laa e 
(ii) p> El 

P>gyo fr Ppvq) dé 


(R.GP.W, Dec. 2017, NovW May 2018) 


> Qs as follows y 
Table 3.24 


ntradiction. (R.GPY, 


Sol. (i) Truth 
table for 
(Ppn(p> q) neg) is 25 follows — 
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Prob.13. Prove that the propositions pv= (q A r) di 


Py, 
are equivalent. (R.GP.V, Dec. 2002, 2003, 0 
Sol. The truth table is as follows — Uno 


Table 3.28 


| 


Sal 


m1 4m23>3>3>3 
T1>3>3mm-23>3 
Tn >23m2>3 
nm” 
Y3Y3mM>3>23>3> 
33m >3>3> 
32 m>3>3%3_ 
123123 m>23 
3159153233 


The entries of VI and X columns are identical. : 
Hence, p Y = (q Ar) =(p Y - q)v - r, 3 


Prob.14. State and prove De-Morgan's Laws. (R.GP Vo Dec 1 
Sol. Refer to the matter given on page 137, section (v). E. 


Prob.15. Show that the rule of hypothetical syllogism is valid. 


P>q 

I>r ¡ 

Dr (R. GP Mi, Dec, Mi 
Sol. The truth table ¡is as follows — ' E 


Table 3.29 


2224 Ap 
a] 


PV 
Sol. Truth table for PV(PAQ) Ss 
p — 


y 
ll m) 3 


gan | pr (gar) | q |" 
nnarzulErzOl ( z 1 o 


: ls mea 
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Table 3.30 


under columns l and IV are same. 


11 entries 
py (pA q) op | 
hofthe following formulas are tautologies ? Explain what 


since? Proved 


Hence 

Prob.17. Whic 

nt by “tautol0gy 
(Y P. 72 


» and write down truth tables to justify your answers. 
Dr =>>=» (i(.>0>D>p 
do. as  (R.GPV, June 2016) 


refer the matter given on page 134, 


Table 3.31 : : de Yi 
(p>D>D=>P qe 
le : 


] 


+ 


Sol. For tautology, 


4 
A EN 
a 


From above truth table, we see that the all cimas e A all 
fourth are not T, hence P=>> q and (p > >P is tautolog) 
entries in last column are T. Hence ((p > Y) > yop 


e «> torimula is tamtol0gy 
Prob.18. Prove by truth table that the following formula 
a ). ' $ 
Poqrin > (1 en y, June 2009, Dec. 2010, 2015) 
Sol Let A= po(qna) and B=127P 
The truth table is as follows — ¡ 
Table 3.32 


Po. 
T. 
F 
E 
sE 
áN 
ÚN 
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Since all entries of the last column are T. Hence the Siren 
“tautology. 
Prob.19. Prove that following is tautology or not, 
pvravi) o (+. >0>0 >) >1] 


(R.GP y, 
Sol. LetA=pvqvradB=((p>0d>%YH>=>nD>p 


The truth table is as follows — 


Table 3.33 
(p>4)(p > q) 
ripvq p>4q 
54 -—y>or 
T[T¡T| T T T T 
T[T|F| T TÍ T F 
T|F[T| T F T T 
T|F|F| T F T F 
FlTIT| T To a 
FITIF| T T q Ñ 
F[FIT| F T E A 
Si —— 
as all entries of the last column are T. Hence, the given formul ¡ 


Prob.20. Show that p > (q > 1) =(PAq =>r A 
(R.GPW, Now/DecM 
Sol. The truth tables of P> (4 > TD) and (p | 


3.34 A q) => rare shown in 
Table 3.34 (a) Table 3.34 (b) a 
plalr[pag| 
F TIT TJ] 
T TI¡TIF| T 
T T|F|T| FE 
T T|F|F| FE 
T PITT. 
T FIT|F| F 
T E FIT[| E 
FJFI- E 
Ob 
an Serve that both truth tables ar : 
slcally equivalent, e same. Hence, given P 


IN o prob21- Defir 


June y 


Pron 


Propositional Logic and Finite State Machines 155 


e tautology and contradiction and show that 
p>(M> r) =p Aq >r (R.GPV, Dec. 2012) 
Refer to the matter given on page 134 and Prob.20. l 
Sol. construct the truth table for the following — 
Do >(4> "(PD (PT) (i) po(pvz). 
(0 [R.GBV, Dec. 2003 (ED, June 2004, 2008] 
For convenience, let | A 
p>(q>n>34 and (p >) >(p>1)=B. 


h table 1s as follows — 
The truf e Y 


sol. (1) 


$115 553,33 


Last column shows that A > B, 14 
Le. (p > (a > 1) > ((p> q >(p>1) is a:tautology. 
(ii) The truth table for p + (pv4) is as follows — 
Table 3.36 


par Y 
Prob.23. Show that (¿vga Pp, q” e Dee 2016) * 
EPA =r) is a tautology. | E E pos 
Sol. The truth table is as follows — 

Table 3.37 


D= 
“C|ÁN 


F 
T 
F 
T 
F 
F 
T 
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j ¡es in last column : , . 
Since all entries olumn are T. Hence given State in last column are F”s hence given statement ¡is contra 
IS fa A 
m 


¡nce all entries 


S Ans 
Prob.24. Show by truth tables that the folloywj action: ¡ ; 
n ictiO ollowing are tautolo nj 
are tautologies — g State yy h a y pro p.26. Prove that the fi ES S1es or contradiction or 


0 PAID (MDbxp>e | A 
60 p YD rip VCD) VD Ap) y (9). 
(R.GP.V, Dec. 2009, June 2010) 


) Let A=(p > (1 AD)andB =(<r>- q) 


Sol. (1) The truth table is as follows — R.GR », Jung mn 
Table 3.38 


Sol. (i , 
CO EA 
TIT T T y Table 3.41 
TlE| El 7 ] Mak." ENEE 
pr y 
1 [.T 
E F|F| F T T | E ñ SEE 
ince all entries in the last col re T? : HS L F | FJ[T 
tautology. CID Sres, hence the given sae A F T : 
(1) The truth table is as follows — de E E T TALF 


Table 3.39 Since all the entries in last column are not T hence given statement is not 


Al hu tautology. Therefore it is contingency. its, Am 
(ii) Refer to Prob.25. Ls 
Prob.27. Is (P v Q) A(P>R) (0 >R) > E, tautology or 
contradiction ? (R.GPV, June 2012) 
S e Let A=(PVvQ)A(P>R)andB=(Q>R) 00 a 
Since all entries ¡ PEN he truth table is as follows — dE 
tautology. 


Aral Table 3.42 
Pron DE, "To LEY) 
A T|F T F F |F F 
A 7 z Y T T TIT. T 
e 
Sol. The truth table is as follows — q 6 dd: a E F . ES p E F 
3 T Tolo F 
Table 3.40 E El E E E T| F ia 
. mi .l ul . A 
Epv(GAglarBIeltz Pob e nfication 
F E :28. Proye that (PvO) 0 >Pisa pito June 2015) du 
Ej | Sol The ARO vQ AOSTA o 
E "uth table is shown in table 3.43. Observe E 
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is true in row 2 and in this row P 1s also true. Thus, (Py 


Ñ Vaso, 


logical implication. 


: llows — 
ble 1s as fo 
she truth E Table 3.46 


p 
Table 3.4 E 
MIEDO AE 
arita 7 T T T T 
ETT T 7 a T T 
q |T|F T E T 
FIT| E T F 
HE |E| E r X 
FITIT] 1 x F r 
ó ' F T|F T T T 
Prob.29. Determine whether each of the following ; F FIT T T T YT 
contradiction or contingency ? 50 ¿to E F|F E T F YT 


(Y) P>0)5(-0>-P) 


Since all entries in columns V and VIII are same, hence given statement 
(ii) OQv(PA=0) VPv-0) 


“islogically equivalent. Proved 


Prob.31. There are two restaurants next to each other. One has signboard 
thatsays. “Good food is not Cheap” and other has a sign that says, “Cheap 
| food is not good. In context of formal logic, do both the signs say the same 
thing ? (R.GP V., May/June 2006) 

Sol. Let p=Good and q= Cheap 

Then, “Good food is not cheap” =p A=q 


JE and “Cheap food is not good” =q A=Pp 
Now 


Sol. (1) Let(P > 0)=A and (Q>-P)=B : 
Then truth table is as follows — — : 


Table 3.44 


Table 3.47 


=P | 29 | paca lar>P 


YT F F F F 
TB F T T F 
ET T F F T 
F | EF Y T F F 


th Since all entries in last two columns are not same. Hence both signs say 
e diferents things. ad 


Since all the entries in colu 3 k , | 
itisa tautology. m(P>0Q)09 (-Q> - P)are “T>. The 


(i) LetQv(Pr- 


O)=A and (= O 3 Le 
The truth table is as follo Lo) 


WS — Sh 


Table 3.45 


Prob, 3 2 
Fis ¡ : State wh 


: ether the argument given below is valid or not valid. 
t valid, identify 


the tautology or tautologies used — 
I will become famous or I will be a writer. 
I will not be a writer. 

I will become famous. 


Sol, (R.GP.V, June 2012) 
. y de (4) 
P=>4) vr <= Jollowing statement is logically equivale p: a 
56 vn > (q vr. E | Ed become famous 
Sol. Here, given (GRE, Dec, 2004, June 2007, Dec. 2010 ) E ao a writer 
Statement is EN a De a Not be a writer 
> vr= ( zo 8Ument is 


PYD> (q vr) Prades $) 
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The truth table is vestigate the validity of the following argument — 
34. eli Pp >',r 
-p>4 
qa 
=> S (R.GP.V, Dec. 2015) 


3.50 for the statement [(p >1) 1 (<p > q) a (q > s)] 
only T's, hence the given argument is valid, 


Table 3.50 


(p>!'MaA | 
rpl-p>q14>S(EpPp>gA 
poro (>) 


Table 3.48 


prob 


Sol. Truth table 
Since all the entries in last column of truth table are NOÉ true ) contains 
The given argument is not a tautology 


Hence, the given argument is not valid. 


ÓN 


Prob.33. Test the validity of argument — 
If it rains, Ram will be sick 
lt did not rain 


. Ram was not sick 


Sol. Let 
p : If it rains 
q : Ram will be sick 
= p : It did not rain 
— q : Ram was not sick : 
The given argument in symbolic form can be written as 
P>4q  (premise) Ñ 
=p  (premise) 
o 
2 4 (conclusion) 10 E 
iO to test the validity of this argument, we consider thor 


k 


723393439399 m3 
O de de de: > de de 
e Me > Mes Me > Mos Bor Bos Bor Mor Bar Mor Ber Mar Maz o ez 
RS eos Me Hs or Dos Es Bor De > Eos De> Ez 
EE E E de de e Eee de E 
de Ed Ed e E de 
AA 


Prob.35. Establish the validity of argument 
(P>DASRvVSI APR] > [2202 
Sol, Given 


P>9QrGRUSAPVRy> EOS 
Table 3.51 


[(-> Dr -p] q 
Table 3,49 


(AR SA 
—R PyR) (ARY 


Since all the entries in 
the given argument is not a 
Hence, the glven argu 


last column of + 
tautology, 


ruth table are not trué: 


ment is not valid, it is a fallacy. 
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F 


T|F|T|T ET T F : 
T|F|T|F| F FE T F a : E 
TE ET: E T| T T F p|E 
T|F|F|F] F T|T T F PL rión 
F|T[T|¡T| T F | T T T pit 
FE[T|T[F| T F | F T F PIN 
FEITIF[T| T |T|T F F PEN 
F[T[F|F| T- [T| T F F p|I ' 
FEJE[T¡T| T.. [F]|T T 7 y] | 
EPPIEIT] YT TT9T F F p]E . 
FEF] TT] -7 F F ri 

Truth table 3.51 for the statement [(P > Q) 1 (=R y S En 


[E Q > S] contains only T's, hence the given argument ¡s valid, 


Prob.36. Test whether the given argument ¡is logically valid; 
“If Rita works hard and has talent, then she will get a good job. 
gets a good job then she will be happy. Hence, if Rita is not Happy they; 
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t 
table for the statemen 
ed SDAESISIACSI> Y q 

(0 s. Hence, the given argument is logically valid. 


contains only T” A 
0.37. Show that (p O q) v (p J q) is equivalent to p7g. 
Prob.37. (R.GP.V, Dec. 2014) 
Sol. Construct the truth table for both the propositions. 
A | Table 3.53 


Poyvela | pta 
F 


did not work hard or she does not have talent”. (R.GPYV, June E 
Sol. Let, p : Rita works hard pe T T 
q : Rita has talent 41 E T pl 
r : Rita gets a good job T . 
 S:Ritais happy E oa Since the value of (p € q) v (pj 4) and p El ESE Pr. 
The given argument in symbolic form can be written as: is Hence, they are equivalent. 
PAqor E AS ; sula is independent 
- e Prob.38. Show that the truth value of the fi e aj um 3005 
Lol of its component (PA (P>0) >0. (RR f a 
-pv-=q A Sol. Truth table is given below as o 
Table 3.52 Table 3.54 A A 
(PAP 0)>72 
i PpA 
dí PAq E rs 
>r 
1 , truth value of given 
a 7 5 a JE] TM F Fo er all entries in the last column are T's. Hence, fe Proved 
lol ó o . T F y Fo A Independent of its component. sin equivalent using 
TlTIFIF FE pl E pp e leona 9. Determine whether the following 02 IN 
TIE TÍ T| F T ón F tiongl statement — a: pa py>! 

E E O EA SE ARA y UA 2010 
TEA e ll O pboq=prgvr(parro (e (R.GPM, De 
T|F|FlT| F Li $ T 7 F F Sol MA ivalent, we have paca are 
: FIFIF[ E T| Fl] TIT T Bos, l9 prove that the above pairs are Ayo (e A 

AA O A | S, he | OS 


AS 
xo: 
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(i) The truth table is as follows — 
Table 3.55 
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” obtain the principal conjunctive normal form of the formula 

prod-*”* 

pm ¿poro 
Or 

inciple conjunctive normal form of — 


in the pri 
Obtai Ep> r) A (q 2D) M (R.GPV, Dec. 2011) 


njunctive normal form of 


es in co 
As the proposition (p + 9) Y ((p A q) v (- pa = 9)) is a tautolopy ] sed Ep>nNA (q +p) (R.GP Y, June 2014) 
they are equivalent. ) E RIAOP 
(ii) The truth table is as follows — Sol. o A lo po A d =>) 
> 
Table 3.56 o PvB)MG0QrPAGPvO) 
(PA=q)31 AGPvQv(Ra7R) ió 
T T S (PVQvR)IAPv1QVR)A(PVIQUIR)... Ei 
P ] A(1PvQvRB)A(PYQyiB.. 5 


Now the conjunctive normal form of 7 $ can easily be obtained by writing . e 
“the conjunction of the remaining maxterms; thus, 1 $ has the principal 
conjunctive normal form. o traadas O y 
PvO0v1iB)aAGPv1QvR)IA(IPv1QY 18). e: 
By considering 77 S, we obtain naa di o o 
T1PvOQ0v1iB)v1GPv1 QvVR)v 1 (1 AAA 

2 (PATQAR)V(PAQNIB)IVPAMB 
Which is the principal disjunctive normal form o£S. Apra 


F 
T 


Tm mm" ]..33>7 
mam 23 
23m 2323. .+3 
33m m>23>23>2 "2 

E e 


: F 
E T 
| 
F = 
Since, the proposition is not a tautology, hence they are not equiv: al 


a Prove the validity of the following argument — + 
[f Ram is selected in LAS examination, then he will notbe al 


80 to London. Since Ram is 9o¡ dinl 7 rse, inverse and a 
o going to Lond. 7 electedin Prob.42, « E = 3”. Find converse, INV 
examination.” iS ondon, he will a ES y: mec, ll E nrapositne If 4x — 2 = 10 then x (R.GPV, June 2015) 


Sol. Letp=4x-2=10,q=x=3 


ma E 


3333 mH>73>23>3 


Sol. Let, Pp : Ram is selected in IAS examination 


q : Ramis goingto London - 3” is the direct implication 


s ¡2% Thus th 66: E 
Th . Y e stat —2=10 then X 
e given argument in symbolic form can be written as > 4. ement “if 4x — 2 í 
hr : ; A hence the converse 0 
q/=p 2ive (1) Converse — Converse of p > 4 is 4>P» y] 
Table 3.57 sentis o 
e 3. j 
al] “If x= 3 then 4x -2=10” the inverse of | 
T F E Even st , El 
a ET T F Atement is | 
F E a E T T “If 4x — 2% 10 then x 4 3” o ep > qis co > cr» 
EN Y F hence th qe) Contrapositive — The contrapositive 0 


* Contrapositive of given statement 15 


tatement [(p >-9) 1 q] >" E “IF x + 3 then 4x2 10” 


valid. 


ositional Loqgí ini ¿ 
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Prob.43. Express - (p Y Y > (P 109 in disjunctive POr] Obtain principal disjunctive normal form of-— 


. y 47. 
Sol. We have on dd PAYO PAR) v(OAR) 
-(pva)>(p19) (R.GP.V, June 2011, 2012) 
o (pvp) (pa (pg) a sol. Here, CAQVOPAR)V(QAR) 
> E pa=qapao)v((pva) a pv- 9) o PAQURVTRD)VOPARA(Qr1Q(QARA(P V 1 P) 


2 PAQAR)VPAQA TB)vGPAQAB)v(¡PA1QAR) 
Ans. 
Prob.48. Obtain the principal disjunctive normal form of the following 


eS (lpa=qapag)v((pvg)a =p) v ((pvg)a - q) 
> EpA= ga paq)v(pa =p) (qa =p) v (pa = 9) v (qa) 
which is the required result. 
fre o vay PAD  (RGPY, June 2009, Dec. 2015) 
Sol. Given, =(pvag=o(prg) 
Spray =>PrAgD Alp q) =>- (p y 9) 
Sp vr (PAD) v ((p vq) A - (pr 9) 


Prob.44. Obtain disjunctive normal form of 

pYvEp>(vaq>-»D) 
(R. GP y, Dec, 2 
Sol. p v (=p > (q v (q > - r))) ' 


a pvEp>(qv(q>- 
a APA DA pvp d rr) 
S Prat S(PAJGApArAD vr lp DA Cp Y AD) (PAGA pp 
a RACE Ds 
as h S(PARGAPAD A (RDA CP a 
The disjunctive normal form of - SEpaJapar O voy air) ce , ce EE 
Es a | S (PATADA QVU (PAPA PIPA 

p av(ad>-D)ispvqv=qv=r y v (q A 9) E 
Prob.45. Express — Pvrg => A 7 -Ans 

(P A 9) is conjuncti mal form E 
Sol. We have y, 1s conc go $ y 1d Prob.49, Discuss normal forms. Obtain the conjunctive normal form 
=(pva) o (pa q) * e, and disjunctive normal form of the following — ¡ 
ld CV pAg) (R.GPV, June 2013) 


SEPYD PAYA (pa 

q)=>- 

2 (va v (paga lpAq)v( he Su 
(VIVA Pra) (py a pata) 


S(PVAVp)a( 
de Ppvqv Ms de 
which is the required ma DMEPV=qv > p)a(=pv-qvr9) E 


a Normal Forms — Refer to the matter given on page 141. 

Disjunctive Normal Form — 

€ have, 

S PYDAPADA(CEVDACOAD 
Papr) var prov (epa 0r EP vo 0D) 

PAPADA APA (CATIA EPA 97 

a =qA”- 

APA) (arapagvEprr gap rv pr-4q a 


AD 
Prob.46. Obtain 

] the princi la. y AN 

o, pa disjunctive normal forms va 


Sol. Here, SS 


Se | | - 00 
> (7 o PA(Qv 7 OD v(QA(P v 1.P) ante! 

IPATOVOAPV OI 
(by dis 


Conjunctive Normal Form — 

So GP Mk | 
PAN PD (pag) 

¿DA PAY) A (PRADA Pr) 


PD) rPADACrPRAD IED 


PATO) (PO) 


(by commutative law al 
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o (epa DY PADACEPYSqVprqo.”. 
> (epa ODA CPA DVD) A (py 
ES (Epvprlrv-DACEPVDA CID) A fep y, 0 
Covpabv-DAEPYDA AVDA 


2 


Ñ os Vo 
Prob.50. Obtain the conjunctive normal form of (p > DA Al 
and determine whether or not it is a tautology. (R.GPy, a 


Sol. Here given statement is 
(p>% A (q v (p A 1)) 
Now conjunctive normal form is 
(p>Y (q vp) A (q v 1) (+: VAIS YA 
>(palgr(a vpo (vo) 
>(PAlDr(avpar (vo) 
The truth table is as follows — 


Table 3.58 
| Pal) q v p) 
F 


Ps 


r 


pa | 
po_| 
EN 


Y mm ma ma | 


Nm 
1137?) m>7>3 
CECTECES 


eses les oo Mao eo 
qm? >73>273 
133231223 
ua 


Hence given statement is not tautology, 
Prob.51. Find the truth value of yk 
Dolar lalo rn hs dd 
where t is false and P, 4, r and s are true. | (R.GPV, Junt y 
Sol. Given, the truth value of e is T and 
value of proposition t ¡s F. Then e. Unida ae 
= [T> (Ta (- T)) vDla[6F) e (TAT)] 
=[T> (Ta DvDla[To (ra T)] 
= [T> EvD]a[TO 7] 
=P>TIA [TO 7 
= (DA (T) 
=T 


== = 


má 


Thus, the truth value of the given statement is T. 
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v( 
EIA 


ya pvya 

pra 1P)y 9 

(q Y 1 p) v 4 

qv1P 

1pv4 

3. Write the following in disjunctive normal form — 

; Waz] v[x A(x vo] 
(R.GP.V, June 2002, 2008, Dec. 2009) 


Sol, This expression can be written as follows — 
fos y, z)= [Gx + y)z] + Ee(x + 2)] 
= xIZ + yz + xXx +XZz 
=XZFYZ FO FXZ 
X'z + yz = Xx.1.z + l.y'.z 
x(y + y)z + (x + x)yz 
X'yz + X'Yiz + Xy z + XyZ 
XVZ XV EXYZ 
=(XAYAZV(LAYAzV( AY AZ) 
Prob.54. Determine the negation of the following statements — 
O 7 vp) 90) 
(1) 7. (pts y) > q(0 y) > 
(id Y Vp() A 40) 


A 
pa 


Proved 


Prob.5 4 
JA Y, 7)=[0" VY 


(xx =0) 


(o y+y=L x+tx=1) 


Ans. 
or 


(R.GP.Y, Dec. 2013) 


Sol. (i) 3, VPO) Y q) — 


mE . =VW,V (p(x) Y aw) 
de VypG) v q) ia 20 7 
= V, Iy OPA q0)) a) 
Thus, the negation of the given statement is Vx 3 Ep) AnS. 
(ii) v.3 (P(e ¿dl : ) de 
x =y(P(%, y) > q(6 y) | 5 q( y) 
-3, 3, (p(% y) 
7 Vx Ap(, y) > als y) más 0 Epa y) > as y) 
eb y): 
is 
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negation of the iven statement i 
pora d Sa, Y, (p(x, Y) s 


(iii) YY (p(x) A 90) — AE 
> Y WAPO) 2 0) = > Vy (90) a q(y, 
= 3, 3, > (PG) A ay) 
= J; Ñ E p(x) V = a(y) 
Thus, the negation of the given statement 18 ER Sd E PG) y Si 


l) 
Au 


SEA 


Finite State Machine — 


A finite state machine (FSM) is similar to a finite state automation (RI 
da that the finite state machine “prints” an output using an output alphlk 
na es the input alphabet. The formal definition is as follows- 
Pm Ea state machine (also called complete sequential machine) 
,S, Z, Sq, £, g) consists of six parts — 
- 0) A finite set A of input symbols. 
(1) A finite set S of internal states. 
(1u) A finite set Z of output symbols. 
(iv) An initial state Sp in S. 
(v) A nextestate function £ from'S x Ainto S. 
a 07 An output function g from $ x A into Z 
ini , 
a pa E o on — A finite state machin* po 
“tuple (Q, 2, 8, qn, F 
> 0, Gp, F), when 
E Q is a finite non-empty set of states 
1) Zisa finit 
O onempy setof input called input a y 
¿ 1) 0 1s function which ¡ a 
direct transition function a maps Q x Y into Q and 15 u 
- This is the function which describes 10 gosi 


states driving the transiti 
ansition. Thi Sd 
table or a transition o Mapping is usually represented ya” 


“sa 
== 


(iv) 9o € Q is the initial state, and | | ya 


(v) FcQisth 
+ e set . AS 
be more than one final state of final states. It is assumed here ea j 


square contains 2 single Sym 
"the tape contains end 


“sequence of symbo 
processed. 
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ows the block diagram for a finite automaton. 


Finite 
Control 


Fig. 3.2 


components are explained as follows — 

“The input tape is divided into squares and each 
bol from the input alphabet E. The end squares of 
markers y at the left end and $ at the right end. Absence 


s that the tape is of infinite length. The left-to-right 
s is the input string to be 


3,2 sh 
String Being Processed 


| 
| 


Reading Head 


The various 
(i) Input Tape — 


of end markers indicate 
Is between the end-marker 


head examines only one square at a time 
e left or to the right. For further analysis, 
to the right side. 

finite control will be usually 
tate of the machine, say Q, to 3 


(ii) Reading Head — The 
and can move one square either to th 
we restrict the movement of R-head only 

(iii) Finite Control — The input to the 
symbol under the R-head, say a, Or the present s 
give the following outputs — 

(a) A motion of R-head along the tape to the next square. 3 

(b) The next state of the finite state machine given by ó (a, a). z E 
Mero Systems — A transition graph or a transition system is 2 MY A y 
e drerita graph in which each vertex (or node) represents 2 cstiód 3 
With inpuy edges indicate the transition of a state and the edges are Y 
Output. he 

la 5 ds system is shown 
“Presented b Ñ figure the initial state 15 
Pointing loma a circle with an arrow 
S 1t, the final state by two 


0/0 eS Es j 


oncentri C ej 

ted and the other states are — ¿;, 3,3 A Tra nsition System 
The oq. US a cirele. ig. 3.  d 

the SySt '8s are labelled by input/output (e.g- by 1/0 0 e a E 


em 
%S there ¡y q state qo and the input 1 is applied the syS 0 
irected edge from qa to q, with label 1/0. E oupUa 


£ now o; se 
Elve the (analytical) definition of 2 transition system. 
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Definition — A transition system is a 5-tuple (Q, E 


Ñ ite State Machine — 
(1) Q, 2 and F are the finite non-empt 


5,0. 


«nistic Fin 
0» rministiC 
Y Set of State » Wer a 


Non-de _ A non-deterministic finite automaton (NDFA) is a 


alphabet, and the set of a states, respectively as in the Case of Ani the Ñ D etinitio? p p), where 
c Q, an is non- : 5, do Y) 
0) Co =Q E Co n-empty; and “Mo s1uple (Q finite non-empty set of states. 
(iii) O is a finite subset of Q x 2* x Q. In other () Qs a 


is in 6, it means the following. The graph starts at the e If br 


set of edges, and reachs the vertex q. The concatenation of th 1> 808% a), 
edges thus encountered is w. € table 


(il) s is a finite non-empty se of pus. 
(ii) 5 15 the transition function mapping from Q * E into 22 which 
set of Q, the set of all subset of Q. 
so eQ is the initial state. 


E can be d t d l hy : l y - . l ll 0 f fin 1 
use O model a fin € ¡ eto al states. 
. p sical Ss ste . ol £xample, C ie ( 1) F E Q 1S the S y A 


S Sequence of Os 

2s as Output such 

f the digits in then 

t sequence as Specifa 
0 ó 


The difference j 
ly in 3. For deterministic automaton, the outcome is a state i.e., an element 
¡son y 


terministic automaton the outcome is a subset of Q. 


and 2s as input and produces a sequence of Os, 1s, and 
at any instant, the output is equal to the modulo 3 sum o 


sequence. The machine in fig. 3.4 will generate the outpu 0£ Q, for non-de 


Consider, for example the nondeterministic automaton whose diagram is 


given in fig: 3.6. 


a Fig. 3.4 E E 
E, olaa another example in which we design a device that com r acidos ón; , 
Mire E numbers to determine whether they are equal or which ofthe Fig. 3.6 Laso de o 3,7, Hencé 8 
with the ce bs that the digits of the two numbers come in one a The sequence of states for the input string 0100 ls gen RRE 

| -order digits coming ¡ ' 00, O 
10, 11), where te roo ing in first. Thus the input alphabet is 40 5 (do, 0100) = (o, 93» 94) 0 will 


two digits in each paj : 
numb : Ch pair are the corresponding 
ers being compared. The output alphabet is (EQU AL, 
machine. 


Since is an accepting state, the input string 010 


no ES . . . 
n deterministic automaton. 


PA 
IA Y 
PGE 

hi. 
Í 


E SMALLER). Fig. 3.5 shows this 


Ace ili ¿ a 
by a ceemids Me E no Automaton—A sstringX16* e 
is basj 0 25 0, o, E), if S(qp, x) = q for some 
- al the acceptability of a string by th pes Xx) =q A final sia 
called an accepting state. y the final state. be 


s Fig. 3.7. pe 
Som *finition — A string w e 2* is accep ted. DY: 
* final State, 20 de 
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We naturally try to obtain the relation between DFA and NDEA 
we now feel that — | EA np 
(i) By increasing the number of states, a Dpa 
behaviour of NDFA. In other words, a DFA (Q, Y, 3, 


“on (ii) is true all strings y with |y| < m. Suppose x is a string 
Assumin£ E can write x as ya, Where |y| =m and a e E. Suppose 
+1. x 
5 (do> y) => íp1> pu Di 


ina, Á 5 (do, ya) = (£r1> DD, .. ra). 
e 3 


Can S 
%o, E) can y 


e e : ¡sie h 
an NDFA (Q, E, 8', q0, F) by defining 8'(q, a) = (S(q, a)). Mi ¡<m, DY induction hypothesis we have E 
(ii) Any NDFA isa more general machine without being ro, As |y 5 (do y)= [Pr le, si 
, ; = ha) > a 
Theorem 2. For every NDFA, there exists a DFA Which Sim Also, (ri) 12 * 137 pe .. y), a) le 5 (£pr Pi), a). 
behaviour of NDFA. Alternatively, if L is the set accepteg 5 Nr = 0» y), 
there exists a DFA which also accepts L. ) ál > A definition O £8' 0 | 
Proof. Suppose M=(Q, E, 3, qp, F) is an NDFA accepting L, We con S' (pr «PB a) = be ri) gil os 
' ES edi A 3 ; == S' t do» y == Pi) 2 
a DFA M' as follows O Do sence, HOW ya) (by relation ii) 
== » Us Yo» : . 
: i 
where, (i) Q' = 2% (any state in Q' is denoted by [q1, 9, e E rs ió 19] [by relation (iv)] 
where q1, q, «44 € Q); : 


(ii) do = [90); | 

(11) F' is the set of all subsets of Q containing and element of 

Before defining 8', let us look at the construction of Q', q'y and Fi 

initially at q,. But, on application of an input symbol, say a, M can fea 6 

of the states in 3 (qp, a). To describe M, just after the application of! 
symbol a, we require all the possible states that M can reach afterthe 

a emember all these possible states at any instan 
3 -Hence the states of M! are defined as subsets of Q. As M starts with id 
State q0, q'p is defined as [q0]. A string w belongs to T(M)ifa final state 
Of the possible states M reaches on processing w. So, a final state in Ms 


-2n element of F) is any subset of Q containing some final state ofM.. 
Now we can define $' — 


(v) 8'(la1,92,.....q;),8) =5(q112)U8(q, ¿JÚ.....US(qi:): 
de Equivalently, 5'([q1,4>, nn q;),a) =[p,....p;] qq 
 £and only if 


ion (11) for x= ya, Ae 

pere we puse ld sed eN do all strings x. The other part (i.e.,"only 
¿  Byinduction, relation € d so relation (i) is established. 
if" part) can be proved similarly an ins a state of F. By relation (1), 
Now, x e T(M)ifand only i£5 (q, x) contain x) is in E. Hence x € T(M) 
5. (dp, x) contains a state of F if and only i£ 9 AE accepís L. 00. Proved 
ifand only ¡fx e T(M). This proves that DF ¡te automata which we 
Finite Automata with Outputs — The fini ns they. accept the: trin 
considered in the earlier sections have binary MARIA E e baii 
or do not accept the string. This oi 
reachability of the final state by the initial stale, pe pr 
and consider the model where the outputs cana ¿ 
alphabet. The value of the output function an ME 
function of the present state q(t) and the present: 

20 AO, 


ne. is. 2 
Moore Machine — The Moore machine is: ES 
Where UA 


(1) Qis a finite set of states, ... 
(ii) Y is the input alphabet, 
(11) A is the output alphabet, : 


qi3,2) =4p1,p> aa pj) 
Before proving L = T(M), 


E o' (A'o, x)= [q; 
if and only if 5 (90, Xx) 


(iv) 3 is the transition function E ad <x 
de (91 «..., 9,3, for all x in E* (V) 2 is the output function eo ie 
We prove by induction on lx), the “if” part, Le. (vi) qyis initial state. 


9" (do, X) = [9,, 9, 
When [x|=0, 8 (90, 1) = (9p), 
- Therefore, relation (11) is true for 


a 
+ 9 en PEE: 50 2 > suple (Q, z > 
Gi), if 8 (q, x) = [q1 + pg Mealy Machine — A Mealy machine e gasintbe MO id E 
and hi tion 8 (do d paste all the symbol tA have the san 
Al definition of 8, do fin Mis Pe ols exceptA1 E Qio Bi e 
Xx with lx]=0. Hence there 18 bas > O Put function mapping ESA PE 
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Procedure for Transforming a Mealy Machine into Moor 
We develop procedures for transforming a Mealy Machine ; Moo | 
machine and vice-versa so that for a £IVen Input string the Pe A, 
the same (except for the first symbol) in both the Machine. UA ¿ 
Procedure for Transforming a Moore Machine 
Mealy Machine — | 
We modify the acceptability of input string by a Moore mad 
neglecting the response of the Moore machine to input a. We he dd 
Mealy machine M and Moore machine M' are equivalen 'l 


w, bZy(w) = Zy(w), where b is the output of Moore machine Oria 


Minimum Automaton — 
of Try). By the definition 0-equivalence 


1, (Const ' , 
p >) “where Q) is the set of all final states and Q) =Q-0?. 


0 
1) 7 (0 E OEEión of Tty+1 from 11). Suppose QE is any subset in 7. 
step 2» ( K _ they are (k + 1)-equivalent provided 3 (q,, aJand 5 * 


ein Q; j 
Ñ ot Find out whether ó (q,, a) and 8 (q), a) are in the 


to ron 
0 and 42 

are k-equiva 
q) *) 


lence class in Tk for every a € 2. H so, q1 and q) are 
¡ en 

equiva 

same 


y+ 1)-equival 


Pm 


€ In this way e is further divided into (k + 1)-equivalence 
ent. 


? * 
Moore machine. Then the following procedure may be adopted to Repeat this for every QÉ in 11, to get all the element of ry4.. 
. . . lasses. Y , ES 
an el as machine M, E step 3. Construct Ti for n= 1,2, ..... until 1, = Tp, 
onstruction — 


(1) We have to define the output function /' for Meal 

a function of present state and input symbol. We define 2" by 
A (q, a) =1 (8 (q, a)) for all states q and input symbol 
(ii) The transition function is the same as that of the given Mon 


y Machi 


said to be 
an accepting state if its output is 1, A state 18 Emi epi e the. 23 
1 : s satd to DC dute ELA 
'ouíput is 0. Consequently, an input sequence 18 sail t i E ping 


machine. 


Minimization of Finite Automata — We construct añ automatonii 
minimum number of states equivalent to a given automaton Mo. 


Definition — Two states q, and q) are equivalent (denoted by q 


Dot (q;, x) and (9), x) are final states or both of them are non-final sal 
== Torallx e Y*. de 58 


he Bes Example — Fig. 3.8 shows a finite state iO : sota 16; 
ei its difficult to construct 3 (q, x) and 5:(q3, x) foral x € BAJE sequences of the form any numberof 0s, Sued by ay number s, 
1 Are infinite number of strings in E*), we give one more definition. 8 $ One or more Os, followed by al, followed by any * Dias 
Definition — Two States q, and q, are k-equivalent (k > 0) if le a, and then followed by anything. 
$ (91, x) and 5 (92, x) are final states or both non-final states for all «WE o 1 


«+ of length k or less, In particular, any two final states are 0-equivalen! 
ANY two nonfinal states are also 0-equivalent. 00 


IO 


Fig 38. AA of 


¡ state diagram 
are equival AÑ y table and 3 
q pg Le dl aro reflexive symmetric and transitive mi os Define finite state machines. Pin (R.GPV, June 2013) 
"e Induce partitions of Q. These partitions can be € State machine with the help of suitable sd ven on page 170. 
and ny respectively. Element : AA Ms the matter giv 
(id) Ifa and k Are k-equivalence classes. equivil "5. Finite State Machine — Refer to the matter csaté machine. A state 
11) 1fq, an are k-équi acor finite-stati a A 
nad o a e alentforall 20, then they E ce ¿0 Table — Let M=(A, S, Z, sp, £ 8) ea nto o € and th 
(iv) 41 and q, are (k + 1)-equivalent then they are k-eqn, le ES 


the transion 


€ used to represent the values O 


(v) Tn = To+1 for Som: Ction g for all pairs of states and input. NN | . 


| put 
os, á en. (7 den tofe uivale fun 
“under n-e quivalence), (Tr, denotes the se q a 


20 A HITIMITAar 
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178 Discrete Structure 
e state diagram for the finite state machine with 


For example, the state table shown in table 3.59 C onstruct th 
machine with S = (Sp, 51, 52, 833, A= (0, 13, and Z = (0 ms n prod 1, as given Dep Table 3.60 
Ap, a » 


the transition function f are shown in the first two colum 
ns 


>, 
the output function g are shown in the last two columns > NA the ha 


Ya 


Table 3.59 


(R.GP.V., Dec. 2012) 
g. 3.11 shows the state diagram for finite state machine. 


1/0 


A de Ú X 
h Fig. 3.9 State Diagram 
orresponding to Table 359 
a | le 3,59 | 
yan O - A state diagram is another way to representa 
. Itis a directed graph with labeled edges. Here, each sui 


represented by a circle. A transition ¡ 
¿ . S í 
it lote tion is shown by an arrow labelled vibk 


00 
Fig. 3.11 


Prob.57. Construct a finite state acceptor 


that will accept the set A y 
natural number X, which are divisible by 3. cad 0 E 
(R.GP.V, June 2008, 2014) E 


Or a NS 
Make a finite state system to multiply a given binary teger 
4 vs (R.GF l » 
S sl , E y OO A 
set SA Fig. 3.12 shows a transition diagram of the auto 

of natural numbers, which are divisible dy VS 


0/3/6/9 


final states, and the acceptabilily af: 


Sol. The initia] states are 
The path value of do, q 
> 40» 


As 3 is the final state 10 


HL1OJO is-mot 
a 


do and q,. There is only one final state 
9 93, is 101011. 3 


1011 ¡ 
IS accepted by the transition 


€ transiti ; 
On as there is no path with 0/3/6/9 


Fig. 3.12 
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Prob.58. Construct the state table for the finit 
Ue stg 


state diagram shown in following fig. 3.13. te Machi, | s, the corresponding finite automaton has 2” states 
o a 


as Ñ 
pen M ea ot construct 8 for all there 2” states, but only for those 
This is because our interest is only in constructing 


n 

e from [do : 

p pabl Therefore, We start the construction of d for [qp]. We 
| pp dering only states appearing earlier under input columns and 
pino Y or such states. We halt when no more new states appear 


Start 
paso Jumns 
des the input Co 
prob 60. Minimize the finite state machine given by the following state 
uble— Table 3.64 


In this diagram, ea ; 
, each state is repr ] 
with the ¡ Ñ presented by a ci 
e input and output pair are shown for babh ”. ircle. Arroys ty 
ansition, : 


S al 
ol. From the fig. 3.13, we get the following state tab] 
e pues 
Table 3.61 | 


(R.GP.V, June 2011) 


Sol, Since there is no final state, so we take 
Q? = (A, C, Ej 


Q9 =(B,D) 
Hence, T (A, C, E), (B, D),. 
Prob.59. Const Now C is 1-equivalent to E but not to A 
automaton equiy ts a deterministic a 
(0, 13, 6 alent to M= (f Q] = (C,.E). 
tabl lo 140). Sis gi 40 41, 
e (Table 3.62), > 0" Dy its state q Q) = (A) 
Sol. For the d so Bis l-equival 
etermi a ent to D, then 
( 0 the states . palio MÍ Q! = (B, D) 
do 41)» 1e., $, [90], [go A lo. il Hence, : B, DJ) 
cd Se is the initia] Di Now C is >equival a k q (C, Ej, (B, ] 
1 > ent to Ú 
40] and [qp, q] arch E . el 
: inal Qí = (C, E), 


Now . 

(iv) Sis d Bis 2-equivalent to D, then 
given by (Tr efined by th 
y (Table 3.63) € state table ri 
a 40 and q1 appear in th 3 
correspondi € TOWs ec 

ng to 0. Therefore $ de nding to qu and 41 
0» 411, 0) = [qp, 91] 1 
, 11: 


Q3 > (B, Dj and Q 


= E 
m= (4), (B, D)> (ón nsition table of 


Sin 
utomaton, tra 


inc 
Mi ; e Ti = E e 
“mum Bl Tr» gives the minimum state 2 
ate automaton is — 
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Table 3.65 


03 =1B) 
2 = (0) 
m= KA), (BJ, (3, (D3, tE), 131 


Jhen, C. E and F cannot be further partitioned in 1). So, 
B,t> Es 
Now > 


Prob.61. For the finite state machine show 


Table 3.66 


LA), (B), (0), (D), (E), (F)) 


, tomaton. - 
n ahead. s the minimum state au 
m ás 


end EY Consider the FSM in the given table. Find Ane equivalerit 

- prob.62. VstPitES the reduced machine. ' 

e “Table-3.67 | 
State 


glasses a 


quivalent states and obtai 


n an equivalent finitesa 
machine with the smal, : 


lest number of states. 


(R. GP Vo June 20 


Sol. (1) Since there is no initial and final state, so we take 


Q) =(A, E, F) 


Q2 = Q-QÍ =(B, C,D) 
: To= ((A, E, F), (B, € Dj) 
(ii) Now, A ¡is 


f 
¿ 
4 
3 
IAEA 


Ton ua N> 
moonosrá 


Y» UN vaa 
7 O ono» 


3 E pi ES : PS 

- (R.GPV, June 2004) d 
] is a Mealy 

Sol. This machine is actually an output dependent hence ion 


Machine. So first we convert it into Moore machine, at. ds E 
not 1-equivalent to E, F, Moore machine table is shown in table 3.68. Table 3.69 
Then, Q! = (A) Table 3.68 
] Q = (E, F) 
and Bis l-equivalent to C but notto D. 
ld Q5 = (B,C) 
A Q4 = (D) y 
: op IA), (ESF), (B, C), (Dj) 88 
ta) and (D) in T1 Cannot be further partitioned. 
E is not 2-equivalent to F and B 


5 is not 2-equivalent to C. $0 
QT = (E) A 
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We divide the Moore machine Os output base 


1 = (A, H; (Bo, O, D, Eo, Fo G) (B,, E 
Tr, = [A, H) (Bo, C, D, Ej, G) (Eo) (B,, E,) (E) 
1, = [A, Hj (Bo, Ep) ([Cj [D) (G) (Eo) B,, E) (E) 
1 = (A, H) (Bo, Eo) 10) (6) (D) (Eo, F) (B, EJ 
14 (A, H) (Bo, Eo) (C) (G] (D) (Fo, Ej (B,, E) 

so we stop the partition of the state because ye 
Tn+1 = Tp, 1.€., lg = Mz. 


. roductions are 
required y sg > 1581/01/11 


s> 05; 1 


in the given language can be written in the form io! 
pr y | 


1» F) 


atppical strin 


| pa > 181 is a context 
Pino do eN , 01 generate 11 1!, Fora 1; because, S> 181 ess 
| 52 aii egular, because the production rules are given is the 
not 15 Y , 


that the following language is nota finite state language. 
prove 


Prob.63. Show that the language L= fakpk ; k > 1) is of a fini 
language. 


ed 
(R GPV D 20 Sp 4 20./2 s0 Proy 
5 . Us ec, 06, June 20 1 : 
, : he language 

Sol. Let us assume the contrary — A finite state machine exists that a Prob.65- pa al ¡ > 1] is not a finite state. (R.GP. V,, May 2018) 
the sentences in L. | L=(a": , Or 

Suppose this machine has N states. Clearly, the machine aCcepts y! 
sentences aNbN. E 


| 4 
the set L= ta” : ¿> 1] is notregular. (R.GPV, June 2014) 
O Show that the = 
| | eivy 
the N as in the input sequence as depi ' 


n p . pp Cc . 
gu g 


| : ting L. 
jl> Sj2 >=», Sy Are the states the machine is in after recelvy Ip number Of states 1N E on g iria Terms vs co 
the sequence aN, a Step 2. Let w=a””. Then |w|=n“>n. By 
Also, sjzy is the state the machine is in after receiving the sequence wite w = xyz with |xy] < n and |y]| > 0. 

z N a Step 3. Consider xy?z 50 This Mean n? = kyz|= 
AN A 2 pl ea Filip 2 
E SIN coesonasso hi + y + 2] < Ixy2z1. As |xy|<n, |y|<n. Thereíore, 

Fig. 3.14 Hals y? +n, 

N N 6. qe <Ixy22S n? +n<n?+n+n+1 but is not equal to any 
di 222 bb bobobererm o bd Hence, Ixy2z| strictly lies between n? and ce dee gy 2 eL. But by 
SO Sp emotions E: pul Sii Ma ha Thus ho? is not a E aieaa Thus L is not regular. 

. Y 18 lemma xy“z eL. This is a C 
só lana Fig. 3.15 


de Proved 
ccepting state. the pi eonhole pá! 
among the N + 1 states 8 State. According to the pigeonhc pl 


al 
50 Sito Sigo, Siy» there are two of them th 
same. Let the machine vi a jN> 


“efore, L is not a finite state. e 
de Prob.66. Let A = (a, bj, construct an autom 
En O 


n M which will accept 


p) 
! number of a's. 
g+ 'Sely those words from A which have an do Ene 2002, June 2012) 
sequence aN=x pN; the first and the second visit to uo e. $ a 
1S not a sentence ¡ ill also De.* 7 ol, 
the finite state machine. oi Y : 
Prob.64. Show that the Following language is not a finite state l 
L=(1 0) 


1121 217: 


(R.GP.V, June 2002, Dec. 2009 


a 
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Prob.67. Construct deterministic finite state machi Propositional Logic and Finite State Machines 1 e 


. thor 1 | 
. (o " a 2 1 ] a, $ For the set described below, find a deterministic finite state 
| eo | es — 
, E ye 1h ECOE e ps e 1 
(ii) Set of all binary strings ending with <pp» a sel of strings of 0's and 1's each of which starts with a 1 and ends 
ps de A : A (R.GP.V,, Dec. 2010) 
Sol. (i) Fig. 3.17 shows the transition diagram. ió Der, sol. 1/0 ' 
8.8 
8.8 DD 000 
(a) o Fig 3.20 - 
| Fig. 3.17 prob.69. Find a deterministic Jinite state machine that recognizes the set 
Its corresponding state table is as follows — L=(01Y 121,521) 
Table 3.70 (R.GP.V, Dec. 2004, June 2005, 2007, Dec. 2016) 


Sol, Here 


Fig. 3.21 


L= ((01) 13 /i>1,>1) 
Table 3.71 


5=0 | x=1 


S3 
[So ,S2 ] 
s3 
[s, ,S4) 


Fig. 3.18 
agram is as follows — 


Its corresponding state di 


Prob, 7) | is not a finite state 
lamenas A Show that the 1 L=(p0 1:21 i5n0t0 
cias vi e language LE" e py, Now/Dec. 2007 
1 . 
(ending with Pe % ol, Given, language — 
(ending with two - _kik.k>1) 
zo M Whic pea IS finite state language. Then there exists a E pe 
€pts L. Th heorem, it shoU e 
Here q, i Fig. 3.19 Y erefore by Kleene t > : 
2 15 the final stat Lem PPOSe M By the pummping 
la Mm has _ nin Then |w| > n- PY 
a, n states. Let w = 01”. Th | z is also accepted by M. 


Sx a .” 
YZ Where y 1S not empty and wW2 =X 
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03 Co nvert the following NFA to DFA 

pr 0b. 14 0 


Fig. 3.22 


If y consists of only 0”s or only 1's, then wW> will 
, 1 


number of 0”s as 1”s. If y contains both 0's and 1's th not haye th | 
» Me 


Fig. 3.24 (R.GP.V., Dec. 2014) 


following 1”s. In either case w> d 2 
2 does not belong to A NO 
Thus L is not regular. Therefore, L is not a finito pda ls Ata ¡ Table 3 74 shows the transition table of the given NFA. 
anguage So : Tr sé 
180, | Table 3.74 Table 3.75 Transition Table for the DFA 


[do 91] 
[41] 
[9o> q1] 


[ %o 41] 


cted for the DFA, and given in table 3.75. 


diagram for required DFA. 
0 


The successor table is constru 


(i) Find the in | 
¡put set A, the state set S, the | 
ñ output setZ ms Fig. 3.25 shows the transition 


initial state. 
o ed the transitional diagram of M 
111) Let w = , 
»=aababaabbab is an input word. Find the outputwoil 


Sol. (i) Since a and b are input (R.GPV, Dec. MI 


A= (a, b) 
a (So, S1, S2, S3), 
= (x y, z) and Sy 1s the initial state. 


Table 3.73 


[ou 


Clearly 


0,1 


Fig. 3.25 pi 
cribed by the transition table 
ich 


Prob 73 Consi " 

ne sider the Mealy machine des A 

slven in table 3.76. Construct a Moore machine whic : is eq E red : 
“aly machine. A 


Table 3.76 Mealy Machine pap 


al » » 
5 AN AO A 63 
DN OA +4 <]ZnNnN<aeaMm a. << 


Present 
State 


| 


(ii) The transitiona] dia 
(111) The out ¡ 
put obta 
outputs are shown in table 3 23 d 


Sram of M is given below — O 
d is xyxzzyzyxxz. The successiVé 


9% 
93 
4, 
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Sol. At the first stage we develop the procedure 
accept exactly the same set of input sequences, We 1 
column for any state say, q;, and determine the num 
associated with q, in that column. 

We split q, into several different states, the numb 
equal to the number of different outputs associated with 9; For exam | bi 
problem q, is associated with one output 1 and q2 is associated yyitp EE . 
outputs O and 1. Similarly, q, and q, are associated with the OPA 07 
respectively. So, we split q, into q,9 and q». Similarly, q 4 15 Split into. 
41- Now table 3.76 can be reconstructed for the new s 


tates as in table 37 
Table 3.77 State Table | 


SO that doth, 
O0k into tw, "bl 


£n 
ber of di a 
1 I É 
ere 0 


== 


er of Such States 1 . 


Eo) 
ES 


Next State : 


RES 1 
[sue Jos | sur | 0 
0 ' 


90 z 


Present 
State 


The pair of states and 
Output in the next state column 
can be re-arranged as given in 
table 3.78. 

Table 3.78 gives the 
Moore machine. Here we 
Observe that the initia] state q; 
is associated with output 1. 
This means that with input a, 
Wwe get an output of 1, if the 
machine starts at state q1- 
Thus this Moore machine + _—— 
accepts a zero-length sequence (null sequence) which ¡3 not accép 
Mealy machine, To OVercome this Situation, either we must neglec! 
of a Moore machine to input a, or We must add a new starting sia 


state transitions are ide those of q, but whose outputis 


ntical with 
3.78 is transformed to 


table 3.79, 


intable 3.80. Co 
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Table 3.79 Moore Machine 


ider the Moore machine described by the transition table 
pe the corresponding Mealy machine. 


Table 3.80 Moore Machine 


Prob.74. Co 


HA 
PA APRO 
yy EN 


í EA A $ 
e agcciatin g output 
iti ble in table 3.81 by associal SS 
Sol, We construct the transition table Dare RO 
o OS " e E 
with the transitions. ; 


Table 3.81 Transition Table - - BEA, 


Present 
State 


— Q; 


En A > 
% , al So, we 
. and q are uv" y 25 gives 
Ín table 3.81 the rows corresponding to ES F leo ay. Tab e eS E 
e delete one of the two states ¡.e., 92 Or 43. "E A 
e constructed table. apa 42 


a E 


Table 3.82 Mealy jincn e 


Present 
State 


MET « 
17d ora E 
RA 
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Prob.75. Construct a minimum state automaton e 


y Ub 
automaton given In fiz. 3.26. . valen the 


Fig. 3.26 
Sol. It will be easier if we construct the 
transition table of fig. 3.26 given in table 3.83. 


We have 
Qi” = (92), Q =Q -— QU) 
Where Q = (do, 91, 9, 43, 44 95, Y6 97) 


Thus 


to = (02) (do> 41, 43, qa 95, 6 973) 
(92) in y cannot be further partitioned. 
dat :Q1= (q2). ———— 
er Yo and q, e Q.!. The entries under 0-column correspondl dl 
do and q are q, and q, they lie in Q0,. The entries under 1-columr 416% 


Lan 


=* 


10 pio 
d2 d E Qi” and 45 € Q9): Hence qo and q; are not 1-equivalent. Similar; 


is not 1-equivalent to 93, 45 and q, 


: 0) 
are pro. o pe % and 94. The entries under 0-column are 4; and q pe 
M E + 216 entries under 1-column are qs, q5. Thus q4 , 

q Bn Similarly, q is l-equivalentto q. 
.» Q)) = (o: q 
5 >» “14> d6) . 

q re n ronstruction by considering q, and any one of the $ (99%, 
75 de E equivalent to 3 or 45 but 1-equivalent to q7- So Q3 E e pié 
me ements left over in Q2? are q3 and qs. By considering ** fest 
der -column and l-column, we see that 5d are 1-equive?. 
Q4= 193, 45). % ds TN J iS 
z Ñ AS 

T1= ((q,), (o, 94, 46), (91 qr)» (5 E 


ye pivalence € 


js pa 
gls0 2-9 


3.equivalent. 
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. ajso in 762 25 it cannot be partitioned further. Now the entries 

(92) ES rresponding to qu and q4 are q; and q, and these lie in the 
lass in T1¡- The entries under 1-column are 4, 95. Thus qp 

ent. But qy and gg are not 2-equivalent, Hence (qp, 94, q6) 


mé equival . 
e 2-e9 qa ) and (q6). q, and q; are 2-equivalent q; and q; are 


are 2-0. 
tioned into (do: 


¡yalent. 
yiva n= q)» 90» 4), (6), (q1, q7), (93, qs)) 


equivalent. 1 and q; are 3-equivalent. Also q, and q; are 


3 => 2)» (90> q4), (96), (q; q), (93, qs)). 
Since Usa Le 

-. Tr Blves the minimum state 
automaton, Transition table of minimum 
aton is given in table 3.84. 


state autom 


Table 3.84 


, Fig. 3.27 


Prob.76. Construct the minimum state automaton 
transition table. e : pas 
Table 3.85 1 a 


stato sp "ke the following automata machine pe 


As 
eguivalent to the 


0 AGLY, Dec. 2001) 


with initial 


| 
| 
] 
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ent to 44 


03 = (az 04), Q3 = (9) 
7 = tas)» (90, 06), (91, ds), (9, q), tan) 
= 1a, 167 Bives the minimum state automaton transition table of 


is 3-equival 


Table 3.86 


As 92 


ice 1 703 
51 e state automaton. 


Jable 3.87 


o (R.GPV, June 2015 
Sol. Since there is only one final state q3, e 2015, 20 


Q? = fq3), 09 = QQ) = (do, 41, 42 44, ds, 96 4) 


To >= ((q3) (o, 41» q» 4» 45» 06» q7)). 
É As (q3) cannot be partitioned further, Q/' = £q3) . o. 
le Now q is 1-equivalent to q;, q5, 46, but not to q,, 44, q7, and so Fig. 3.28 veis Als: EE 
Q5 = (do, 41, ds, 96) 35 E Prob.77. For the finite state machine shown below=*'* Ras: 
q» is 1-equivalent to q A rd (1) List all 0-equivalent states. ARAS A 
4 bos (ii) Find all equivalent states and obtain an equivalent finie state 
Qs = (q, 44). The only element left overin Q is | machine with the smallest number of states — - AS 
Q4 = fq,) h ] Table 3.88 cie es 
sucias 1 = (03) (do 91» 95, 96d (02 a) (0d) ds 
qo is 2-equivalent to q but not to q, or gs. l 3 
Th _ ' q , 
Se , Q5 => (90, 6) ds 6 
As q, is 2-equivalent to qs, C G OR 
. Q3 = (91 qs) E D q ORGA 
As q) is 2-equivalent to q, E A no 
3 2 G Cc ES 
0% = (2, 94), QÍ= (q1) H_ | A ms, 2006, 2011) 
(R.GPV, June 2003, Dec M2 


E q) 
N 12= (taa), (do, 96), (ar 95), le A 

iS Qí = (93). de 
As qp is 3-equivalent to q; 


S , 
OL Since there is no final state, SO we take 
Q) = (A, B, C, E), 17 
0 CL 
Q,=Q- q) =(D,8 6H) a 


Qí3 => (90, 96) 
m= A, B,C,E) (D,EGHN, 


As q, is 3-equivalent to q; 
3 
Q3 => (q1, 9s). 
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Now F is 1-equivalent to G, H but not to D. The only elemeny or the finite state machine shown below, find all equivalent 
o, 
a 


Q is D i pa bl nin an eg uivalent finite state machine with the smallest number 
e 0d a 
Q! = (E, GH), Q) = (D) 1 epicaió 
also A is 1-equivalent to B, C, E, then fs 


Q3 > (A, B, C, Ej 


, 1 = (£A, B, C, E), (FG H), (D)). 
Now A is 2-equivalent to C but not to B, E 


Qí = [A, C). 
As Bis 2-equivalent to E 
Es Q3 = (B, Ej. 
As Fis 2-equivalent to G, H 
| Q = (F, GH) (R.GPV, Dec. 2010, 2012, 2016) 
and Q = (DJ. Sol Refer.to Prob.77. 
> So, 1= ((A, C), (B, Ej, (F, GH), (DJ)... Prob.79. Show that the two finite state machine shown in following 
Now A is 3-equivalent to C Pu table are equivalent — id 5 : 
3.91 a AO IA ca 
Qi = (A, 0). e mice V 
B is 3-equivalent to E 5 VEZ 
de | State 
a 
A Q3 = fB, Ej. , A C 
F is 3-equivalent to G, H B D 
Q = (E GH) s E 
d 5% E 
3 Qí = (D) y Pz E 
Since 13 = ((A, C), (B, Ej, (FG H), (D))- table l E D A 
E 12 = Ta gives the mini transition PES ES 
minimum state automation is - ¡mum state automaton, G C Ñ 


7005, NoviDec. 2007) | 


Table 3.89 


(R.GPV, Dec. 2001, June 2002, : | 


SÍ 


Sol For the machine (table 3.91) we have .* 


E no = £(A, B,C, D, Ej DRA 3 
“e A is 1-equivalent to B, C, D butnottoÉ. ' E 3 
| Q! =(A,B,C,D) 000 A 
and p Q) = (E) LIE 


1 y 
Ñ l-equivalent to G, then 


Q; = (E, G). 


Ñ 


1 
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Thus 1 = (A, B, C, D), (E) 


> tE, G 
Now A is 2-equivalent to B, then ». 


Qí = (A,B) 
C is 2-equivalent to D, then 
Q3 = (C, D) 


F is 2-equivalent to G, then 
da = (FE G). Thus 


= ((A, B), (C, Dj, (E), (E Sm. 
Now A is 3- esuialeni to B, then : 


Qí = (4,B) 
C is 3-equivalent to D, then 
Q7 = (C, D) 


F is 3-equivalent to G, then 
Q = (FE, G). Hence 


13 = ((A, B), (C, D), (E), (E G)) 
Since T,= m3 gives the minimum state automaton, transition fable 
minimum state automaton is 


For the machine (table 3.92), we 
have 


To= ((A, B, C, D, E, H), 
(E, G)) 


a a is 1-equivalence to CD, [C,D] [A, B] 2 


Q; = (A, C, D, E, H) 

= (B) 
and Fis 1-equivalent to G, then 
ds e A 


T,= ((A,C, D, E, H), (B), (E GH" 
* Here A is 2- aten to D, H then e 


Qí = (A, D,H 
C is 2 equivalent to E, then 
Q= (C, E) 


and F is 2-equivalent to G, then 


Y = (F, G), Hence 


Table 3.93 0 P 
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Q=10) 
Tm = KA, D, H), E, E), fF, G,, By. 
alent to D, H then 


inA is 3-equiv 


Aga Q? = (A, D, H) 
cis -equivalent to y then 
- 
Q3 = (C, Ey 


nt to G, then 
3 = (F, G), Hence 
= ((A, D, H). (C, E), (F, G), (B)). 
= T gives no minimum state automaton, transition table of 


Fis 3-equivale 


since Ea ton is 
state automa 
minimum Table 3.94 


Prob.80. Let R be an equivalence relation defined on the 20 
ESM such that two states are related if they are I-equís e 
partition induced by R. Then compute Ty, Ti» 7 for she 


Table 3.95 E 


Q? = (A, B, C, D, Ej, Q2 
(a, B,0,D,E), (66 


EGO) 


ES 


200 Discrete Structure 

Now, G is 1-equivalent to H but not to F, 

E Q! = (A, G), Q5 = (F) 

Also A is 1-equivalent to B, E but not to C, D, then 
Q3 = (C, Dj, Q4 = (A, B, E) 2033 

qa Ty = (A, B, E), íC, Dj, (E), íG Hp ; E: bi, 

Now A is 2-equivalent to B, but not E A 
Qí = (A, B), Q3 = (E) 
Q3 = fC, D), 03.5 (F) 
Q3 = (GH) 


Tr) = ((A, Bj, [C, Dj, (Ej, (FJ, (GH) 
Now, A is 3-equivalent to B 0 


A 


ps 


SI 


a 


A 
A SIS 


LENA 


| 2 Q! = (A, B) 0 . 
: C is 3-equivalent to D GrAph=A graph G consists of two parts — Rios ' sob 
5 Q3 = (C, Dj (i) Aset V=V(G), whose elements are called vertices, points, is 
G is 3-equivalent to H (ii) A collection E=E(G), whose elements are called edges (or lines. 
Q3 = (6, H; orbranches) such that ex, is identified with an unordered pair (v;, Vi) E an 


Us ((A, B), tC, De, (E), 1, (6, H)) 
da gives the minimum state automation. 
Transition table for minimum state machine is given below. 

Table 3.96 la 


We write G (V, E) A bed a 


es 


Since, T, = Ta, 


yo ic Lo 
| “49 Another Graph with Same 
Fig. 4.1 Graph with 4 Vertices Fig. 42 casal las y 
and 5 Edges Number 0] Y pb a 
with the same pair of vertice - 3 
4,1, edges € and es startand 3 
said to be parallel edges. 
vertex, it is said to be 
and end on verteX Va 


then Ai Edges — If two edges start and end 

“y are said to be parallel edges, €-8., 1 fig. 

0n the same vertices v, and v,, hence they are 

se Loop — If an edge starts and ends On the same 

nce “P 2-8., in fig. 4,2, edge ey starts with verteX V 
e e 15 a self loop (or simply a loop). 

lo e Graph — A simple graph is one IM W 


d 
Mor y. - Detween a pair of nodes. In such a graph there 1 
Daralle] edges ] 


end 


hich there is no more than 


neither a self-loop. A 


E 

3 
3 

E 
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In drawing a graph, it is immaterial whether the Jin 
e 


A S 
or curved, long or short. The important thing is that the ida da vé Xg E 
edges and vertices. For example the three graphs drawn ¡ £nce bey, $ 
(c) (of the 4 vertices and 5 edges) are the same n fig, 43 (a) pa xg 
: TUN 
z x v2 Y Xy yv 
y 2% 
1 x 
Xi ha Va 
E x2 
(a) G; (b) G, 


. E 
Fig. 4.3 Same Graphs Drawn Differently : 


Subgraph — Let G =(V, E) be a 

nia > graph. A graph G'=(V! Ente. 
= la of G, ¡if E' is a subset of E and V' js E sos qe E) is sai 
edges in E' are incident only with the vertices in V' et Of V, such thatiy 


For example, fig. 4.4 (a), (b) and (c). 


b (y 


(d) G¡NG,) 
Fig. 4.5 


ion G¡MG, of graphs G, and G, is a graph 3 


Similarly the intersect 
y of these vertices and edges that are in both G; 


65 (Va Es) consisting onl 
NY and G,, such that 
_ Ring Sum of Two Graph — The ring sum of two graphs G; and 6, 
denoted G¡0 G, isa graph consisting of the vertex set V¡UV, and of edges z 
that the either in G; or G, but not in both. - LO ads CE 
A The union oftwo graphs G, and G,, the intersection dE cd oi 
two graphs G, and G,, and the ring sum of two ; 
Eraphs are commutative. PO A > 
rod G¡UG),= G,UG; j TE E a 
O the graph G is an G:¡NG. = G,NG de 
her sub Ñ en Md o 
E -— E' and V" ot su graph G"r3 (v" E" such th A PE A 
incident. Sn pe y FG, and G,0G,= 6,061 e A 
1 4nd G, a np G.0G, 152... Fig. 46 
Mull graph and y are edge disjoint, then Uy St Es > | 


(2 (0) 


For exampl ] 
Ple, fig. 4.4 (c) shows the complement of the subgrar” 


fig. 4.4 (b). 


G; 5) G, == G¡YG») d : pa po 
1s mps: 
Y, E) is said to be 


IG to ra 

1 And G, are vertex disjoint, then G¡n6» 

d e 
morro Pis of the Graphs — A graph Gro dence between 
le edge «e VIA G) =(V,, E) ifthere is a onto orto e end vertices Uy 
he Y, he E, and E, in such a way thatife; is ne end points the 

“ticeg yy 1 then the corresponding edge em d y, respectively. Such a 


E and Intersection of 
4 dad 
G=(V,, Ey) 


and 
G,= 
Union of these two graphs is E 


Gí= 
3 G; UG», such that v, = V,¡UV, and Ez 


Two Graphs E 


Pair of 1 nd y, in G, which correspond to u, and 


Ort A 
“SPondences is called a graph S0MÚP""" 
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Homeomorphic Graphs — Given any graph G, we : 
graph by dividing 'n edge of G with additional vertices, e Obta; 


G, are said to 


or isomorphic graphs by this method. 
For example, the graphs (a) and (b) in 
fig. 4.7 are not isomorphic, but they are 
homeomorphic since they can be obtained from 
(0) (5) 


the graph (c) by adding appropriate vertices. 
Multigraphs — A multigraph G = G (V, 
E) also consists of a set V of vertices and a 
set E of edges except that E may contain 
multiple edges, i.e. edges connecting the same 
end points, and E may contain one or more 
loops, i.e. an edge whose end points are the 
same vertex. 
Fig. 4.8 shows a multigraph G = G(V, E) where 
(i) V consists of vertices A, B, C, D, and 
(ii) E consists of the seven edges (€,, €p, .osocomons ez). 


m 


(e) 


A : a multiple edges, e, and es, which connect the same two verltt 
and C. Also G contains a loop e, whose end points are the same vertexD. 


e Graph-— The trivial graph is the graph with one vertex andno edge 
mpty or Null Graph — Th , a. is 
Ahd-no edges. Pp e empty graph is the graph with no vel 
din Vertex — A vertex V is isolated, if it does not belong to any edge 
en 

is RR Vertex — A vertex of degree one is called a pendent vertex 011 
Adjacency and Inciden | 

ce — Suppose, e=(u, v)is.an edg 
la he poa pte, Then the vertex u is said to be adjacent!o the ye 
: D e edge e 1s said to be incidenton u and on v. | pS 
egree of a V y ; : yl 
doo) calls desa The degree of a vertex v in a graph 6. olle 
words “the e number of edges which are incident 0N VO 

bid E : number of edges which contain v as an end point. e verte! 
E aa or odd according as deg(v) is even or odd. 9 
rrecte r en . ] don 

ec aphs—A directed graph G or digraph (or simple gr? 
(i) A set V whose elements are said to be vertices, 


(ii) A set E of ordered paj 
. ed ¿ » 
directed edges or simply edges. pairs (u, v) of vertices $e. 


nodes 


re a 
be homeomorphic if they can be obtained tro El 0 
€ sa e 


30 


+ 


E o l0gY 
grnino (a) 


100P- 
¿palleda* > directed grap 
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y) is a directed edge in a digraph G. Then the following 


ost» e 
e begins at u and ends at v. 


(b) Y ¡s the origin or initial point of e and v is the destination or 


ds 
y is a SUCCessor of u, 
(d) u is adjacent to v, and v is adjacent to u, ¡fu = v, then e is 


h'Gis a representation of G in the plane. That 
is represented by a dot (or small circle), and each 
y) is represented by an arrow. 

e edges and/or vertices of a directed 
data then G is said to be a labelec 


5 rtex U y 
iS, = (u 
irected) edge, € E 
y d Directed Graph — lf th 


Labele | 
ph G are labeled wth somé type of 


directed graph. 
Finite Directed 
its set V of vertices an 


; each ve 


Graph - A directed graph G(V, E) is said to be nite 
d its set of edges are fínite. E 


ing Theorem) cd 


Then, LE 


if multiple edges and 0] 


(Note that this applies even 
degree of the verte 


Which shows that the sum of the 
graph is even. 


p complete, Regular and Bipartite Grp ar 
This section considers three of them, comp. : 


$ * 
ci Graphs -A graph 
ect to every other vertex in U: 

0ws the 


£raphs K, through Kg: 
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e a 
K, K, 


Xx Xx 


K; 
Fig. 4.10 


Regular Graphs — A graph G is regular of degree k or kr 
vertex has degree k. In other words, a graph is regular if every 


same degree. 


The connected regular graph of degrees 0, 1, or 2 are easily described 
The connected 0-regular graph is the trivial graph with one vertex and 1- 
-edges. The graph having two vertices and one edge connecting them is called 
the connected l-regular graph. The connected 2-regular with n vertices ¡she 


"graph which consists of a single n-cycle. 


(a) O-regular 


The 3 
sum of the degrees of the verti 
connected 3-regular graphs with 
vertices. In general, regular graphs 
can be quite complicated. For 
example, there are nineteen 3. 
regular graphs with ten vertices. We 

note that the complete graph with 
n-vertices K, is regular of degree n— 1. 


e i APN 
(b) I-regular 


3-regular 
Fig. 4.12 


q part of the walk. 


 vertices) called open walk. 
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te GraP 
ed in 
pomo onnected to each 
of M e graph is denoted 
of E m is the number y 
Ki. y and nis the number O 
Y iesinMAa dization 
sestices! y, and for standar 
ices1M 2% emáén. Fig. 4,13 


K K 
¿ K and K) 5 K3 3,3 25 
graphs dl ds it Moe, Fe pa po 

: aph Gis a finite alternatively sequence of vertices 
ds Mica 8 with same or different vertices, such that no 
an once, however a vertex may be. Walk can also be 


walk - Wals 
es, beginning 
ca appears more th 
referred as edge chain. | 
Note —- Walk in a graph G 1s ; 
dearly a subgraph of graph G. . 
(y A selffloop may be 


Open Walk — A walk in f 
which starts and ends vertices are (a) 
different (different terminal 


Fig. 4,14 (b) shows an open ? 
walk, because it starts with a and ó 
ends on g. 


Closed Walk — A walk in € 
Which start and end vertices are 
“me (same terminal vertex), called 
closed walk [Fig, 4.15 (b)]. 

Note — A walk which is not closed is called an 


o — Án open walk in 
Dn no vertex appears more 
Once is called a path. 1t 
Ot intersect itself, and a self- 


(o. cipici : LEO 
Fig. 4.15 Graph e des cat 
open walk: * : 


e 
A 


Te ne be a part of the path. + ! 
ls calle, l er of edges in a path (a) y d ) 
“des Wh; ENgth of the path. An Graph and ls Path fro ae 
path ae ls mot a self-loop is Fig. 4.16 Grap' 0 dy of 

% length one, (aes des *e4 


EE 
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note on homeomorphism of graphs. (R.GPV, June 2012) 


Cycle — A cycle is a closed path in which al] ve 


rtices Are dios . short Or 
= le of length k is called a k-cyc] : Sting porte 
Yo = Vp: A eycle o gl - ycle. Ina Eraph, any e "o 93 hism graph. (R.GPV,, Dec. 2011) 
have length 3 or more. Yola N , hom comorp lei 
iven on ! 
Connectivity, Connected Components — A graph G is e to the matter glven pag 
there is a path between any two of its vertices. The £Taph in a i AnS ue short note on a” (R.GP.V, June 2012) 
connected, but the graph in fig. 4.17 (b) is not connected sn 4, 1 p4. Wri r Ea 3015 
path between vertices D and E. Tin hain mn ultigraph. ha. 
Suppose G is a graph. A connected subgraph Hof G ¡s called 4.0, Exp vi A (R.GPV, May 2018) 
component of G if H is not contained in any larger CONNECted sy Meco Define multigrap Or 
G. For example, the graph G in Eraph y 


PV, Nov. 2018 
fine multigraph. | nc (R.G xl , 
y Refer to the matter given on page 404, 
ns. 
0.5 Explain pendent vertex. 


Ans. Refer to the matter given on page 204. 


fig. 4.17 (b) has three connected 


PI Pz P3 
components, the subgraphs A 
induced by the vertex sets LA, ' 
C, Dj, (E, Fj and (B). 
Py Ps P6 hi JO 
(a) (b) 


- (R.GPV,, June 2013) 


=(R.GPV, Nov. 2018) 
The vertex B in fig. 4.17 (b) (R.GPV, 


0.6. Define planar graph. 
is an isolated vertex. Thus, B | 


Ans. Refer to the matter given on page 205. 


E A circuit is also refe : . E 
“circular path. es Fig. 4.18 Three Different Circuils 


Ea 


itself forms a connected Fig. 4.17 lar graph (R.GPV, Dec o 
component of the graph. 0.7. Define regular 8 206 a 
| Ans. Refer to the matter given on pag UD. 
Circuit — A closed walk in. - DS: 
¡Which no vertex appears more NUMERICAL PROBLEMS MMM sen 
than once, is called a circuit, 1t Q pS aph is 
3 E i Puerti dd degree in a grep 
.. 52 NOn-Intersecting walk, such d Prob.1. Prove that the number of vertices of q E 5 
a , that every vertex is of degree - ' ! o always even. o e 
Two. A self loop is also a circuit, (a) (6) (oh Or : e dobra fo ertices of odd 


A 


Prove that in any graph, there are an ev 
degree, 


Ñ ; eve 
Sol. Tf we consider the vertices with odd and 


(R.GPV, Dec. 2014) 
n degrees separated, 


e ME : Q.1. Define isomorphic graph. (R. GP Y, June 2011, 2013 


: , sums each taken 
Pe Or 01) pa 2 (v;) can be expressed as the sum of tW0 
Explain ¿ISO0OMorphic graphs, (R.GPV, Dec. 2009, June 2 Ve i=] i follows — 
> ag y PE even and odd degree respectively, as (i) 
lai . % . : n | 
Explain iSOmorphic graph brief A (R.GP y, Dec. y d(v;) 4 >, d(vj) + ue on must 
Or : / od Xpress 
' , 010) . =]1 | “even , e first € 

Define isomorphic grapts with example. (R.GPV, MY : e EN Since the leg hard side of equation Qiseven, nd ti) 

Áns. Refer to the matter given on page 203 a a de even, e coli 

; A el Roo d a even numb€e E 
0.2. When it can be sai INE 2, (ve) =An coli 
e said that two graph G, and G) 0 MN dd, the total number of de 


Y ¡ . .. : 
nm pes in equation (ii) each d(vy) 15 0 


umber. 
€ even to make the sum as even M 


Ans. Refer to the matter given on page 203. 


Un 


graph Ks. This has a planar represel 
fig. 4.22. e: 
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Prob.2. Show that the graph AL (Y, E) and G, = y 
fig. 4.19 are isomorphic. LN 
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Yi Y) vi | 
Y 5 Ya Y + E 
D 
a) PO ¿ 
á Fig. 4.19 Fig. 4.22 ea 
“arti this gr nar 
Sol. The function £ with Ruy) = v; £(u7) = yg, (03) = vo, 29d Mago pop, 5. Draw Esa bipartlte pr lar Y, Des 20 2008) 
is a one-to-one correspondence between V and W To Seg tal q Prob. ; h 
Grap E 
correspondence preserves adjacency, note that adjacency vertices ¡ nGa Ka y Bipartite e: des, 5 5 KE 
u, and u), u, and uz, u, and uy, f(u,) = v, and £(uz) = Ya, fu) = = Ya a sd fig, 4.23, there is many crossing al 
f(uy) = v,, and f(uz) = vz and f(uy¿) = v, are adjacent in H. aplacar graph. 


0 
Prob.3. Find the degree of each vertex in the multigraph i in e 42. Prob.6. Draw all the a ft 


Fig. 4.20 


Sol. 
Sol, deg(P,)=2, deg(P,) = 0 
deg(P3)= 3, deg(P4)=5 e 
deg(P5)=1, deg(P¿) = 3 e] Mi 
b o iode be, 4) 
Prob.4. Draw a planar representations of a graph. 3 q 0 (ae; 54 de 
NL f g£ ros ¡ (a) (ae, ce; be, a) 2%) (e, ces mos y PEE 
Fig. 4.25 least one etex of degree 
wo bes 19v9 11057. Prove that every planar graph has el car 01) 
Or less y 


than 5, 


6 or more, then 

than or eq 1 to Óv. 

a 'n Consider a graph G, whose all ra are of e a 
'm 


e io ber of 
We ol the degrees of all the vertices would ver cn : the num 

“dee Y that the sum of the degrees of the 
Ea we have 


6v<2e 


e : ga ERA 
VE— 


uN AL .S 
YX (31 JE Y. sas % 
le. 
QA to abie e fol ba 
SOY 33 ; 


EA god 
Fig. 4.21 (R.GPV> ad 
Sol. This is not the star Or 
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But, any planar graph have the property, 
Ze 
15 
Also, from Euler's formula, we have 
2=v-ew+r 


po 
3 3 


Since, the statement 2<0Q is not true, hence we conclude tt 
: Em 


must exist some vertex in G with degree 5 or less than 5. 


.SHORTEST PATH IN WEIGHTED G 
¡ EULERIAN PATHS AN! 
. AND CIRCUITS, GRAPH COLORI! 
-  ISOMORPHISM AND | 


Eulerian Path — We define an Eulerian path in a 
traverses each edge in the graph once and only once 

Eulerian Circuit - We define an Eulerian 
circuitin a graph G to be an circuit that traverses 
each edge exactly once and only once. 


Euler Graph — If we are moving on a 
graph by covering all the edges of the graph, 
and returning to the initia] vertex, such a walk 


is called an Euler line and graph is called an 
Euler graph. 


/ In other Words, we can say that if some 
closed walk in a graph G contains all the edges 


Of the graph G then the walk is called an Euler 


line and the graph is called an Euler graph. 


Properties of Euler Graph — 

() Euler graph is a] 

2) wa 

(0 Bale. Eh ys connected. 
(iii) All th 
Hamiltonians 
ds a Pa walk contains every vertex of the graph G 
And if ñ every vertex is 2, then the walk is called Hamilf 
e walk is open then, itis said to be HamiltoniaN 


4 


graph Gto be apahta 


e 


Fig. 4.27 Two É 


does not contain any isolated or pende 
€ vertices of an Euler graph are of even deg 
Path and Circuits — «q 


Ze 

(0) 

(a d its 

] Graph ant. 
pi 428 Circuit 


Hamiltonian 
Note — . 

(i) Hamiltonlan 
A pudor of vertices. 
(ii) Hana 
E iimected graph does n 
(iii) If we remove an e 


Connected Graphs, 


along the edges 

A graph G is said to be 

Ji comected, if there is at least one 

¡ Jafa between every pair of vertices 

IG otherwise, G is disconnected. 
Ín the above fig. 4.31 (a), there 


L Suppose G is a graph. A 
e subgraph H of G is called 
A o component of G if H 
Sommer ined in any larger 
Words ed suberaph of G. In other 

“ach of the connected part 


te 
Comp onengs d graph is called 


"mos; 


2 edges. 


1> Va, Y 


A graph is connected if we can reach an 


Sno path between vertices a and e. 


Pr mpon 
S de ed Let the number of vertices in each of the s comp 
a v,- Then we have, 
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| des (a) ES 


Now, putting the value of v and r from (i) and (ii) in (ib, we i -( 
z e 


Fig. 4.29 Graph and its Hamiltonian Circuit 


circuit have exactly the number of edges as the 


itonian circuitiis always in a connected graph, but every 
ot have a Hamiltonian circuit. o, 
dge from Hamiltonian circuit, we are left with 


| 1 iltonian path. 
ih, and this path 18 Hamiltonian p / 
E Disconnected Graphs and Components 


y vertex from any other vertex 


f > E 


e 
a b 


Fig. 4.30 Connected Graph 


d $ Ñ 
A 
. b 
) 
(a) e 


Fig. 4.31 Disconnected Graph 


nents can have 
"reorem 2. A simple graph with v vertices and s comp0 


ents of a graph 
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- 1 
=e y V; = vw, ifv;>1 ¿pe total number of edges = zw —s+1)(v=s) Proved 


pct, ] . ; E 
pe For a graph having more than two vertices of odd degree 


i=1 
From algebraic inequality, we have 


= (y Ll)=:w és, jur nn. appose that in a graph G there are three 
¡=1 of: ee. 
Squaring both sides, 4 m0) y, and v3 of 290 ill 
, gices a has an Eulerian path, then it must leave 
S this ¡ it cannot return 
> (y => 1) = (v eo s)? = y2 + 2 Ad A h each of these vertical > A d > On y Fig. 4.32 
> Ss” —2yg pre” se each vertices are of odd degree. One o 3 
a e mo pc may be the starting point of an Eulerian path, and the other + 
io ve . . e 
or, 2_(Ví -2V¡)+8 + Non-negative terin > yA cine point but leaving the ehiTelyggie? at one end of the untraversed edge. A 
Sr. 


| o Proved 
Theorem 4. There exists a Hamiltonian paik in a graph G ofnvertices,  * 
ie sum of the degree for each pair of vertices in Gis ñ- 1 vi Pd e 3 
Proof. The theorem is proved if we could show that the graph Gisa : 
h. 3 
E] theorem, suppose G is not connected that is, it has tuo E s E 
more) components. If this is so, SUppose v, 184 vertex in one pios Y 
shich has n, vertices, and v, be the vertex with n, vertices in ano e 
'tomponent. 
Now we find that the degree of vy is almost n; 
1-1, 
Hence, 


¡=1 -2y 


(vil ora 


s s z 
2 
—» ví 2) v;¡+s< y? +8? 28 


i=1 1=1 . y de 


s E 
2 

> ) Vi +S-2v<y? +48? DR 
E ¡ FS-2v< y" +8" -—2ys, [by équation ( 

s A 
2 2 Ñ > OA 
sl $ Y <y* 48 —2vs+2v=s : EN 38 
a —1 and that of v, isalmost 2 


deg(v,) + deg(v,) = 1 +m-2 
Which is less than n— 1. ar 


á se proved. Proved 
This contradicts our assumption. Hence the theorem Y E 


(simple ul 
Ple connected graph) is MY 0 


Word: Ñ is connec 
tinct € degree of y is at least two and S Since G is connected, there 


Must be a 8es between v and vertices a and Xx b, visa circuit pe q 
" pr 5 e 0 
ing Path a, yy, Vay»1:..«b. Then Y, 2 Yp "2. ¿pe Jongest posS) 


rn.” 


y even degree, 
Then, total number of edges Theorem 5. If G is a connected graph and every vertex has, 
= 1 "there is an Euler circuit in G has 
A vito —1) WM 1 Proo hs where every vertex 
1 2 o A Vi Even lf. Suppose that there are connected grap h a graph G with the 
1 > a e ) Ma ES, but there is no Euler circuit. Choose mi vertex since, if there 
= 11 —=(Iy y papal St number e more than O “"eyit. Let y be 
2 [ | Qv—sk(s-— DE v] ' [by equations (2 NN Wo PA He edges. G must e ce clearly an Euler circuit pal: 
1 O O E ex of even degree, circuit that egins an ve Y 
= 2 Y Sino G. We first note that there must be 2 ted, there must be 
1 


= z(v —2vs +v+ ? 


= lv -s)-s(v- 5) «(9 , 


r— 
rm 
< 
l 
No 
PR 
< 
l 
142) 
+ 
ju 
í 
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b neorem is true for n vertices, that is the simple graph having 
edges of rm from G. Since r is a circuit, deleting its edges re duce, ly se the t n(n—1) edges. 
of each vertex by 0 or 2; so G'is also a graph whose Vertices all ave at most 
degree. The graph of G may not be connected, but SOME piece ap. e genti Ñ ult, we use the method of mathematical induction, 
choose the largest connected, piece of G'. This piece MUSt have ) prov this 00d 5 for a simple graph of (n + 1) vertices. Hence, 
circuit 71 because it certainly has fewer edges than GS and G Was % le we will E des in simple graph with (n + 1) vertices 
have the smallest number of edges without an Euler circuit. 05 y E. e pumber O Ñ m number of edges in a graph with n vertices 
Either rr' contains all the vertices of G or there ¡is some VErteX y po pa < Masini ¿Ms oles with which a vertex can de 
But v must be adjacent to some v'in x', since G is connected and the el | + Md ntids. 
v') is one of the deleted edges, that is (v, v') is an edge ofr. In : de. Ñ joine 7 A 
some vertex v'in 7' is also in x=, and we can construct a longer cin A n(n-D) hi 3 a > = És 
by joining x and r'at v'. But this is a contradiction, bec . l 
ra Ellie circuit in G. Thus no such G can exist. E Pel > n(n+D) _ A A : 
2 
Theorem 6. If G is connected and has exactly two vertices o 4 : ertices an 
there is an paa ae in G Any Euler path in Gmust begin at ol Thus the statement is true for simple graph with (n + 1) v 
-odd degree and end at the other. e 


in a si raph with n 
fore we can say that maximum number of edges in a simple graph 
hherefore 


nc) Proved 
G' all of whose vertices have even dere J Vertice is _ 


¡ ph G. Then 
Theorem 9. Prove that if M be the matrix of a e as Mei 

he ij entry of the matrix M” gives the number of pa 
verfex y; to vertex v> 


Sid son. Note first that 

Proof. We prove this theorem by:mathematical pe 5 the HECIEon 

“path of length 1 from v; to v; 18 precisely an arc pa y , aros (Y, v) which 
holds for y = 1, since the ij entry of M gives the num 


| Ísthe number of paths of length 1 from v; to v;: "y 
Suppose n> 1 and M”7 += (aj), 
M= (by) and MP” = (c;) 


: n 
Where e. 
Ci NN Y ayby . 
k=1 


Theorem.7. Prove that a graph G is disconnected if and oñ fis 
vertex set V can be partitione 


d into two non-empty disjoint subsets y and 
V, such that there exists no edge in G whose one end vertex is in V, andil 
other in V,, (R.GPV, Dec. 200) 


: 5 : DO 
1 2d the other in V2. Hence if a partition exists, O > 
connected. | 


Conversely — Let G 


sip 6. 
be a disconnected graph. Consider a vertex 
Let V, be the set of 3 


v; lO Vr. 
ca $ flength n—1 from Yi 
all vertices that are joined by paths to “a”. SINE. 


verticó 8 induction aj, equals to the number of paths la Hence, 2ix Dj BIVeS E 
a o include all vertices to G. The remainin YE Wu Ao, dy equals the number of arcs from Vk sb 8 the next-to-last li 
o Bl) ses V2. No vertex in V, is joined to any VeHeX? o ol paths of length n from v; to Vi WO ME e rgined by summing 
by an edge. Hence the partition. 1 : the 


] : Can m v; to 
U - Thus all paths of length n from v; lO E ths of length N from V; 
Pie a Pr 


ber of pa 
Theorem 8. The maximum 


number of edges in a simple grop E 


Y Hen «9; for all k. That is, c;; is the NUM 
iHence th a and R 
ices is MM—1) a € theorem is proved. rtices, E edges, 
A (R.GPV, Dec. 2008, June 2011:D' tegy HCOreIy 19, y nected map, with YY 
A Bios, pa 'f M be a con GP V, May /June 2006) 
Proof. 1f we take, n=1,20r 3 vertices, then the theorem mn A prove that (R.G£: Yo 
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: j 3, gives 
Proof. Suppose the connected map M consists the inequality by 3, gl 


SAME o ]yiM 
as shown in fig. 4.33. La Single Va yalipi <3p-4 
op uo yl «es US OUT result. Proved 
Fig. 4.33 yr DES "14 pio a rix Representation of Graph — 
: , at matrix — Suppose G = (V, E) is a graph and |V| =n. Then the 
Then V=1,E=0,anddR=1 pace. A eMín, E) of graph G has elements defined by 
E PCIA, ex gc me A = 1, iffF lv, vi] eE | 
Otherwise M can be built up from a single vertex by the follow: | | a 
7 sn lled adjacent, if A,. =1 
(i) Add a new vertex Q, and connect it to an existing Verte Vertices V; and v; are En $ 0 ta , | 
edge which does not cross any existing edge as shown in fig. 4.34 do sis clear that Ay =0, i e [l, 2, em A n) amuAs A!, lthen follows that 
(ii) Connect two existing vertices Q, and Q, by an edge dl Als symmetric and in PIN NOA ; 
not cross any existing edge as shown in figure. id A= AR (E). O AS 
Po o ¿ E 116 =(V, E) is a graph then a picture of graph G is.obtal ed by drawing 
1 OZ —— (0 adistinct point in R? for each veV and if (v, W) eE, Wenn Ale joining 
| de ecos viana We co 
Ss ON Properties of the Adjacency Matrix A of a Graph SS SE 
[AE A (1) Ifand only if the graph has no self loops, the ng the 
(a) (6) principal diagonal of matrix A are all 0's. dei (orde ae 
Fig. 4.34 z Y (ii) The definition of adjacency matrix makes no asis 
Neither operation changes the value of V — E + R. Hencé M has the sat edges. Therefore the adjacency matrix, A was, defiocd Ja Saa 
value of V-E+R as the map, consisting of a single vertex, that is Y parallel edges. ers ir A e PES. 
V-E+R=2. De (iii) If the graph has no parallel edges (and no selizios 


Hence, the theorem is proved. - 


Theorem 11. Let G be a e. “Bl má 
. connected planar graph with p vertices 
edges, where p >3, Then prove that 4 e 


37 A nding 
degree of a vertex equals to the number of one's (i..1 's) ME LOnE a 18 
'W or column of A. oa as : . 
. . A Am 
lena (iv) Permutations of rows and of the a sed 
“ording the vertices, it must be noted, however, that the rows and column 


a in tWO TOWS 
Proof. Let r b | q23p- 6 oy "ustbe arranged in the same order. Thus, if there is interchan alo be 
Euler's fo naaa e He number of regions in a planar representatioD a . “Jacency matrix A, then the corr esponding aia isomorphic 
Fo + AN yo hanged, Hence two emphé G, and G, with no parallel e ni 
A "only if their adjacency matrices A(Gy) and A(G) e de q SAD 


Now the sum of em 2 , 
z the degrees equals 2q by theor 1, ( Pe ( y É 

But each region ha d 3 h 
gl S €gree or more; hence | 


IS a permutation of matrices. 


ra IN 
AR 


2q>3 lo: ents gy and 8) 
a ] < a acen (v) A graph is disconnected and is in twO bed e 
Substituting this in Euler's formula Ed Y Matrix A(G) can be partitioned as. AA 
2 : A O A 
28p-qr 07 <p 3 Shan) 
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where A(g;) is the adjacency matrix of the component £, and 


AB) ¡ 1002 Y ¡PO IRA PE 
the component g,. (8 is bay E e A 
This partitioning implies that there exists no edges jOinin A 1 E 2 | 
subgraph g, to any vertex in subgraph 82- ) Y Ve E 2 als Ava oil 0 des 
(vi) Given any square, symmetric, binary matrix Q o Ñ 403 vallas 0 A 
one can always construct a graph G of n vertices (and no Parallel eq dE 50 5 0 
that Q is the adjacency matrix. 28) Su 3.4 


Incidence Matrix — 


Definition — Suppose M = (my) is the m x n matrix defined 


by aL MS AE 0 0.0 
L, if the vertex v; is incident on the edge e E TA j 0.0.0 
mi : mi o “1 0 0 14 
0, otherwise M= v3|0 
sd Wo o 1.1 01 
Then M is said to be the incidence matrix. v4|0 ea E 
Properties of Incidence Matrix — vs|0.1 0 0 


= is a simple directed graph with m 
Matrix — Su ose G = G (V, E) 15 a simple E 
A yd v "The path matrix or reachability matrix of G is the 
q , , ....Ymp* 
'mesquare Pai P= (pj) defined as follows — 
1, if there is a path from v; to V; 
Pi = le otherwise 


(1) The number of one's in an incident matrix of 
the sum of degrees of all the vertices of the graph. 

(iii) The total number of ed 
of that row is equal to the summatio 


graph is equal 


ges incident to the corresponding yera 
n of a row of the matrix... 
(tv) Its corresponding incidence matrix may have identical coluns 
(two or more), ifa graph has two parallel edges. ¡A a 
(v) If a graph G is disconnected and consists of two compo 
£, and g, then the incidence matrix M(G) of graph G can be writienin ablok 


¿to vertex v, in a graph G 
Suppose now that there is a path from Ji la lA from Add al 
vith m vertices. 1f v;¡ + v;, then there must be a simple p s 
'¡= v;, then there must be a cycle from v; to Yj: t have length m — o 
Since G has m vertices, such a simple path ps means that there is 2 
ES, or such a cycle must have length m or less. q 
Wero j-entry in the matrix m 
B,,  = A ARE HA ath matrix P and By 
pen Ais the adjacency matrix of G. Accordingly Der 
ay 
“ie same nonzero entries. 
* state this result formally. 


() Suppose A is the adjacency matrix oe ss 
Ose 


diagonal form as 


Where M(g,) and M 
Here no edge in 81» 


o 2006 
(27) are the incidence matrices of component 8%". 
Is incident on vertices of g, and vice-versa. 
This also satisfies for a graph with any number of componenis: ps 
A 


(vi) We can reconstruct its corresponding 
graph easily, for a given incidence matrix. 


For example — We NOW consider the following e. 
graph — 


ph G with m vertices 
supo 
| BO= ARA2+A her? a Ele 

Then the Path matrix P nd Bj, have the e a G with m vertices, 
mm rd Suppose A is the adjacency matrix O 


va : B= A+A“+ A? To... as NONZEIO entries. 


Ñ ¿ h 
Sis Strongly connected if and only if Bm 


Suppose the edges matrix is B, the adjacency 
matrix is Á and incidence matrix is M, then 


>." a 
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in T. Thus, G is colored with two colors, with n 


Graph Colorings, Chromatic Number — Painting all th 
4 e 4 


graph with colors such that no two adjacent vertices hay: colored same 1, lt meat is. o 
called the proper coloring or simply coloring of a graph. e ame e ng the same DOS means 112315 2cbromalio 
A Miss “fG has a circuit of odd length, we need at least three colors 


EA 


Ñ ; ás e 
every vertex has been assigned a color according to a PrOPer colo Ph DN 


if! : 
e eo Hence, the theorem is proved. . 
tha dd j , 
¿for d Graph — We define a weighted graph as either an ordered 


meigho E, f, g), oran ordered triple (V, E, £), or an ordered triple (VE, 


ds 


a properly colored graph. Fig. 4.36 shows three different Prop "Mg y 
a graph. Y) pel Colo 


v¡q Red 
vad Bue Pi NV ¡s the set of vertices, E 1s the set of edges, fis a function whose 
27 ne ¿ v, and g is a function whose:domain is E. The function f is an 
Greeh o E al of weights to the E and the function g is an assignment of 
- Yellow" j q to the edges. The weights can be numbers, symbols or whatever 

*4 Pink ties hat we wish to assign to the vertices and edges. 

(a) (b) h for example We take | 

Fig. 4.36 Proper Colorings of a Graph teproblem of modelingthe 


behaviour Of a vending 
mchine that sells candy 
ars for 157 a piece. Again 
weassume that the machine 
accepts Only nickels and 


Theorem.12. Every tree with two or more vertices is 2-chrom le. po ret any E 
A E change when more than Fig. 4.38 


(R-GRRS "al et is deposited. The 


Pi . ¡ > » e y : E 
o ob ná any vertex v In the given tree .T. Consider Tasa rootedteed | weighted graph in fig. 4.38 is a description of the behaviour of the machine 
Paint v with color 1. Paint all vertices adjacent to. v- with vere the vertices correspond to the amounts that have already been deposited 
lor the current sale, namely 0, 5, 10 and 15 or more. At any moment, a 


al ¡ : A 
paint the vertices adjacent to these using color 1. 
“ustomer can do one of three things — deposit a nickel, deposita dime and press 


«button for a candy bar of her choice. Correspondingly, an PT pa 

E there are three outgoing edges from each vertex labelled 5, 5 lan the 

le With weight 5 updates the total amount deposited in the a ita 
“'Omer puts in a nickel, and an edge with weight 10 updates the tota 


epositeg ¡ : “e. Clearly, when we 
4 mé. ear VA 
in the machine when the customer puts in a di a button to select 


The proper coloring is one that requires the minimum number fal 
A graph G that requires k different colors for its proper coloring;ánd no la 
is called a k-chromatic graph, and the number k is calledthe cional 8 
of G. The graph in fig. 4.36 is 3-chromatic. 2 AA 


. IVA 
cs 


path between any two Vat vertic : : e press 
adjacent vertices have Ni ertices in a tree, no two “candy Po 28 and c nothing will happen el la vertex d is reached. 
TARMA ve the same color. Thus, T has ' > he machine will release a candy bar only W 
Pp Oper y colored with two colors. a: ¡ea deposited 
Y it Pp 14 8raph with at least one edge is 2-chromalic yan b : 5q deposited 
0 Circuits of odd length, y e : 107 deposited : 
Proof. Let G be . e deposite 
Consider a spanning o Ep vi gire o al Shorte En a = (V, E, Wi be a weighted 
color Twidk two coli In G. Using the coloring prócedure, Sh, > a Path in Weighted Graph — Let a E lia real numbers. 
circuits of odd length, th . acid the chords to T one by one. do 144 LS " W is a function from E to the a. necios these cities. 
gb, the end vertices of every chord beiné E Ycieh “Sa set of cities and E as a set oc Fedto as the length of the 


“<otan edge (i, jp, W(i,j) is usually 10% 


FIA 
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edge (i, j), which has an obvious interpretation as the distance 
i and j although other interpretation such as the yearl 
highway, or the number of accidents on the highway each moni 
possible and meaningful. The length of path in G is defined to be the Pe dy 
lengths of the edges in the path. Our problem is to determine a o 
from one vertex to another vertex in V. There are severa] well-known - a 
for solving this problem. We present here one discovered by E.W Dijo 
If we have to determine a shortest path from vertex a to eo 
our procedure, a shortest path from a to some other vertex ¡s determine qa 
a shortest path from a to still another vertex is determined, and so on. PA 
our procedure terminate when a shortest path from a to z is determinej, * 
Isomorphism and Homomorphism of Graphs — Homomorphism tl 
isomorphism are related to functions between to two graphs. A Ea 
homomorphic mapping is a function from the vertex set of G to the Vertex 
of G' so that if (a, b) is an edge of G, then (f (a), f (b)) is an edge ofG! ls 
a mapping exists, we say that G, G' are homomorphic. a 
If fis a one to one mapping (bijection), then f is known as isomorphi; 
Homomorphism is called an edge-preserving mapping whereas isomorphin 
is an edge-preserving bijection. 
Homomorphism of graph has some applications to graph: color 
problems. However, isomorphism of graph mainly describes two graphs hat 
“the same structure”. E 
When the preserving edge can be allowed to shrink into a 
function/mapping is called immersion and embedding. li 5 
0.8. Explain Eulerian paths and circuits. (R.GPV, June 200% 201) 
aths and cirenis. (R.GRW, June 
AÁns. Refer to the matter given on page 212. : 


vere 


Write short note on Eulerian Pp 


) 


nec 
0.9. Define Eulerian. graph, (R.GBV, June 20100624, 
Or - 
Define Eulerian graph with example. -(R.GPV, My 
Or 


(R.GP. yo Nora 


Define Euler graph. 
Ans. Refer to the matter given on page 212. 


0.10. Define Euler's g8raph and write ¡ts properties. (R. GE va 


Er (R.GP y, Di 


Explain Euler graph briefly. 


Áns. Refer to the matter given on page 212. 


8raph 


Ahs. fer to the matter gi 
ES 212 dí Hamiltonian Paths and Circuits - RA 2" 
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7 Define Hamiltonian Pap (R.GPV, June 2011) 
pH: r 
fine Hamiltonian graph. p (R.GPY, Dec, 2011) 
pef! r 


lain Hamiltonian circuits. 
r to the matter given on page 212. 


(R.GPV, June 2013) 
EXP 


A A Refe 
ine the following — 

9.12. E ulericó path (1i) Hamiltonian circuit. 

( ñ -(R.GPV, Dec, 2013) 

Define Eulerian and Hamiltonian paths, 


(R.GPV, June 2015) 
Ans. Refer to the matter given on page 212, id % cl e 
ine Euler and Hamiltonian graph with example... > 
Ans. Refer to the matter given on page 212. Pep Mb - E . 
in adjacency and incidence matrix to represent graph. 
MEG" e (R.GPV, June 2015) 
Ans. Refer to the matter given on pages 219 and 220. 
0.15. Write short note on graph coloring. (R.GPV, Dec. 2009, June 2012) 


Áns, Refer to the matter given on page 222. 


0.16. Explain graph coloring and chromatic number, 


(R.GPV, June 2013) 


Or 


1 rofa 
Distinguish between k-coloring of a graph and chromatic number of 


(R.GPV, Dec. 2015) 
Whar ; Se fi sacan Give any one 
ent at is graph coloring ?. Define chromatic (R.GP.V, Dec. Et 


“10 explain your answer. 
As. Refer to the matter given on page 222. 
Y27, Explain — 
pe Hamiltonian paths and circuits 
(1) Graph coloring. (R.GRV, Dec. 2016) 
ven on 


$ . n page MZ 
(ii) Graph Coloring — Refer to the matter given on POB 
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0.18. Explain briefly — 
(i) Euler path (ii) Hamiltonian path 
(iii) Graph coloring (iv) Chromatic number, 
| (R.GP y, 
Ans. (i) Euler Path — Refer to the matter given on Page 21 
(ii) Hamiltonian Path — Refer to the matter given ñ 
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¿kal'S Algorithm — The EA is a graph G with m vertices. 
Kru y Order the edges of G by increasing lengths 


(i) preceding sequentially, add One edge at a time to the m vertices 
hat no cycle is formed until m — 1 edges are added. 


) Output the m — 1 edges that were added. 


Dec. 201 ¿such t 
; Gii 


(iii) Graph Coloring — Refer to the matter given on a 92. Explain weighted graph. (R.GPV, June 2013) 
(iv) Chromatic Number — Refer to the matter given de, Ans. Refer to the matter given on page 223, 
4, sz . 
0.19. Explain minimum spanning tree with their Applications 0.21. Explain isomorphism nl homomorphism of graphs. 


give algorithm to find minimum spanning tree of a weighted graph (R.GP.V, Jurte 2014) 


(RGB Y, June 23 

Ans. A spanning tree in a graph G is a minimal subgraph connectingal 

the vertices of G. If graph “G” is weighted graph then the Weight or costofa 

spanning tree “T” obtained from a graph “G” is defined as the total sum ofal 

the weights associated with the branches in the given spanning tree “4; 

we have observed that there exists several spanning trees of a graph “G"soi 

the case of weighted graph, different spanning trees of “G” will have differe 

weights. A spanning tree with the minimum weight in a weighted graphis Y 

called minimal spanning tree or shortest spanning tree or minimumn col 

spanning tree. There are several methods for finding a minimal spanningtte 

in a given graph. SO 

(1) J. Kruskal algorithm (ii) Prim's algorithm.= > 

Some applications of minimum spanning tree areas follows=.: .. le 

(1 The minimum spanning tree has extensive applications in comecii 

problems. The minimum length of wire needed to.connect a set of points sol 
the power supply can be provided, is a minimum spamning tree. 

(1) This problem also has application in communication networs 

(ib) In theory, we can show that every feasible solution t0 4 neo 

problem is a spanning tree. j 7 


Ans. Refer to the matter given On page 224. . 


0.22. State Euler's formula for a planar graph. Give an example of a 
nar graph with. 5 vertices and 5 regions and verify Euler's formula for 


; proto 
pl -(R.GPV, Dec. 2015) — 


your example. 
Ans. Euler?s Formula — A connected 
planar graph with v vertices and e edges has r 
' regions given byr=e—n+2. A 
Fig. 4.39 shows an example of a planar 
eraph with 5 vertices and 5 regions. . po 
In fig. 4.39, e = 8 and v = 5, then the y RS 
number of regions r = 8 — 5 +2. Clearly, fig. CTS 
439 has five regions. Hence, the fesult is true. Fig. 4.39 


0.23. State and prove Eulers theorem. (R.GPV, June 2013) 


Áns. Statement — Let p and m be relatively prime. Then for any p, 
pm) mod m=1 
For any positive integer m, and hence 

p' = pim! mod m 


Proof - Imagine that p and q are both relatively prime to m, cda 


0 (iv) More practica] . e ¡peludo de” GCD(p, m) = GCD(q, m) = 1 
; : problems in the application areas Meri? F > Sa mod miis 
constrained spanning trees. These are difficult Ai to solve. ¡pto rat We have to show that this assumption e that (pa) 
(v) The minimum spamning tree can be shown to be a lowel dy dd prime to m. Suppose, to the contrary, 112 | 
e the travelling salesman problem and can be used to develoP op his -DI(g) mod m, m] = d where d > 1 4 m. In addition, d 
euristic algorithms to the travelling salesman problem. O Viding y ales that d divides both (pa) mod ed divides q, in which 


0 . » . . .uy4 Ss E A 
> Cither Y e cad eri pe a contradiction arises. 
, M) = d or , > 
Mod m is relatively prime to M. .. ich 
wo o UPpos da y be the set of different elements whic 
'vely prime to m. Then, the set 
PX1) mod m, ...... (PXm)) mod m) 


Prim's Algorithm — The input is a graph G with m vertices 
(1) Order the edges of G by decreasing lengths 


(ii) Preceding Sequentiall wh 
y, delete each edge“: 
disconnect the graph until m — ] edges remain. NN 


(ii) Output the remaining edges. 


Graph Theory 229 


40, each of the four verti 
O ro A ces has de 
sol 0 and 6 there 15 neither an Euler circuit nor an Ender E Y 


228 Discrete Structure 


where 0<p <m and p is relatively prime to m, enumerates ( 
e elem, 
Cntg 


Xa» ....- a Xf(m 
group of order f(m) with respect to multiplication. Also, by q. a val : 
> > : > DY the fm) G prems a aph in fig. 4.41 has exactly two : 
Lagrange's theorem, each element p in this group meets EA Corolfa EI iy) The grap vertices of odd de 
e formula Ya 0 “"cuit, but there must be an Euler path gree. 
Euler circult, path. 


” no 
qure p más 4.42, every vertex has even degree; thus the graph must 


and the theorem is proved. The inverse of an element 
P Can be dir “tit 
e Jer circuit. 
Ans. 


from the equation Y 


p'= pim) =1 mod m o 
, o AGA prob ll. Does K,3 have an Eulerian circuit ? A Hamiltonian circuit ? 
0.24. Explain any two applications of coloring of graph, ppeat it for Kig> (R.GPV, Dec. 2008) 
(R.GPV, June ao E sol K13 35 2? undirected complete graph of 13 vertices having an edge 

'q ch pair of distinct Vertices. : | 


Ans. There are a number of applications of graph colorings. Two fito, ] tveen ea 
. 0 e 


an undirected graph possesses an Euleriaméicomititaci 


are as follows — E we know that 
(i) Scheduling Final Exams — This scheduli :2 is connected and its vertices are all of even degree. 
n ly ¡£ 1t 18 C 5 LES 
8 problem cae [| e we have 13 nodes, therefore each node wi > 


solved using a graph model, with vertices representing courses and With 
edge between two vertices if there is a common student in the Pi be 
represent, Each time slot for a final exam is represented by a different cl 
scheduling of the exams corresponds to a coloring of the associated graph. | 
cerco el sli. Teo veric aro coa a O O 
e : y an edge if teyar Now Ki : 1: 
0 see pea of each other. An assignment of channels corresponds bebween Pen ASPE as e res ode 
g of the graph, where each color represents a different chanel Y each node will have odd degree. Thus K has not an Eulerián 
5 j A 14 6 20 . 


Since the sum of the d fi h pair of vertices is greater than 
NUMERICAL PROBLEMS e degrees for each p es is greater El 


Thos K,¿ has an eulerian circuit. 
we know that if the sum of the degrees for each pa 

¡- Lor larger, then there exists a Hamiltonian path in G: 
Since we have 13 nodes, therefore the sum of the dep 


| lun there exists a Hamiltonian circuit. E > 
Prob.12. Give an example of a graph and explain for the followings — 
iltoni it and Euler circut. 


Prob.8. Prove that a sim l MA mb 
ple graph with m'vertices and k compo? (Y) A ; ; Ñ mit 
can h graph is having Hamiltonian circú eta 
ave at most (n—k) (n— k + 1)/2 edges. (R.GPMW, June 2010 201) (ii) A graph is having! Hamiltonian circuit but nota” Euler circub 
Hamiltonian circuit. 


(li) A graph is having an Euler circuit butnora 


Sol. Refer Theorem 2 given on page 213. 
s also a Hamiltonían 


Prob.9. . 
path if ei a graph G with n vertices always has 
: e degre . . . 
condition d(v) + d (») E 7 E every pairs of vertices V) Y¡M 
pl (R.GPV, June 2005, 2008, Dec. 2011, 

ol. Refer Theorem 4, given on page 215 


Prob.10. Which of the followi A 
ob.H ollowing graph in fig. 4.40, 4:41 and AN 
Euler circuit, an Euler path but not an Entes a pa neither Euler pe 


po EE 


Fig. 4.40 Fig. 4.41 


a Hamilton! 
Gsatisfits (e 


2012, June WN 


Sol ; ió 
co * () The gr aph having an Euler circuit which ! 
on in fig. 4,43. z ¡las Hamiltonian 
“repig, S8raph y, va, v3, vag, V¡ is both an Euler circuit as We%2 ' 
E : in fig. 4.44. 
()_ The required graph with three vertices Y nh q 4 
Ci) The required graph with five vertices is shO 


vI 
Vá4 vi 


Mi 


v2 
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Prob.13. Prove that every circuit has even number of e and M represent the adjacency matrix and incidence matrix, 


ed, eS int 
in ] RGB, qu, | ely va Va V3 e e e 
Sol. Proof — Assume a cut set Cs In graph G as shown iS UN $ ed ES a 
the removal of Cs partition the vertices of G into two mutually . 46 vi [0 and M= , ; 
disjoint subsets V, and V2. lus A= vyz| 1 o 1 vaj1;0 1 Ans. 
. V¡nv, == 10) v3 1 1 0 : v3 0 1 1 


Now consider a circuit Cy in G. 15. Draw the undirected graph for its incidence matrix given below-— 


Case 1 — If the vertices in Cy are entirely within the Vertex set Y prob. 


set V, then there are no edge common between the cut set Cs and cd 
l 


¡.e. N(Eg N Er) = 0 and even no Es and Er are the edge set Of cut se TO v210.1 1 00 
circuit respectively. an Iv 11 1001 
Case 2 — If some vertices of Cy lies in V¡ and some vertices Of Cris vago 0 1 1 1 


set V,, then we traverse back and forth between sets 


(R.GP.V,, Dec. 2013) 
the circuit Cr in G. 


V; and V) while traciy 


Sol. The corresponding undirected. graph can be as follows Se 


€1 A 
» v1 v3 
f es 
2% A A E 
: e4 Ri 
H 
v MEE 


25 


Prob.16. Consider the undirected graph G as shown in fig Me ne : 00 


| Fig. 4.46 E 
Circuit Cris shown in bold lines and direction for tracing Cris mention 
by arrows. : Y | 


incidence matrix M. 7 


y3 
So the number of edges traversed:in this process between the verter) 
and V, must be even because we know that a circuit is closed in natu" 
Also every edge in the cut set Cs has one of'its end vertex 10 Le 
another In V2 and no other edge of G can partition the verteX set ol! 
disjoint sets V, and V.. | 


send 
Hence, N(Es N aEr) = Even number. 


y REA 
in 


That is the number of edge common to cut set and Cy and cuca a Fig: 4.49 5 .Gl 1 de 


“and five edges. The. 

Prob.14. If a graph G= (V, E) is defined by V =[Vp Yz a 

(v2 val [vo val), SS and (E =3, then find 
e adjacency matrix and incid, í 

E ence matrix of 


En So le 
Al y "ie Xi he 8lven undirected graph G has fou 
2 e, €7 ez 04 es 
0 O: 1:0| E8, 


v 


Sol. The diagram of the graph G is shown 
in the fig. 4.47. 


v2 


1 

= 0:11. 1: 05075 

vY3|1:1..0,.:00 1 
00 LAR 
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Discrete Structure 


Prob.17. Find the adjacency matrix of the digraph Show y 
eloy, 


€10 


Fig. 4.50 


Sol. The adjacency matrix of the given graph is 
a b c d 


a|0 
b|0 
A= el 1 
d|o0 
ej 0 


S SO” 
a DONOSO 
OS» == Oy 


Prob.18. Explaining need of the matrix representation of the graph. 4 


Write the adjacency matrix of the following graph. 


v4 


v5 
v6 v3 


v1 y2 


Fig. 4.51 


Sol. Need — By representing a graph with the help of m 


easy storage and manipulation in a computer. 


Thus, matrix representation of a graph is very convenie 


computer processing tasks, 


A is 
Adjacency Matrix — The adjacency matrix of the given graph 


Vi VS. VVS V6 

vi[0O 1 "BHO .1 1 
Valid 0 dal a 40:05 0 
A= v3|0 1 0 1 0 0 
vY4J0 "1" "1:00 1 0 
vs|l 0 0 1 1 0 
Vell: 0"0*0.,"0.. Y 


(R.GPY,, Dec. 201. 
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prob. 19. Agrap h is given by the following adjacency matrix — 
E A 


it is connected or not. 
eck whether 1 
ch (R.GRV, Dec. 2004, 2006, June 2008, 2009) 
sol. Since the given matrix is symmetric, hence the graph is undirected. 


¡er G be the graph. 
Clearly G is connected. 


(R.GPV, Dec 20 


So”»”o=>,o 


Fig. 4.52 


Prob.20. Explain adjacency matrix and incidence ata bx for le gra ph 
rpresentation using suitable example and find the incidence matrix so the 


fllowing graph — 


) 


atrix madeit! 


¡ent and used 


Fig. 4.53 


(R.GPV, June 2016) 
to the matter 
Sol, Adjacency Matrix and Incidence Matrix - paa 


ely 
'% 0n page 215 and 220. 
le incidence matrix of given graph is ' 
e e, e3 es es. 


ee 
ARGOS: a Ans 
bora EE 
vs 10. 0.00 
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234 Dis _ 1, if there ás an edge from v, to Vi» Otherwise a.=0 


Prob.21. Write down the adjacency and incidence Matrix 95, pere aj e G has four vertices, then compute A?, A3 At and 
given below — € Bea) (ii) ot 4. | 
, e v ; 24A ee | 
ke - > d+ 1 2 2 | 
0510 ES O E | 
¿O 11 pam lo a 1 AO pps | 
Poo o 11 0111 
O M6 8 
"A "1% 3 
Fig. 4.54 (RGB Y, Dec. 2oy do ren BACA M3 s 
Sol. The adjacency matrix of the given graph is QA? 3 3 


trix P.is now obtained by setting js 1, wherever there is a 


v1 NÓ) v3 V4 MO 


The path ma 


y [0,41 (0 1 srzero entry in the matrix B4. 
v2,[1 1.0 10 071. 111 dde: 
£=y|1. 0.2.0.0 p=|[9 0 0.1 0 AnS. 
vaJ0-:10%1 1 0>1:0 1 Pc AS 
vs[1 0.0 10 IAE A 
o hi ix P shows that there is no path from v, t0 Y. n 2 £ 
ys Mucideuce matrix of given graph is si hct ho. ¡PRE node to v,. Hence Gis not strongly connected. EE 
€1.82 3.64 €s €ó6 €7, €, com A 
vi 1 1 100] Mm required to paint each 
o 1 . : , : 00.00 Prob.23. Find the minimum number n of colors require sia each 
v3[0. 0 0 0 0%0 1062 2 "pin fig. 4.56 ! 
vaJ0 0 1 2-1 0850 "W0 
vs|[0 0 0 0 1 10.00 


Prob.22, Consider the graph G as shown in fig. 4.55. X 


Suppose the vertices are stored in memory in an array 
DATA as follows — 


DATA: XX ZW 


E ¿ Z (a) (b) 
( ¿) Find the adjacency matrix A of the graph G Ss Fig. 4.56 % 
_ (1) Find the path matrix P of G using powers of Fig. 45 “O n=4 
the adjacency matrix (0) n=3 : 
(iii) Is G strongly connected ? se peo! (iii) Only two colors are needed, ¡.£., 17 2, 
Sol. (i) Th ¡ rdingt*” y » e BÉ 
dh (1) _ The vertices (nodes) are normally ordered Sá and Y W top, %b.24, Use coloring procedure t0 paint the. V7 Q e] 
ey appear 1n memory, ¡.e., we assume v¡ =X, vz = Y, Y3 Bopy $8. 4.57, q d find the chromatic numbe" | 
The adjacency matrix A of G is as follows — | do Sraph, > AE a. 7 j 
. OL y: o ERA AN 
0 1 1 A asi First Order the vertices according 8 


1 
| o 
4= o A a i “Elees to obtain the sequence AS Fig. 4.57 
0.0 1 0 


H, As D, FE, B, Es E, G 
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he pendant vertices from T¡ and we obtain 


Proceeding sequentially, we use the first color to again all t 


A an 

and then G. (We ca mot paint A, D, or F the first color sins la St y y pa ¡g process of ROA vertices 2 in a tm 
to H, and we cannot paint C or E the first color since each ch is Mero pa we are left with Es Ai E (called centre of tree 1) oran edge (fig, 
either H or B). Proceeding sequentially with the unpainteg e ai PU e two end vertices (called two centres of tree T), 

second color to paint the vertices A and D. The remaining Me We use, 910) w q—_ 

can be painted with the third color. Thus, the chromatic as Can 1 T 1 

greater than 3. However, in any coloring, H, D and E must be e Fig. 4.62 


Paint gd 
colors since they are connected to each other. 06 PAiNted di | 
y ch other. Hence n = 3. rent prob.27. Define chromatic polynomial. Show that a graph with n 
is a tree if and only i£P(A) =MA- YH, ru 
(R.GPV, June 2009, Dec. 2012 
Sol. Chromatic Polynomial — Birkhoff given a way oft: sf 
d igur problem by introducing a function P(M, A); defin 
ra ), to be the number of proper A-colourings 
tatP(M, 1) is a polynomial in A, called the chro 
Proof - We shall prove the result by induction 
with n vertices. If G has 1 or 2 vertices then Pol 
rsult istrue for n= 1, 2. We suppose that result is tru 


Prob.25. Determine a minimum Hamiltonia 


KN Ccircui 
given below. Cuit for the graph 


pa gerfices 


Cc 


2 e 
Fig. 458 — (R.GPV, June 2005, 2009) 


3 Sol. Hamiltonian circui e ; 
o, an circuit for the above graph is given Eo Mfrerical Now consider a tree T with n ve 
> a sm” 5 4 two pendant vertices. Suppose v be a pendant ver 
Clearly it is Hamiltonian circuit because b ¿ A y Then T* is a tree with n — 1 vertices. Hence.. y 
(1) Number of edges = Number of vertices  , ¿"4 Mromatic polynomial of T* is ce 
(11) Degree of each vertex is 2 4 j P,10)= MA - DA, E 7 Sopuese 
5 (iii) Itis a co o . Súppose u be the vertex adjacent to vin T Nomad 
Pr ES Fig. 45) *coloured with any one of the A colours. Then y can be coloure 
0b.26. Prove that every tree has either one or two centres: 1i0 We of the remaining A — 1 colours. des Es 
Sol. Let Tbe a 4 , (R.GBY, al Thus, the number of ways of colouring T is Mm > 
ee as ¡ - aro e e 3 : 3004 
ds. shown in following fig. 4.60, with more ] P-(A)=- MA = y”. (-1) | 
“ice the result follows by induction. E sal is 
een y Indu Ivnomial IS 
Converse] ? fn vertices whose chromaieP09" 
3 y, Suppose G is a graph oí n 
y -1 
P.(A)= MA - 1)”. -1tmenP,0)=4 
W n , tree. Tfn Es En . 
| Manco Shall prove by induction on N that G pea =2, then P,0) = Pe h Le 
0 1 e or Vertex is isolated and thus is a 11**: : ng the two VErtices W e for 
14 te Ho, Ponding graph is clearly an edge join e. spp result is true 16 
E e for n = 1, 2, result is true. We ig p — 1 vertices and chroma: 
3 q momia. IS, assume that if T is a graph e tree. E 
Fig. 4.60 Fig. 4,61 de he ó e L al Pa -1n 0) =MA -— 1)? then ot polynomial is 
Remove all the 0 “Gh se chr 


€ a graph with n vertices who 


pendant vertices from T, and we obtain ano 
2d 70 py. 
P(A) = MÁ — 


shown in fig. 4.61, 


il “Y AAA A] 


o. 
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From the chromatic polynomial of G, it is clear th rmine the minimum weight spanning tree Sor the following 


except one vertex can be coloured in 1— 1 ways. Remoy 
Then G — vg is a graph with n — 1 vertices whose chro 
Po -¡(1)= MA — 192, | 

By induction hypothesis, G — vy is a tree. Now add 


incident on vy to the graph G — vg. Clearly v can not be js 
vg is connected to some vertex of G— vo. We show that vo 


at eve 
€ One such ds of 
matic POlYnOppi 

¿ loa 


prob29- Dete 


par? 


Vo along Wi 
, 1th 
Ce 


/ cann 
to more than one vertex in G — v¿. Suppose if possible Vo mis Conner 
vertices in G — v¿. Since G — vy is a tree with chromatic Poyo A 
al, ] 


P, ¡(A)= 11 — 132 
and vo is joined to two vertices in G — vp, therefo 
(A —2) ways only. But then chromatic polynomial 


P,(A)= MA — 12 (2 — 2) 
És which is not true. Hence vy is joined to only one vertex in G— vo. Thus Gl 


ofG would be - 


edges. By Kruskal”s algorithm the edges are ordered by increasing lengths and 
2 successively added (without forming any cycle) until 10 edges are included. 
This yields the following data — 


> z . a tee 
0 Prob.28. Determine a minimum spanning tree for the graph shown 


below — 


3 b Edges:. viv2  V2Ws  V3V6  V6vio  V9VH V4Vo  ViV4. 
5 
. Length : 1 1 1 1 1 1 - 
9(a e > Add? Y Y Y Y Y Fix 
4 us 
f 10 e e Edges: v2V3  VsVio VsW9  V7Vg  V3W7  V4Vs VeM 
Fig. 4.63 (R.GPY, Dec. 2000, | | Length: 2 EE 3 GATOS 


SS NY . US izo cid, 
- edges Ame ed vertices, hence any spanning tree of G will hawS” 
are nctestively ee the edges are ordered by increasing lengtbsanl | 
Bs A a Without fi ¡ S ri 7% MIA d. 
E Mbs yiclds the aa orming any cycles) pps ce ns da 


Add? Y N N Y A pa 


Thi “A DA > 
$ produces the spanning tree shown in following fig. 4.64 with E? 


Fig. 4.66 
The minimal spanning tree of G therefore Co 


ntains the edges 
v¿vo» Vivar V2V3 vVg VID ANS. 
tree ofa graph give the shortest 


v 
1V2, V2V5» V3Vó V6V10> VoV11> 


P, PO b 3 A 

A 30. Does the minimum spanning e 

e between al nodes ? Convert the given graph w 
e edges to minimal spanning tree. 


Fig. 4.64 


fed, af, ce, bc, ac) 


re vo can be Cole FE 4.65 (R.GPV, June 2011) 
Sol. Graph'G has 11 vertices, hence any spanning tree of G will have 10 a 
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other vertices with co. We use the notation lola) =0 and 
o and the labels before any iterations have taken place (the subscript 
q o for e ¡teration). These labels are the lengths of shortest paths 
jp ¿for ihe “0 “ces, where the paths contain only the vertex a. Since no 
pa jo the yertl HER different from a exists, 00 ¡s the length of a shortest 

ca” to a A this vertex). Dijkstra's algorithm proceeds by forming a 
a e vertices. Let S; denote this set after k iterations of the 
ai We begin with Sy = (. The set Sh is formed from Sk_1 by 


-- A 


Y 
>% 
— + 

a 


Fig. 4.67 (R.GP yv, June 2014 ¡ding : el Once u is added to Sk we 
Sol. Let the given graph be G, since graph G has 9 vertices, hence ña se iahelá of all vertices not in Si, SO 
spanning tree of G will have 8 edges. By Kruska]l's algorithm the edge E ¡pdate 4), the label of the vertex v at the a 
ordered by increasing lengths and are successively added (without forming pot Il 4 is the length of a shortest path 
any cycles) until 8 edges are included. This yields the following data — , e y that contains vertices only mia : z : 
om ' in the - y 
CD_AC_AD EF HI GI AB EG _FH GH (hat is, vertices that : 3 ol en Fig. 4,69 AWelghted Simple Graph 
4 9 M2 18 19 21 22 23 24 31 Úuisinguished set togethe 
Add ?: | Yes Yes 


No Yes Yes Yes Yes Yes No- No 
|Edges : | DI DE BH BC BF FG CF CE 


| Length : | 30 33.34 35 36 "39.42% 65 


3 
Yes No No No No No No No 


A Xy? z Y t 
hvthat contains only elements of Sy, (that is the mps: e 
tluding u), or it is a shortest path from a to u at the pes: 
táge (u, v) added. In other words cdo : 
le (a, v) = min (1 (a, de (0 0) +0 e la ertices to the 
This procedure is iterated*by successively le dstrguited set, its 
Itinguished set until z is added. When z is added to thie di o ea 
tel is the length of a shortest path from a to Z. 


Lio "ou 
Prob.32. Find the shortest path between p' t0 


he numb : edges are 
o here £ e ers associated with the edges Q 
"ces, 


d 


> in the graph shown 
the distance between 


Fig. 4.68 : 
(CD, AC, EF, HI, GL AB, EG, Dp) As: 


. m 0 
Prob.31. Write and explain qn algorithm to find the shortestp os 
specified vertex to another specified vertex of a graph. (R.GPV, Dec 
Or 


b 14 
Ñ ; h Fig. 4.70 (R.GP.V, Dec. 2009) 
Write an algorithm to find the shortest path in a weighted gr0P 2014) ; 
(R.GPV, June: elop Uy; o y path between pa 3 
Sol, Although a shortest path Is easily found by inspection, we will dev ag Pe E Dijkstra 35 algorithm find the shortes 6, Dec. 20 ) 
some ideas useful in unders e 


' «5 py 1aD6 y, May/June 200 
tanding Dijkstra's algorithm. It begins Y ds 


"APR Shown in fig. 4.70. (R.GP 


graph shown below — 
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Sol. We have, 
Given that, (q) = 8, (1) =2, (s) =0w0 
It) = o, (u)= w 
Here, 2 is minimum value. Then we have 
po (p, 1), > tg, S, t, uj 
Now, (q) = min.(8, 2+ 4)=6 
I(s) = min.(co, 2 + 00) =0w 
1(t) = min.(co, 2 + 14) = 16 
l(u) = min.(co, 2 + 00) = 00 
Here, 6 is minimum value, then we have 
P = (p, 1, q), T = (s, t, u) 
Now, l(s) = min.(oo, 6 + 2)=8 
((t) = min.(16, 6 + 8)= 14 
l(u) = min.(co, 6 + 00) =«0 ' 
Here, 8 is minimum value, then we have 
P:==(pr,q; si *D= ft, u) 
Now, 1(t) = min.(14, 8+2)=10 
(a) = min.(co, 8 + 4) = 12 
Here, 10 is minimum value, then we have 


PS Tp 9, S, t) and T = () be ' p ln 


l(u) = min.(12, 10 +4) =12 


Hence the minimum distance between p and u is 12, the shortest pablo 
(p, r, 9, S, u). rd o 


Prob.33. Determine 


P = [p) and T= (q, r, St up 


shortest path between vertices “a? and ES 
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¡mum value, then we have 


' min 
since» 3 e c), T = £d, e, z) 
PS pg) = min. (6,3 + D 76 
No" fe) = min. (00, 3+3)=6 
¡(z) = min. Epan a 


«(he minimum value, therefore d is our new focus (note that we 
ke that e has the minimum value 6 and then proceed further). 
go ta p = (a, b, c, di, T = (e, 2; Ñ 
Hen ¿7 = min. (6, 642) = 6 
NOW, l(z) = min. (oo, 6 + 4) =.10 

«ce. 6 is the minimum value, then we have. 

Since, _ al 5 La d, ej, T as [z) 

I(z)=smin. (10,6 +6)=10 + 

Hence the minimum distance between two vertices “a? and “z? is 10, the 


dortest path isa>b>d>z. Ans. 


Ñ prob.34. Write an algorithm for. ; 
0 sortest path in weighted graph and : 
weitto find shortest path from a to z 
inthe graph-shown in the following 
JA fgurewhere numbers associated with 

- ¿2554 le edges are the weights. 


Fig. 4.72 
(R.GPV, Dec. 2012) 


Sol. For algorithm, refer Prob.31. Re 
ADS, We have, P = (a), and T = (b, c, d, €, z) 
Given that, (b) = 1, Lc) = 4, Id) =00, (e) = o, M2) =% 
Here, 1 is the minimum value, then we have pe 
N P= (a,b T:=.(c, d, €, z) 
WC) =min. (4, 1 +2) =3 
ld) = min. (co, 1 +7)=8 
(e) = min. (co, 1 +5)=6 
I(z) = min. (co, 1 + 00) =0 


in the 


hi 3 : H , 
¿ Fig. Es, e (R.GP v, Dec. 2010) | tre, 3 18 the minimum value, then we have 
ol We have P= (a) and T= fp » | we. P= fa, b, e), T= (d, e, 2) 
Given that. (by = tb, C, d, e, 2; LE 9w l : 
Sinte"1 je. ib dc) =4, Id) =00, e) =00, (Z)=% > (d)= min. (8,3 +0) =8 
Ez 15 the minimum value, then we have 2 (e) = min. (6,3+1)=4 
N la, b), TS 6, d, e, z) Her , Kz) = min. (oo, 3 + 00) =00 
0 pe — Min. (4, 1+2)=3 “4 is the minimum value, then we have 
) = min. (00, 1+5)=6 Now P= (a, b, e, e), T = (d, z) 


(e) = min. (00, 1 + 0) = 
dz) = min. (oo, 1 pet 


> 


ld) = min. (8, 4+3)=7 
(2) =min. (co, 4 + 6) =10 


. 4 


A E A a 
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Here, 7 is the minimum value, then we have 
P = (a, b, o, e, d), T = Lz) 
l(z) = min. (10, 7 + 3)=10 
Hence the minimum distance between a and Zis 


a>ob>e>e>d>ozorasboesesz e ah 


Prob.35. Find the shortest path from a to Zin 


; the follow; 
where numbers associated with the edges are the we Solloyy 


lights, k 


e 1. e 


Fig. 4.73 


(R.GPV, May 2018 


== 


Sol. Refer to Prob.34. 


Prob.36. Determine shortest path between vertices “a? and “2? in graph, 


> En 
ba Fig. 4.74 . RGPY, Noa 
Sol. We have, P= (a) and T = (b, c, d, sz) e 
Given that, ((b) =3, lc) = 6, (d) = 00, Me) = «o, (2) 3%: 
Since, 3 is the minimum value, then we have | É 
P= (a,b), T=(c, de, z) 
Now,  1(c)=min. (6,3+4)=6 
1(d) = min. (0, 3+7)= 10 
(e) = min. (0, 3:+ 9) =12 
(Z) = min. (oo, 3 + 00) = co 
Since, 6 is the minimum value, then we have 
Es fa, b, cj, T= íd, e, z) 
Now, 1d) =min. (10,6+ 00) =10 
(e) = min. (12, 6 + 5)=11 
((Z) = min. (00, 6 + 00) = 00 
Since, 10 is the minimum value, then we have 
P.= (a,b, c, di, T= fe, z) 


Ay 
( ero) 


and destination d. 


Prob.3g, Find the shortest path between 4! 


 <x-É—ñ— 
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l(e = min. (11, 10+4)=11 
Now ¡(z) = min. (co, 10 +6) =16 
1 is the minimum value, then we have 
po 
“nimum distance between a and z is 16, the shortest path is 
Ans. 


137. Compute shortest path for the following graph beeen source 
00. ** Ms 


Sol Let, P= fa) and T = (b, c, e, d) then, wehi 
I(b) = 5, lc) = 3, le) = 2, Id) = AE 
Since 2 is minimum value, therefore e 15 Our] 
P= (a, e) and T = (b, c, d) $ 
Now Xb)=min.(5, 2 +6)=5 
lc) = min.(3, 2 + 2) = 3 E 
Id) = min.(0, 2+4)=6 +: EPA 
Since 3 is minimum value, therefore c is Our 1EW-202% 
P = (a, e, c) and T = (b, d) 
Now Xb)=min.(5, 3 +1)=4 
1(d) = min.(6, 3 +2)=5 
Since 4 is minimum value, therefore 
P= (a, e, c, bj and T= a. j | 
(d) =min.(5,4+6)=5 "¿4 
Hence Polo of de shortest path fomn d | 
a>c>d DO Sd 


b is our new focus, 1 


nd 
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Sol. Let, P= [aj and T = (b, c, d, e, f, z) then, we Bal 
Ib) = 3, lc) = 2, (d) =2. 
lle) =00, KM) =>o, (2) =co e 
Since 2 is minimum value, therefore c is our new focus (mote 


also take that d has the minimum value 2 and then proceed fu rthen bwe An 


, 


Hence P = (a, cj and T = (b, d, e, f, z) 4 
1(b) = min. (3, 2 + 3) =3 de 
I(d) = min. (2, 2+2)=2 
l(e) = min. (o, 2+4)=6 
1(£) = min. (o, 2 + 6) = 8 
l(z) = min. (o, 2+ 0)=w 
Since 2 is minimum value, therefore d is our new focus, then we take 
= (a, c, dj and T= (b, e, -£f, z) 
1(b) = min. (3,2+0)=3"* 
l(e) = min. (6,2 +00)=6' 
(£) = min. (8,2+4)=6 
l(z) = min. (co, 2 +0) =0w0 
Since 3 is minimum value, therefore b is our new focus, then we take 
P= fa, c, d, bj and T = (e, £ z) 
l(e) = min. (6,3 +4)=6 
(0 = min. (6,3 +0)=6 
l(z) = min. (oo, 3 +00) =00 
Since 6 is minimum value, therefore e is our new focus, then we take 
P= (a, c, d, b,e) and T= (f, z) | 
(8) = min. (6, 6 +0)=6 
Ke) =min.(0,6+2)=8 
Since 6 is minimum value, therefore f is our new focus, then we take 
P= fa, c, d, b, e, f) and T= (2) | 
((z) = min. (8, 6 + 3)=8 
Hence the length of the shortest path from a to z is 8. The shortest path? 
a>7>c> es>z a 


Now 


Now 


Now 


Now 


a graph 

Prob.39, Find minimum distance berween two vertices K and L ye 
using Dijkstra's algorithm. ; 
A 
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2d dT= (A, C, B,D, Ly th 
p= (K) an , en, We have 
gol Let, 4, NC) =2, NB) =00, 1D) =00 and 11) =20, 
¡s the minimum value, then we take 
since 28 (K, Cj, T=(A, B, D, L) 


(A) = min. (4,2 + 1)=3 


NOW, 1(B) = min. (co, 2 + 5) =7 
1(D) = min. (co, 2 + ES... 
o 3 js the minimum value, then we take 
Ssnce-” p =(K,C,A), T= (B, D,L) 


= mi DA. 
1(B) =min. (7, 3+ 
Now, 1(D) . min. (8, 3 + 4) = 7 
(L)= min. (18, 3+0)=18. —... 
Since 7 isthe minimum value, therefore B is our new focus (note that we 
aso take that D has the minimum value 7 and then proceed further). o 
aros OLA, BT DD e dE 


Hence 
Now, 1D) =min.(7, 7 +00) =7 


s 
s ANO 
E DS 


(L) = min.(18, 7 + 1)= 8 o 
Since 7 is the minimum value, then we take. . 
= (K, C, A-B,D!,..T=41) : ! | 
IL) = min. (8, 7 +,2)=8....., > Hg 
Hence the minimum distance between two vertices K and L dle pe 
shortest path is (K, C, B, Lj. , 
Prob.40. Find the shortest path for the bi griph= 
d 3 y ES, pe 
az 
a 
"Fig e (RGLW,Dee 2011) 
Pue and dis3. 
. , between can 
Sol. In Fig. 4.78, assume the length of the path be ' 
. d efg 12: 


e have, P= nd T= (b, C, =0 
0% 210) = 1,00 216 
15 = 00, Me) = 2 17 
a Ii) = 00, Hz) = 9: 15 
“arly 1 is the minimum value, then We A de 
N p= (a, 0), T= dee 
"Wwe Use *c” as a new focus, then 1+1)= 2 
Ib) = minimum 1% 1+3)= 2 
ld) = minimum 14» 


Í, 8, h, i, Z. d 
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(ej = minimum (0, 1 +1)=2 
If) = minimum (co, 1 +2) =3 
1(g) = minimum (oo, 1 +2)=3 
[(h) = minimum (0, 1+1)=2 
1() = minimum (00, 1 +3)=4 
[(zj = minimum (00, 1 +0)=0«0 
2 is the minimum value, then we take 
P= (a, c, hj and T = (b,d,e£g 
Now, we use “h” as a new focus, then $ 
[(b) = minimum (2, 2+ 00) =2 
[(dj = minimum (2, 2+ 0) =2 
[(ej = minimum (2, 2+ 0) =2 
K£) = minimum (3, 2 + 00) =3 
1(g) = minimum (3, 2 + 2)=3 
(1) = minimum (4, 2 + 1)=3 
Hz) = minimum (o, 2+4)=6 
2 is the minimum value, then we take 
P = (a, c, h, b) and T= (d, e, f g,i, z) 
Now, I(d) = minimum (2,2+00)=2 — 
[(e) = minimum (2, 2 + 2)=2 
I(£) = minimum (3, 2+0)=3 
/(g) = minimum (3, 2 +00) =3 
(17 = minimum (3, 2 + 0) = 3 
da 1fz) = minimum (6, 2 +00) =6, 
2 is the minimum value, then we take ' ; 
P= fa, c, h, b, d) and T= (e,£ 8,12) 
Now, lle) = minimum Se + 00) = , 
((£) = minimum (3, 2 +2)=3 
(8) = minimum (3, 2 + 00).= 3 
(1) = minimum (3, 2 +00) = 3 
2 is the minim o ga o + w-S 
um value, thus we take E A 
pd P= fa, c,h, b, d, e) and T=(£ 8,1% 
> ¿(£) = minimum (3, 2 + 00) = 3 de 
/(8) = minimum (3, 2 +2) =3 
¿(1) = minimum (3, 2 + 00) = 3 
. o I(z) = minimum (6, 2 + 00) =6 
3 is the minimum value, then we take 


1,2). 


ps ta, c, la, b, d, e, g) and T= (£, l, zp 


Now, 454 = minimum (3, 3 + 00) = 3 
/(1) = minimum (3,3 +0)=3 
(fz) = minimum (6, 3 +2)=5 


, 3 is the 


the M ' 
e e shortest path 15 


4,79, where the numbers associated with 


Graph Theory 249 


mum value, thus we take 

P= fa, c, h, b, d, e, 8, 3 and T= (L, zh. 

11) = minimum (3, 3 +2) =3 
NOW [(z) = minimum (5, 3 + 0) =5 
, thus we take 
P= (a, c, h, b, d, e, g, f, ij and T = (z) 
1(z) = minimum (5, 3 +2) =5, 
inimum distance between a and zis 5, 
Dia. Ci, z) Ans. 


ine a shortest path between a and 7 in the following graph — E 


eyeadly 3 15 10 a 


minimum value 


prob.41. Determ 


“g and 7 in the graph shown in fig. 
es are distance between 


Determine shortest path between 
the edg 


2007, June 2009, Dec. 201 0) 


vertices. (R.GP.V., Dec. 2004, Nov./Dec. 
Or . 

, d z in the following 

Find the shortest path between the vertices Q “R GPY, June 2012) 


graph (fig. 4.79) using Dijkstra's algorithm. 
(b, C, d, e, f, 2; 


Sol. Let, p= (a) and T= a 
then, We have L(b) E 22% l(c) = 16, Kd) = 8 
l(e)= o, 15 = l(2)= 
:- 8s the mini ea 
e minimum ES and T= (b, 6, 9h 2) 
A We use “d” as a new focus. | (22,8 0) =22 
ow 1(b)= minimun (16, 8+10)=16 


14 1(z) = minimum (> 
*is the minimum value, then we PA = (b, 0, €, 2) 


S P= fa, d, 2 
9, We use “f? ew focus. 
A a 10) - minimum (2, eN +3)=16 
lc) = minimum (16, 
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A 
Ed 
E 


ché minimum value, then we take 
since 41 p = [a, V3, Vi and T = (V,, V,, V,, Vo 2) 
a O 
No (va) = min. (5, 4+0)=3 
KV 5) = min. (8,4+0)=8 
(vo = min. (co, 4 + 5)=9 
I(z) = min. (oo, 4 + 00) 2 


l(e) = minimum (00, 14 +00) = 0 
l(z) = minimum (00, 14 + 9) = 23 
16 is the minimum value, then we take 
Ls fa, d, E ci, T= fb, e, z) 
So, we use “c” as a new focus. 
Now, 1(b) = minimum (21, 16 +20) =21 
l(e) = minimum (o, 16 + 4) =20 
l(z) = minimum (23, 16 +10) =23 


20 is the minimum value. «ce 5 is the minimum value, therefore Vo is our new focus (note that 
So, we use “e” as a new focus. al0 take that V4 has the minimum value 5-and then proceed further). 
P= > d, f = yec : = v e] ,V and T =: Va Vos Vo z 
2 I(b) = o Es y 2 E e penes e E £ (S za / 8 5 de E : $ ) e 
> > ) = 21 Now (Va) = min. , a a EA A 


l(z) = minimum (23, 20 + 4) = 23 
21 is the minimum value. 
So, we use “b” as a new focus. 


(va) = min. (8,5 + 00)=8. :.. 
KV) = min. (P, 5+2)=7 y 
P= (a, d; fc, e, bj, T = fz3 lz) = a (oo, 5+10) =15. de | 
((z) = minimum (23, 21 + 2) = 23 since 5 is the minimum value, then-we take; Se 
So, the minimum distance between a and z is 23. P = (a, Vaz, Vi, Va Va) and T = (Vs Vez)" A, 
Also the shortest path is (a, d, f, zj or fa, d, f, b, z AD Na (Vs) = min. (8, 5+ 5)=8 : EOL SN RÁ 
(V¿) = min. (7,5+ 00) =7 
I(z) = min. (15, 5+00)= 15. 
Since 7 is the minimum value, then we take... 
P = (a, Va, Vi, Va, Va, Ve) and T= (Vs, 2) 
Now XV5) = min. (8, 7 +0)=8 
l(z) = min. (15, 7+1)=8 
Since 8 is the minimum value, therefore Vs ¡ 


Prob.42. Find the length of shortest path from vertex a to vertex zin 
the graph using Dijkstra's algorithm. : 


s our new focus. 


Hence PR = la, Va, Vi, Va, Va Vó, Vs) and T= a 
e Now (z) = mi +2)=8 : 
: : me 2017) (z) = min. (8, 8 ) :- 8. The shortest path is 
Fig. 4.80 (R.GPV, June Hence the length of the shortest path from a 10 2 is 8 Ans. 


Sol. We take P = fa) and T= (V,, Va, Va, Va, Vs Vo 2) 
Hence, HV1) =4, KVo) =S,V= 2, HV4) => 
HV5) =00, H[V5) =c0, Mz) =00 | 
Since 2 is the minimum value, then we take 
P = fa, V3) and T = (Vi, Va, Va, Vs Vo 2) 
> (V)=min. (4,2+ 00) =4 
(V)) = min. (5,2 +0)=5 
(V¿) = min. (00, 2 + 3)=5 
(VS) = min. (o, 2+ 6)=8 
(VE = min. (co, 2 + 00) = 00 
((z) = min. (00, 2 +00) =00 


a> V, > Vi >2 


e 0:43. Apply Dijkstra algorithm to find the shoriest 
Mon in fig. 4.81, | 


path from vertexp 10 q in 


Now 


A6 
As As (R.GPV, June 2015) 


Sol, 
Let, P= (py and T= [A¡, Ap 42 
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Then we take, I(A¡) = 3, (Ag) = 4, 1(A)) = 00, in 


(47) = 00, (Ag) = 00, and l(q) =00. 
Here, 3 is the minimum value, then we take 


P= (p, Aj), T= (Ag, Az, As, Az, Ag, q) 


Now, — 1(A4) =min.(4, 3 +2) =4 
I(A,) = min.(co, 3 + 3) =6 
I(A5) = min.(co, 3 + 00) =00 
(Az) = min.(co, 3 + 00) =00 
(Ag) = min.(oo, 3 + oo) = wo 
(q) = min.(co, 3 + 00) = oo 
Here, 4 is the minimum value, then we take 
P= (p, Aj, Ay, des 142, Asi Az, As, q) 
Now, — 1(A,)=min.(6, 4+2)=6 
I(As) = min.(co, 4 + 6) = 10 
(Az) = min.(o0, 4 + 00) =00 
(Ag) = min.(c0, 4 + 00) = co 
(q) = min.(co, 4 + 00) = «o 
Here, 6 is the minimum value, then we take 
P=(p, Aj, Ay A>), T= 
Now, — XA) =min.(10, 6 + a =9 pc 
(Az) = min.(oo, 6 + 6) = 12 
(Ag) = min.(oo, 6 + 7) =13 
(q) = min.(co, 6 + 00) = 00 
Here, 9 is the minimum value, then we take 
P=P:Aj, Ay, E 
Now, — 1(Az)= min. (2, 9 e -- a) 
Ag) = min. (13, 9+ 4)=13 
He ; (q) — mín, (00, 9 +00) = 00 
re, 11 is ys Minimum value, then we take 
REE A 
Here, 12 ¡ (a) = min.(oo, 11 + 51 
8 e o then we take 
q Az, As, Az, Ag), T= (q) 


Graph Theory 253 


et G be the weighted graph shown below, Use Dij » 
the shortest distance between u and y, e Dijkstra*s 


Fig. 4.82 (R.GP.V, June 2013) 


1 First we take ; 
$0 P= (u) and T = (a, g, d, b, e, C, £, v) 


l(a)= 2, Kg) = 1, Md) =3 

I(b) = oo, Ie) = oo, l(c) = wo 

I(f) = o, (v) = 0 

Clearly 1.is minimum value. Therefore g is our new focus, then we take 
P = (u, g) and T = fa, d, b, e, c, f v) 

l(a) = min. (2, 1 + 1) = min. (2, 2) =2 

1(d) = min. (3, 1 + 00) = min. (3, 00) = 3 

Ib) = min. (co, 1 + 5) = min. (co, 6) = 6 

l(e) = min. (co, 1 + 1) =min. (e, 2) =2 

I(c) = min. (co, 1 + 00) = min. (co, o) = 

I(£) = min. (co, 1 + 3) = min. (co, 4) = 4 

Lv) = min. (oo, 1 + 0)= min. (00, 00) = 00 

Since 2 is minimum value, therefore a is our new focus, then we take 

P = (u, g, a) and T= fd, b, e, €, É, v) 


Now, 


Now 


ll I(d) = min. (3, 2 + 00) = min. (3, o) = 3 
1(b) = min. (6, 2 + 4) = min. (6, 6)=6 
2, 0) =2 


(e) = min. (, 2 + 00) = min. ( 
2 +00) = min. (00, 0) =% 


l(c) = min. (oo, ca a 
(£) = min. (4, 2 + 00) = MIN: (4, 00) = 

= ] + 00 = mín. (oo, 00) = o 
a A then we take 


Si E | 
e minimum value, therefore € is our new focus, e 
P= (ug, a, ej and T= (d, b, €, £ v) 
= min. (3, 4) =3 


Now 
= min. (3,2+2 
I(d) = min. ( y = min. (6, 00) =6 


(b) = min. (6,2+)=" E 
l(c) = min. (co, 2 + 6) = min. (00, 5) he 
K(£) = min. (4,2+3)= 50" (4, a 7 
I(v) = min. (co, 2 + 20) = min. (co, 


(q) =min.(15, 1 
. > 2 + 2) =] 
Henc e | 
e, the E Of the shortest path from p to q is 14. The sho! 


EA] 
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Since 3 is minimum value, therefore d is our new EE 
P= fu, g, a, e, dj and T = (b hs as We tao 
((b) = min. (6, 3 + 00) = min. E 2 > 
(c) = min. (8, 3 + 00) = min. (8,0) E 
(1) = min. (4, 3 +00) = min, (4, co) <q 
Iv) = min. (00, 3 + 00) = min. (o, ya 
Since 4 is minimum value, therefore f is our new focus, Es 
P=(u,ga,e,d,f) andT=(b0 E take 
Kb) = min. (6, 4 +0) = min. (6,0) 
(Cc) = min. (8, 4 + 4) = min. (8,8)=8 
I(v) = min. (00, 4 + 5) = min. (co; 9)= ó 
Since 6 is minimum value, therefore b is our new focus, then we take 
P= (u, g, a, e, d, £ bj and T= ly. 
I(c) = min. (8, 6 + 2) = min. (8, 8) =8 
Iv) = min. (9, 6 + 00) = min. (9, 0) =9 


Now 


Now 


Now, 


Since 8 is minimum value, therefore c is our new focus, then we take 


p= (u, g, a, e, d, f, b, cj and T= tv) 
Now ((v) = min. (9, 8 + 2) = min. (9, 10) =9 
Hence, the minimum distance between u and vis 9. 
The shortest path ¡is fu, g, Í, v). 


| tich shows at a glance the order relation on 
Ans. 


 POSETS, HASSE 
-  DIAGRAM, LATTICES | 
| AND COMBINATORICS | 


> Ad 


"INTRODUCTION, ORI 
'pARTIALLY, ORDERED S 
WELL ORDERED SET, PROP 
Eb AND COMPL 


Partially Ordered Set (PO-set) — A set on which a partial ordering 
rltionis defined, is called a partially ordered set ot po-set 01 ordered set. 


Hasse Diagram — It is possible, at least in principle, to draw a diagram 

a finite po-set. Suppose (S,<) 
d only ifa <b but a*b, 
fa<b and there 


sapo-set. Define a relation < on S by*a<bifan : 
'3,b € S. Given a partial order <on S, bis said to cover 21 
Bno element c in S, such that a < e < b holds. condi 
AHasse diagram of a po-set(S, <) isa graphical a berálly 
Upoints labelled by the members of S, with a line segment directed 8 
Bard from “a? to wherever b covers a. 
Lower and Upper Bounds — 
bound e ' Upper Bound — Let AGS, then 
ifand only if 
a<s,wacd. 
(tl) Lower Bound — Let AGS, then 20 Jue 
“nd of A if and only if 
s<a, wacA. 


an element ses is called upper 


¡ses is called the 


loe bo 
then 8 15 called the 


S, 
SILA ditions hold — 


boy, CD Least Upper Bound — 1É A ' on 
U Per bound a and only if the follow1ng two C 
(a) gis upper bound of the a sofA- 
Me (b) 8 < s for every upper ea Lu.b.A or SupA. 
“ast upper bound of A is denoted PY”: 
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(iv) Greatest Lower Bound — 1fA CS, and le 


S c+ a.b =(c + a). (c + b) din 
greatest lower bound of A ifand only if the following pS ed li cal NOW Ea (by distributive law) 
(a) lis lower bound of the set A o cub 


(b) s<1l, for every lower bound s of A. 


2 », ¡s the greatest lower bound of a and b, ¡.e. 
The greatest lower bound of A is denoted by g.1.b.A sl . 2D, 


a.b = glbta, bj Proved 
comparable — IF (A, S) is a po-set, the elements a and bof A are said to 


Theorem 1. In a Boolean algebra (B, +, *.>) Prove that j 
- ypa ra ble, if 


(i) a+b=lubfa, b] 

¡.e., a + b is equal to the least upper bound of 

a 

(ii) a.b = glbfa, bj Qnd b, 
¡.e., a.b is equal to the greatest lower bound of a and b, 
Proof. (1) Since, for all a, beB, we have 

a+(a+b)=(a+a)+b 

=a+b 


Y pe co! a< borbí<a. 


san that in a partially, ordered set every pair of elements need not be 
sable. For example, consider the po-set in the relation of divisibility. The 
Momp is 2 and 7 are not comparable, since 2 + 7 and 7 + 2. Thus the word 
ar in partially ordered set means that same element may not be comparable. 1£ 


(by associative lay Joey pair of elementsin a po“set A is comparable, we say that is alincarly ordered 


(a+ a=p fs and the partial order is called a linear order. We also say that A is a chain. 
a+(a+b)=a+b Isomorphic (Similar) Ordered Sets — Suppose A and B are partially 
3% a < (a + b) ordered sets. A one-to-one function f: A > B is called a similarity mapping 
Similarly, fon Ainto B ¡ff preserves the order relation, i.e., ifthe following two conditions 
b+(a+b)=(b+a)+b (by associative lan) f hold for any pair a and a' in A — 
=(a+b)+b (by commutative law) Y (i) Ifa< a' then f(a) < f(a”. 
=a + (b +b) (by associative lay) (ii) If a || a" (noncomparable), then f(a) || £(b). 
b+(a+b) — . y a pi ». Accordingly, ifA and B are linearly ordered, then only (i) is needed for f 
es haa : Me bea similarity mapping. 


Two ordered sets A and B are said to be isomorphic or similar, written 
. q 

there exists a one-to-one correspondence (bijective mapping) f: A=>B 
Which preserves the order relations, ¡.e., which is a similarity mapping. 


a a equations (1) and (ii) we conclude that (a +b) is the upper bound ofs 
nd b. 


Let c be any other upper bound of a and b then, 
ascandb<c 


: Well-o 
S Ml rdered Sets — 
atc=c andb+e=c : he A : 
Eu (1+b+c=a+ (b + c) => (by associaliv' a of Definition — An ordered set S is said to be well-ordered if every subset 
=aiE do «ba có aS a first element. e 
=9 4 0 hi classical example of a well-ordered set is the set N of positive integers 
3 a+ b < Cc t 


* USual order <. The following facts follow from or 2 
0h O A well-ordered set is linearly ordered. For if a, b e $, 
first element. Hence a and b are comparable. dd 

2 Every subset of a well-ordered set is well-or ered. 

(ii) I£X is well-ordered and Y isisomorphictoX, then Y 1s Eo ed 
eve 1 (iv) An finite linearly ordered sets with the same cc ser 
op ted and are all isomorphic to each other: In fact, they 

r E 19 tl, 2, ....., n) with the usual order €. 

sample, Consider the disjoint well-ordered sets ea 
A= (1,3, 5, «.. amd B= 2, 4, 0, o... 


e. 
Thus, we conclu 
y 


| : bi: 
de that a+ b) is the least upper bound of a e ed 
RD =fabla, b) ne 
(11) Similarly, we have ? 
a+ab =aandb+a.b=b cr e 
EA ab < 0 
Hence, a.b is the 1 dl ¡ 


Ower bound of a and b 
Let c be some other lower bound of a hd b, then 


c< 
=> La >53cSsb 
a=aandec+b=b 


258 Discrete Structure 


Posets, Hasse Diagram, Lattices ang Combinatorics 259 
Then the following ordered set 


' E (iii) Associative A 
S = (A; B) = ([1, 3, 5, e... 52,4,6, is (a) a v (b VOZ MD Ve MDarnbrd=Ma)r0 
is well-ordered. e omteapiopet 
: Lattice — A lattice is a po-set (P, <) in which eve (iv) Á 


Py Pair of av(arb)j=a 
a supremum and an infimum. Given a, beP, we writ clement ha (a) 


e thes 
a nb=infíía, b)) € Bound ay 
a v b= sup((a, b)) 

The infimum of a subset (a, bj < P will be denoted bya, de 
supremum by aOb. It is customary to call the infía,b)= 20% D, the ma 
product of a and b, and the sup(a, b) -a0b, the join or sum of a andb.0 ot 
symbols such as A and v or o and *+” are also used to denote the mesa 
join of these elements respectively. 

The operation * and O are called duals of each other as are the relatione 
and >. Similarly, the lattice (P, <) and (P, >) are called duals of each Mel 

Note — All po-sets are lattice. 


(b) a» (a Vb =a. 
10 The statements follow from the definition of LUB and GLB. 
ee The definition of LUB and GLB treat a and b symmetrically, so 
sults follow. só 
Gi) (a) From the definition of LUB, we have 
a<aví(bvc) and bvc<av(bvo) 
Moreover, b < bvc and c<bvc, so by transitivity, 
b<av(bvc) and c<av(bvc) 
Thus, 


av(bv oc) is an upper bound of a and b, so by definition of least upper 
bound, we have 


po Te 


Distributive Lattice — The lattice P, denoted by (P, a ,v), is distribu 
lattice if it holds the distributive laws 


an(bvc)=(a 1 b) v (a nc) 
avíbac)=(avb) a (a v 0), w a, b,c ep. 
Complement Lattice — | l 
Let (L, a,v) is a lattice and 0, 1eL, such that0<a<1l, w acL, then” 
avi=1, | . 
anl=a, 
an0=0and avO0=a. 
Now, if for acL, there is a' eL, such that 


avb<av(bvc) 
Since a v (b vc) is an upper bound of avb and c, we get 
(avb)vc<av(bvc) 


Similarly, av(bvce)<(avb)vc. By the antisymmetry of < , property 
4.0 (8) follows. 


(b) Do your self 
(iv) (a) Since 
arAb<a 


and 


w a<a, we see that a is an upper bound of ab and a; so 
aví(anb)<a 
On the other hand, by the definition of LUB, we have 
as<av(anb), so Prot 
av(arnb)=a 
(0) Do yourself. 


ana=0ava'=1, - 
then a' is called complement of a, and such a lattice is called complem a 
Properties of Lattices — | db. 
(i) a<avbandb <avb;javb is an upper bound o£3% 0 
(ii) aAb<amdarb<b;arb is a lower bound oL4 TA, 
bound rs and b<c, then; avb< c; avbis pet 


(iv) If e< 


y Jon "heorem 3. Let L be lattice. Then for every 4 and b in L, 
% reates 

a and y E s the grea 

bound of a and b. 00 *Sb, then e<anb; ano 


Y av b=b, ifand only if asb 
1) 2Ab= a, if and only if aSb 

a pa) 2%Ab= a, if and only if avb=b. 
“(5 Suppose that 


S32avb=b, we have 
a<b 


Theorem 2. Let L be q lattice. Then — 
(i) Idempotent properties 
(a€)a va= a 


(ii) Commutative Properties 
(a)a vbh= bva 


(b)ara=a. 


b)arb=brt 
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Conversely, if a<b, then, since b< b, bis an UPPer boung en 0d f. BY the ASEDiEOn of Sita elb 
by definition of least upper bound we have : | and a 22 b=brnajavb=bya 
avb<b (ii) anb<a<avb 
Since a vbis an upper bound, b<a vb, so Gi) (A b) v O 
avb=b = bvíbra DoS 
(ii) The proofis analogous to the proof of part (1) and y A Hence, = b ven a (by equations (iii) e (i)] 
an exercise for the reader. Ve ita = (DUO) A (b v a) given) 
(iii) “Only if” Condition — Suppose a a b= a, then y (e vb)n (e y a) (given) 
avb=(anb)vb Pr $ : "y (by distributive law) 
= bv(a 1 b) (by commutatvo de Fa a) e 
=bv(b1 a) (by commutative E Proved 
5 (by absorption lay) Isotonicity — 
Therefore, a b=a=>avb=b 46) Theorem 5. Let (L, ) be a lattice. For any a, b, c eL the following 
“if? Condition — Suppose a v b = b, then properties isotonicity hold — | 
anb= an (a v b) (+: avbs=)) a PPP 
= a (by absorption law) adb<a0Bc: 
Therefore, avb=b : 


Proof. From Prob.12, we have 
b<cobx*c=b 
To show that a « b < a x c, we shall show that 
(a * b)* (a+ c)=a*b 


3 arnb=a ..(1l) 

From relation (i) and (ii), we obtain AS 
anb=acavb=b 

L.e., anb= aifand only ifa vb =b 


Proved 


Sublattice — Let (L, < ) be a lattice and S< LAS is not an empiystl Note that E 
Then S is called a sublattice of L if — (2 +b)+ (a+ c)=(2+2)+(0+0)=2+(0+0c)=2+ A 
a, va, eSanda, na, €S, w ay, a7€S. | Se second result can be proved in a similar manner. Hi 
Ex. — Let I denote the set of all positive integers. Consider te pd 9 la mr now list some implication which hold for any a c Se sde | 
(1, <), where a < biff a “divides” b (a | b), for a, b el” AndifR denotes | ; d Ad a attice. These implications follow from the cea e ke id d 
relation of “division” in 1 that is, aRb iff a Albides b, then (LR) will e on L. They can also be proved by using the propertie Es e 
in which the join and meet of a and b are given by their least common E a<bra<e=> a<bOc E 
(LCM) and greatest common divisor (GCD) respectively, that 15 DN abs comoda ó > ln es : 
a + b = LCM (a, b) anda + b= GCD (a, b)- api aio io equation (i) is obvious from the a a pen | 
Principle of Duality of Lattices — The statement describa ¡so 10 Do 1) can also be proved from the definition of dh a similar manner, : 

ch involves the operations * and + and the relation < and 2 10 qe )4 “can ñ «ro comparable to a. It can also De prove? Ñ 

replacing + and + by a and y respectively and < by 2 and Y y otbes € the duals of equations (i) and (ii) as dd 

us, the operations + and + and the relation < and > are dualS sanas Esesabie a | 
and so also the lattices (L, <) and (L, > ). A Pe z 


Stributive Inequality — 


h e 
di 6. Let (L, <) be a lattice. For any % 
* called the distributive inegualities hold= 


Theorem 4. Prove that in a distributive lattice (p, 4» v) 
avb= ave 


21b=a1c together imply thatb= “>> 


_ 4 


b, ceL, the following 


and 
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a D(b *c) <(a Pb) * (a Oc) 
a *(b Oc) >(a *b) Pla *c). 
Proof. Froma<a 0 b and a<a6O c, we have 
a<(a0b)x* (a0 c) 
bx«xc<b<aDb 
br=céíc<iaDde 
Hence, we get 
bx*c<(a0b) x* (a0 0). 
From equations (i) and (ii), we get the required inequality 
a0(b* c) <(a0b) x= (a0 c). 


and 


The second distributive inequality can be proved in a similar ma 
anner or 


by using the principle of duality. 


possesses a complement, then this is unique. 


Proof. For an element a e L, let a' and a" be its two complements. Then 


ava=lana'=0 
ava"=lana"=0 
Using the distributive laws, we obtain 


= a vO=a'v (a AR a") a (a'va) ys (a'va") el 


a 
7 = (ava')n(a va") = ln(arva"=a va" 
so, q" = av0O=a"v(arna')= (a"va)a(alva) : 
= (ava")a(ava")= 11(a' va")=a va: 
Hence a = q" ' ¿Y Proved 


Lattice as Algebraic System — A lattice is an algebraic system 


da p $) with two binary operation * and 9 on L which are both - 
E Commutative, (ii) Associative and also satisfy, (iii) Absorption laws 
Le preet Product ol Latices —LEE(L, +, €) god (Sy, Y) dee bei 
mis ystem (L x $, ., +) in which the binary operations -HRgaDe 
are such that for any (a, b,) and (a,, b») in Lx S 
o . (27, b2)= (a, + a,,bj ab) 
is called the pos > Ba) = (a, O a), by Y by) - 
emuon da product of the lattices (L, +, O) and (S, vi ¡sf 
and “.* on Lx $ are commutative and associative and sal 


the absorption 1 
aws / 
Banda, y. because they are defined in terms of the op?! 


Ex. — i ¡ 
Consider the chains of divisors of 4 and 9, that is 


L; = (1,2, 4jand L,= (1, 3, 9) 


1) 


Proved 
Theorem 7. IfL be a bounded distributive lattice and an element jn y 
in 


ations 3) 


If a homomorphism g : L —>8S of two lattices 
ctive, ¡.e. one-to-one onto, then g is called an 
n isomorphism between two lattices, then the 


Lattice Isomorphism — 
Lx, 9) and (S, AV.) is bije 
jomorphism. 1£ there exists a 
Q utices are called ¿isomorphic. 

Complete Lattice — A lattice is called complete if each of its non-empty 
absets has a least upper bound and a greatest lower bound. 

_Obviously, every finite lattice must be complete. Also every complete 
hitice must have a least element and a greatest element. The least and the 
tratest elements of a lattice, if they exist, are called the bounds of the lattice 
L are denoted by O and 1 respectively. Á lattice which has both elements 0 
h l is called a bounded lattice. 
tn ounded Lattices — A lattice L is said to be bounded if 

t0<a<1 for 

Th Si every a e L. 

US, we have 

0 Every finite lattice L is bounded. 

ed Divisor lattices are bounded. 

uy) (IN, 9), (Z, < <) are not boun Am 
Complem ), ( > 3, (R, ) Ñ . said to be complemented ¡£L 1s 
nded ented Lattices — A lattice L15 , 
and every element in L has a compleme” 
AS For xa > 0 
Al mple, (D(12), g.c.d., /.c.m-) 15 " 


0,1eL such 


ded. 


8 4) 2% 4, 6, 12). Here 3 and 4 are complemen is no 
141 = > p o r 2 0f 12, there IS 
men; a and cm. (3, 4) = 12. But se se copa 1. ECCtOre 


n D(12) of which g.c.d. (2,) * a 
r2, 3] 6 (2, 4] = 4, [2,615 6 and (2, 12] 


Th - sputive lattice- 
£0rem 8. Prove that every chain isa distributive 


(R.GP.V, Dec. 2016) 
Proof We know that chain means linearly ordered set. In such a set, 
at c 


omorphism — Let (L, +, O) and (S, a ,v) be two lattices. 


Lattice Hom : > 
¡mapping 8 * > Sis called a laftice homomorphism from the lattice 
[,+.8) to (S, n Vd for any a, b eL 

j 2 (as D)=8(2) 1 8 (0) and g (a Ob) =8 (a) v 8 (0) 


/ 
Ls 


q di 


" IE in 
22 NA TE RSS des 
A A 

X e pl de RA RAN 
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every pair of elements possess of g/b in the set and alubin il 


chain is lattice. 
Now suppose any three elements Xx, y, z of a chain ñ , bs 
5) Me the 


exist two possible cases — 


by definition X A (y vz)=xand (xA y) v(xAz)=x 


and 
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Discrete Structure 
9. Define complete lattice. HARE Decsa0tó 


Refer to the matter given on page 263. 


AnS: 
9.10. write short note on cris lattice. (R.GP V, Dec. 2014) 


Define pounded lattice. (R.GP.Y., Dec. 2013) 
AnS. Refer to the matter given on page 263. 


the Set ER Sue) 
pr . 4 


(i) x<yorx£z (ti y<xandz<x 5] 


xn(yvz)=yvzamd(xAy)vV(xAz)=yyz 


Thus in both of the cases the first distributive law holds, Sim: 
second distributive law also holds. - Smiley ty NUMERICAL PROBLEMS 


Therefore a chain is a distributive lattice. 
Proveg 


0.1. Define ordered set. (R.GPY, Juno by 
Y, 
Ans. Refer to the matter given on page 255. AN la 


prob.1. Show that the Egreater than or equal” relation (2) is a partial 


ordering on the set of integers. 
Sol. Since a > a for every integer a, > is reflexive. Ifa> band b> a, then 


Q.2. Define Hasse diagram. h | 0 q 
da E Or SH June 200) | 4, Hence,> is antisymmetric. Finally, > is transitive, since a > b and b>c 
Define Hasse diagram of partially ordered set. (R.GPY, De A 200 imply that a 2 C. It follows that > is a partial ordering on the set of integers and 
Or | - dE ) (1, >) is a po-set. Proved 


Prob.2. Show that the inclusion relation Cs a partial ordering on the 


Write short note on Hasse diagram. Hi 
(R.GP.V., Dec. 2014, June 2017, Dec. 2017, Nov. 2018) 4 power set of a set S. 


Sol. Since A < A whenever A is a subset of S, c is reflexive. It is 


Or : 

Describe H ] y ds : 1 
paa : di A BARA si - antisymmetric since A <B and B <A imply that A =B. Finally c 1s transitive, 
ns. Refer to the matter given on page 255. seri since A CB and B <C imply that A <C. Hencecisa partial ordering on P(5), 
0.3. Define well ordered set. (R.GP Y, Dec. 2017 and (P(S), <) is a poset. Proved 
kE Prob.3. Let N be the set of positive integers. Prove that the relation <, 


ation on NÑ,. 


Áns. Refer to the matter given on page 257. 
vhere < has its usual meaning, is a partial order rel 
sl (R.GP.V, May 2018) 


0.4. Define posets and lattices. (R.GPY, Ji une? 01 


Áns. Refer to the matter given on pages 255.and 258. gual to “a” itself 


Sol. (1) Reflexivity — For each aeN, we have “a” is € 
> 'a” is less than or equal to “a” itself 
> asa 

Hence the relation < is reflexive. 


Q.5. Write short note on lattices. , 


Now 200 
(R.GP.V, June 2004, Dec. 2017, No”. 2018) 


Or Ñ 14) 
Define lattice with y, June 20 
rs 1h example. (R. GPY, caca (ii) Anti-symmetry — Let a, b € Nanda<b,b<a. Then 

- Keter to the matter given on page 258. : A 0 a<b.b<a=>a=b 

0.6. Define distributive lattice, (R.GP. r, Dec: dd Hence the relation < is anti-symmety. 
Áns. Refer to the matter given on page 258. E % (iii) Transitivity — Let a, b, C, € N and aSb, b <c. Then 
0.7. Write short note on complemented lattice. (R.GP V, Ji | me? : E asb,b<c>azg<c dl 

da O 2018 9nce the relation < is transitive. bv < is a partial order 
Define complemented lattice (R.GPV, Dec. aa te 'elatio us the relation “less than or equal” denoted by S 

* A +: N On th 
E e set N. subset of the set 


of Note — The relation < is a partial order relation in every 


R. 


y 8. Write short note on isomorphic lattice. (R. Grr 
ms. Refer to the matter given on page 263. 0 
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Prob.4. Draw the Hasse diagram of Dgy (divisors of 
(R.GPV., June 2004) 


:, with the diagraph for this partial order, as shown in fig. 5.5 


L « 
60). 50 all loops, as shown in fig. 5.5 (b). Then del 
| > move q: elete all the edges 

(a) E py the transitive property. Arrange all edges to point upward, e 


Sol. Let A be the set of all divisors of 60, th ; . , 
Ñ 2.3.4,5,6.10 de q ¡np gl arrows to obtain the Hasse diagram. The resulting Hasse diagram is 
A = (1,2, 3, 4, 5, 6, 10, 12, 15, 20, 30, 60). | el in fig. 5-5 (0). 
Hasse diagram is shown in fig. 5.2. : 15 se 
15 
Prob.5. What is Hasse diagram ? Draw the Hasse 11 
diagram of the set D3p of positive integral divisors of 30 11 m7 
with the relation “1”, (R.GP.V.,, June 2010) 10 
10 
Sol. Hasse Diagram — Refer to the matter given on A 5 >, 
page 255, 5 5 
Let A be the set of all divisors of 30, then 2 É s | 
A=11, 2, 3, 5, 6, 10, 15, 30) , E se 
Then Hasse diagram is shown in fig. 5.3. 0 o 
Fig. 5,3 DA ds a 
(a) (b) O 


Prob.6. Let A= fa, b, c, d] and P(A) its power set. Draw Hasse diagram 
Fig. 5.5 


of [(P(A), CJ. (R.GPV, June 2003, May 2018) AS 
Sol. Given A = (a, b, c, dj) and P(A) its power set Í — prob.8: Let the po-set A= (a, b, c, d, e, f] be represented by 4 
Then  P(A)= (f0, fa), (bj, fc), £d), La, bj, fa, c), [a dy] the following Hasse diagram. Determine all lower and upper E 
£b, c), (b, dy, (e, d), (a, b, c), fa, b, d), (ajo, dj, Y dounds of the subsets — 
£b, c, d), (a, b, e, d)) a Y (i) A, = fa, b) / 
Hence the Hasse diagram is shown in fig. 5.4. (ii) A2= fc, d, ej 
- a b 
Sol. We find that Fig. 5.6 


fa, b, c, d] ' A 
| but it has c,d,e 


(i) There are no lower bounds of A; 
and f as its upper bounds. 


and f is only upper bound Of A». 


(iii) c, a and b are lower bounds, pa 
te, di (V) lubA, =f, g/bA, =C ns. 
2 
toos, Let W= 1, 2, 3, 4, 5, 6, 7, 8) be ordered ña Ñ £ 
Min y loini, 7 1V=48, 
15o f Es adjoining figure consider the subse P 3 
' 4 5 
(1) Find the set of upper bounds of V "Su / ha 
(ii) Find the set of lower bounds of Y AN / 7 
Pob Fig. 5.4 10: A ls e sup (V) exists. ; 
Ze . > qn > . sets. 4 
sera= /0 Ce 08ram for the “less than or equal e relo919) Eo MOpROS (R.GPV, June 2016) siii 
,» “y y , , e R.GP. A 3 ; S . . . ind: 
Ñ % (1) The set of upper bounds of V has 1, 2, 3 as 1S upper | 
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(ii) The set of lower bounds of V has 6, 8 as jts lo 
(iii) Yes, 'he sup (V) or least upper bound of y le Y Doug, 
(iv) Yes, the inf (V) or greatest lower bound of Y ¡s $ 


Prob.10. What is a lattice ? Show that (I, 1) is a Larr; 


A á Ces mw, ; 
set of positive integers and the relation 1 is defined as ap Pas Lis 
divides b. (R-GPY, ha El. 


Sol. Lattice — Refer to the matter given on page 258. 


Proof — The set (1, 1) is a lattice because any upper bou 
where a, b e lis nothing but an element which is divisible by both 


bound is the greatest common divisor of a and b. 
lubía, bj) = a v b= lcm(a, b) 
glb(a, bj =a an b= gcdía, b). 


Prob.11. Let L = f1, 2, 3, 4, 5] be the lattice shown below. Find all sub. 


lattices with three or more elements. 
5 


0) distributed lattice is unique. 


1 
Fig. 5.8 | 
A Sol. All the sublattices with three or more elements are those whost 
A" premum and infimum exists for every pair of elements which are as folloW” 
E ETA 

Ed E v mM vi 1,2, 2% 
A (vi) (1, 2, 4, 5) (1) MI (vi) ( EE” 
prob 12 Ler(L, 
of Meet and join resp 


4 PE? 


ds ectively. For any a, beL— 
E 3 ?axb=a>5a0 b=b 
E ; - Sol. We know that 

| Also, given a< b a < a, because relation is reflexive 


=S 
asarxb 


and si arb<a 
as a * bisthe g/b. ofa and b 


nd of (a, y) 


a . 
a common multiple of a and b which is an upper bound of a and b Aci 
, ast 


upper bound is thus the least common multiple. Similarly, the greatest lower 
er 


dyvb=b" 


cmplement then this c 


iSbifa vb=b ora 1b=a, prove that the relation 
nB and (B, S) is a lattice. 


(R.GPM, Dec. 2015) 


Y 1%, <is reflexive. 


<) be a lattice in which « and Odenote the oper año" 


A 
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y and (ii), we get 
By equations in a . b=a i 
az b=a>asb 
NOW» ax b= a, then 
NOW, a0b= a x bOb (by putting a + b= a) 
=b0awxb (by commutative law) 
= b (by absorption law) 
cf a0b= b 
Now, ! ax b=ax(a 9d) (by putting b=a O b) 
pen = a : (by.absorption law) 


Proved 


p.13. Prove that if L be a lattice then arb=a if and only if 
sl (R.GPV, Dec. 2014) 
Sol. Refer Theorem 3 (iii), given on page 259. e ES 

: . . . . . 3 enthas a. e 

14. Prove that in a distributive lattice, if an element | as 
dl omplement is unique. (R.GPV,, June 2010, 2012) 
lement of an element in a bounded complemented O 

Prove that the complem f R.GPV, June 201 7 
Sol. Refer Theorem 7, given on page 262, 


a relation “S” is defined by 
Prob.15. In a Boolean algebra (B, v, A) pb 


(R.GPV, June 2009) 


Sol. Reflexivity — For every element a€B, we have 
ana=a 
> a<a waeB 


Anti-symmetry — If a, beB and a <b, b <a, then 
a<b b<sasanb=abra=d 
>a=b 
> < is anti-symmetric. 
Transitivity — If a, b, ceB and a<b,b<C, then 
asbib<cooanbrabinsAb =anb=a 
E LS 
>as<c 
. — < is transitive 
“Ice, the relation < is a partial order 0D B.. the g.1.b of the set (a, D). 
S now show that a v b is the /.u-b and a Abs the 8-. 


Les arnb=brnal 
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a avíanb)=a and bv (br a)=bsothata r b 
<bi.e., a n bis a lower bound of the set (a, b). If z is 


of fa, bj] 1.e., 
z<a a<bthnzra=zandzab=z 
Hence,za(anb)=(zrnajrAb=zab=z 
¡.e., a A bis the greatest of all lower bounds. 
Hence, anb=g.Jb (fa, bj 
Similarly, we can show that 
avb=l/u.b (fa, b) 
Thus, (B, <) is a lattice 


Prob.16. For any a, b, c=L , prove that 
(1) an(bvc)=(anb)v(arnc) 
(ti) av(bac)=(avb)a(avc). 
Sol. (1) We have 


(anb)v(anc)=[(a 1 b) va] a [Can b) v e] 
[av(bac)=(a vb)a(avo) 


=aA[(an b) ve] 


=aa[(avo) a (b vo)]= [a (a v o)] a[(bvo)] 


=aA(b ve) 
(1) We have 


(avb)a (ave) =[(a vb)a a] V [(a vb)a c]= av [lalo 


= av[(a Ac) v(b n0)] 


E [a v(ano)]v(ba e) = av(bac) 

Prob.17. Show that a lattice is distributive iff — ss 
MAD) Vbac)v(era)=(a vb bre rteva 
(R.GPV, June 2005, Dec. 201) 


Sol. We have 


EvbDabvoatova)=(a vb) AD) 7 ER 


(vb) ale v (ba a)] 


=tAlc y 
=(anc)v 


it holds the distributivé e | 
bralvbar [c v (bn a)]  (-: lattice is distribui! 
Brbralv(ibrovibr (ora) 
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Let L be the set of all factors of 12 and “| be the divisibility 
proble Show that (L, 1) is a lattice. (R.GP.V, Dec, 2012) 
platon on an of all factors of 12 eL is the lattice L given by 
sol PE 7 41,2,3,4, 6, 12) 
define two binary operations meet (1) and join (v) in D as 


S a and ba Pe 
"y Other Joyey Mi 
sl 


> 


w 
We y =HCF. (sy) 
¿vy=LOM.6yY 
aN ro the composition tables of binary operations A and v are as given 
dl 4 612 
La 14,4 
DE. 2 "e 
hi "NE 
4 “54 
Da 60 
46 12 


slatice, de 
Prob19. Show that the lattices given by the following , 
distributive = 1 pe 


“(aAb)va=9] 


1 


Proyed 


22 
Ex wal 
 Proved 


19 Y 


Fig. 5.9 . 
Sol. We have, 
az * (a, Oa)=a3 + 1= (83 * .n 27) 
a * (a, O az) =0=(8 +* a,) O (a; * 83 
( a * (a Daj)=2a + 1=2 
» * a,) 7) (a) * az)=0 (47) a3 e a3. 
Hence the lattice is not distributive. In the other 225€, 
b¡ x (b, O b3) = b1, while 


(by commutative law) 


AE EN 
(+ lattice is distribuil 


Er (-.- lattice 15 dis A 2) ( 1% 3) E Prov 
(ano v [ar Ynblv(ba O) v[bAb)a a mula Y “ich shows that the lattice is not distributive- pd: 

= (by associative and COn y) Prob.2 istributive lattice. POr ¿ 
CAOVEAD vb ao) w (bn) (by idempoten! Prop AE O oyo 


= (21 0) v (a b 
are o 


AI oO 


A €) v (a a b) (by commutative Prol eng) 


ACA) (by commutative and 4 


(a * b=a * c)r(a 6b=4 
Sol. We have 


* b Dc=(a *. c)0C 
E O 


r BRE o a 
sel (givena » D=2 * 0=0) 


(by idempoten] iva) 
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=(a0b)x* (bOc 64-64 entries of closure tables of 1 and y are eleme 


)=b nts of D 
=b0 (a «* b)=b Sa, c) 0 ch pair of elements x, y € D»y¿, we have e 
fot 
Prob.21. Let L = 11,2, 3, 4,6,8,9,12,18,24) be ordered, "o Jato z, y Da 2 RYIIEV YE Di 
where x/y mean “x divides y”. Show that D,¿ the set of al] divisas lato binary operations meet Y) and join (v) are closed in Dz. 
of L is a sublattice of the lattice (L, |). (R.GPV, Dec. 2000 inge ¡es qe (Das l) is a sublattice of lattice (L, | ). Proved 
Or > Une 201 A a : 
If B = Divisors 0f 24 = D(24) be a lattice then find ay 1CS — INTROD 
l s. TOR A ALA us 
D(24). Also draw the Hasse diagram. ( Í the ties y o TNATION, BINOMIA! 


Sol. The given lattice is JEFF 


L= (1, 2, 3,4, 6, 8, 9,12; IS Ar 
which is partially ordered by the notation “| 
The set of all divisors of 24 e L ¡is the set D,a given by 
D24= (1, 2, 3,4, 6,:8, 12, 24) 

We now define two binary operations meet (a) and join (Win Das 
xAiy= H.C:Fi(agiy) 
and x V y= L.C.M(x, y) 
Here the composition tables of binary operations » and v are as given 


ymutations — Any arrangement of a set of n objects in a given order is 
di ntation of the objects (taken all at a time). Any arrangement of 


myréno 
For example, co 2 TA A 
(i) bdca, deba and acdb are permutations of the our le 
all ata time). ida ei da 
(ii) bad, adb, cbd and bca are permutations 01 ti 
three at a time. uva da ; 
(iii) ad, cb, da and bd are permutations of the four 1 A 
ata time E al ig ars 
e : “rata time is denoted by 
The number of permutations of n objects taken r at a time. Ei 20 
P(n, r), 2Pa Pn,r > nPr. 


six objects, say A, B, 


4 ' For example, find the number of permutations of a 
611 2 35,2 :6 6 ,D, E, F taken three at a time: ; E 
811 2 1 4 2 4 Let the three-letter word be represented by the following ee fas | 
211.23 4 6 mr Oo o eses ways; following this, 
411 2 "tu 5 12 M7 te Now the first letter can be chosen in six difle: following this, the 


rs sond letter can be chosen in five different ie each number in its 
2 letter can be chosen in four different Ways- A 
'ropriate box as follows — 


Le] 120 possible three-letter 


d Sed principle of counting mos dl pots are 120 permutations 
eS Without repetitions from the six letters, or 

Objects taken three at a time. 

Der: P(6, 3) = 120 

lor th “rivation of the Formula for P(n, r) 
rot ele ber of permutations ofn objects cán 
ment in an r-permutation of n objects 


Wor 
sg 


esa ita 
E derivation of the formu 
me at a time follows that the 
be chosen in n different 
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his, the second element in the permutation can k 
ce 


ways; following t 


n — 1 ways; and, following this, the third element is the Permutatio OS ip 
chosen in n — 2 ways. Counting in this manner, the rth (last) element Cande 1 
permutation can be chosen in n— (r-1)=n-r+1 ways. Thns q r 
fundamental principle of counting, we have > DY the 
P(n, 1) = n(a — 1) (1-2) ..... (n—r+ 1) 
n(n— D(n-—2)....(n- ; 
nada tropa A X0-2)..(M—1+Dn=py 
(MD! .. 7 
n! 
(an)! 
n! 
Thus, P(n, r) = AT 


Combinations — Suppose we are interested in selecting r objects from a 
set of n > r objects without regard to order. The set of r objects being selected 
is called a combination of r objects. -* 

The total number of combinations of r different selected objects from n 
different objects can be obtained by proceeding in the following way. Suppose 
this number is equal to C, say; that is, suppose there is a total of C number of 
combinations of r different objects chosen from n objects. Take any one of 


these combinations. The r objects in this combination can be arranged in 1 
different ways. Since there are C combinations, the total number of 


permutations is C.r!. But this is equal to "P,. Thus, 


CH= O 
n : <y4sJ1 POLE: y le 
or C= a | “de E 
r! ' B A E 
Thus, the total number of combinations of r different objects that can de 
selected from n different objects is equal to E This number is denoted by 
E Fl ! j 
2C, - Thus > "A 
2D =p: — A 
C.= “7 
r! o (n=r)!r! 
Replacing r by n — r in this expression, we get 
n n! 
Cri == = > 
E 
We easily find that 
n a ls Pi 
Co ”C, =1 and "CS Cia rr0: CA 


A pe ! ES E el 
Binomial Theorem — For any real numbers x, y and any intege! pa E 
(x + y) =Z Cln, 1) xn" yr e Ó 


a 
pe cars C(M, EJ Hime 


| pinomial coefficients since 


| lave to be chosen from X1) Xo» 000=> Xp 
does contain 
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40. giyes dá : 
shis A gite of x or y from each bracket. If y is chosen from exactly 


,prackels will be ¿DF y", But this can be done in C(n, r) ways, since C(n, 
psultinS te number of ways of selecting r things from n items. Thus xP —1 
1s the It follows that 


(x + y)” =.C(n, 0) xy) + Cín, 1) ya =1 yl + C(n, 2) 


r=0 

Binomial Coefficients — The numbers Cín, ro 

they appear as the coeffici 
(+ y reo 

Theorem 9. — E 

(1) ¿C(n, 1) = Cn n=) 

Proof. (Combinational Version) — If r obje 

here are n — r objects are left. Thus, selection 

he same as to pick out the n — r objects thatare 

every r combination automatically there 18 a 

and conversely. This proves the theorem. a , 

(ii) Pascal Identity C(n +1, 1) = Cl es 

Proof. (Combinational version) — A ch la E 

1) +0, Xp, X, y 1 May or may notiinclude Xy + 1. 


AAA 
a = Cm" 
(iii) Vandermonde's Identity Clím +" ) 0 Ls l 


e that 

set o (Combinational Version) — se q 
“e ens items in a second set. Then poda E 
: 1. 

eme S from the union of these sets pl Pen oí 


me ls from the union is to select k eler en jeger 
"5 from the second set, where X15 an in 
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done in C(n, k) C(m, r — k) ways using the product rule. Hen 
number of ways to select r elements from the union 10 the tota 


r 
Y C(m, r —k) C(n, k) 
k=0 r 
C(m+n, r)= > C(m, r — k) C(n, k) 
k=0 

Multimonial Coefficients — The expression in the form 
binomial, a multimonial is an expression of the form X] +x, + 
n > 3. Just as binomial coefficients appear in the expansion o 
binomial, multimonial coefficients appear when a power of a 
expanded. 


pe + xo with 
Powers of a 
multimonjal ¡y 


Multimonial Theorem — For real numbers 47» ....., A And forn eN, y 
have A 
(a1+...+az)” = y A Je Sl 
impo 1-0... nx Ador... ak 
Here , Ñ ) stands for is called the multimonial - 
lr... nx n; Liz np! 


coefficient and the sum is over all possible ways to write'n as My + o... PD 


This coefficient denotes the number of distinguishable arrangements ofn-.. 


objects, in which there are n, objects of type 1, n, objects of type 2;...., n 

objects of type k. : EE Fa da : 
0.11. Write short note on permutations. (R.GP. YA Dec. 2017) 
Áns. Refer to the matter given on page 273. ho 


0.12. Write short notes on permutation and combination. | 
(R.GBV, June 2017) 


Ans. Refer to the matter given on pages 273 and 274. 
0.13. Write short note on Binomial theorem. se 
(R.GPY, June 2010, Dec. 2014, June 2017, Dec. 2017, Nov. 2019 
Or 
(R.GPV, June 20) 


aos Or 
Explain Binomial theorem in detail (R.GPV, June 2015 


Or 
Write down the Binomial theorem 


Or 


Define Binomial theorem. 


(R.GPV, 


Describe Binomial theorem. (R.GPV, Dec. 2 010 


Áns. Refer to the matter given on page 274, 


Qualg, 


| pimitive 


("y be seated in even places in *P, way 


Dec. 2015) 
a » 
oro, 00:25, Ay certain college, the housing office h 


o... 
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> yrite S hort note on multimonial coefficients, 


(R.GPV, June 2010, Nov. 2018) 


about multimonial coefficients, 
to the matter given On page 276. 


NUMERICAL PROBLEMS 


prite (R.GPV, June 2012) 


Ans. Refer 


Ú o prob.22. Whatare primitive recursive functions ? Show that exponentiation 
gh d by FS y) = Y is primitive recursive, (R.GPV, June 2013) 


Sol. Primitive Recursive Functions — A total function f over N is called 
recursive ¡if (1) it is any one of the three initial functions, or (ii) it can 
pe obtained by applyin g composition and recursion finite number of times to 
he set of initial functiOns. ; 

Problem — We define 

f(x, 0) = 1 
f(x, y + 1)=x * f(x, y) 
= Uj(x, y, £(x, y)) *U3(a y, £(x, y) 
Therefore, f(x, y) is primitive recursive. 


Prob.23. It is required to seat 5 men and 4 women in a row so that the 
men occupy the even places. How many such arrangements are possible ? 


Sol. The men may be seated in odd places in *P¿ ways and the women 
s, and cerresponding to each 
trangement of the men there is an arrangement of the women, Therefore, the 
“al number of arrangement of the desired type is 


SP¿ x 4P, =5! x 4!=120 x 24 = 2880 
h Prob.24. Find the number of distinguishable permutations of 
MATHEMATTCS, 
Sol. Tota] number of letters in the word 


The different letters are as follows — 
M=2,A=2,T=2,H=1,1=1,0=1,5 


the letters 


MATHEMATICS n= 11. 


=1,E=1 
11! 
Thus, the required number of permutations 2 21x21x21x 1x1x1x1x1 
= 4989600 ca 


E isor. How many 
digo e ential advisor. ea 
Vero? 20r, one male and one female resid ven-storey building from 


á Male Patrs af advisors can be selected for a se 
"a 15 Semale candidates ? 
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Sol. From 12 male candidates, 7 candidates can 
From 15 female candidates, 7 candidates can be 
Therefore, the total number of possible pairs of advis 

a a 792 x 643 
TX SI” 7181 5 = 5,096 


be selecteg in 
selected in 15p ? Ways 


120 x I5Sc = 
úl 5520 Ano, 


Prob.26. How many committees of three c 


an be formed from e; ; 
people ? Eht 


Sol. The number of committees that can be formed is 


8! 8.7.6 
“Ca = 3151 = 321 = 56 
Prob.27. How many variable names of 8 letters can 
letters a, b, c, d, e, f,g, ¡and h if no letter is repeated ? 
Sol. There are 9 letters and 8 are to be selected. 
Total number of variable names of 8 letters is 
Pg = E = 9! = 362880 


be formed From the 
(R.GPV, June 2015) 


= 9 


Ans, 
Prob.28. A Sfarmer buys 3 cows, 
6 cows, 5 pigs and 8 hens. How many choices does the Jfarmer haye ? 


Sol. The farmer can choose the cows in %C, ways, the pigs in %C, 
Ways, and the hens in 8C 4 Ways. (OS, 


Hence, altogether he can choose the animals in 


SC, x 3C, x8C,= 54 54 8765 AR 


x = 14000 ways - 
123. 12%: 1234 
Prob.29. Prove the Sollowing identities — 
(i) nO, MC jas 
(ii) dia = cam + "Cc. , 
Sol. (1) We have 
A, 
r!(n—r)! 
Therefore, 
rc = me n! 
rl(n—r)! (r—1)!(n- r)! 
Le n.(n—1)! 
(=D! (n-p- =:1))1 OS 
o O de 


Ors Of the requi 1 Way, 
red Ye ¡ 
IN 


Am. 


ó y 0 : d 
2 pigs and 4 hens from a man who has | ihich A occurs twice, C occurs twice, N occurs twice, T ee ci 
| he rest are all different. Because some of the letters are ca me E 
Wply multimonial theorem. Hence the number of arrang e 


drack 
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() we have - Ñ ki 
. mo /QOUÑíOs A 
al (-D!(M-(1-D)!  rón—r) 
n! 


! n! 
"DADA 


n! 1 + 
E G-Dim-Dilo-r+1 r 


n! an) 
(n+1)n! ¡ 
rFEDn-r+D—n)! 


pS ¿a+D! — n+1 Ei Proved 
E ES SA 


Prob.30. Find the number of arrangement of the letters in the word 


I¡CCOUNTANT. 


j is 10. Out of 
Sol. Total number of letters in the word ACCOUNTANT is 10. Out o 


1 Ans. 
pe: = 226800 
21212121 


: expansion. 
Els, a y from two brackets and a z from two Eee á 
+ y +2) (1 + y +2)... (x+y+z)l Ans 
9! : 
E = 15120 
This can be done in En 312121 : 


z . e to be arranged. 
- Prob.32, There are n objects out of which r objects ar 


"nd tota] number of permutations when e 
(D Four particular objects always Se k 
(ii) Four particular objects never 0€ (R.GP.V, Dec. 2014) 
ject =1 
Sol, (5) Number of ways to arrange first pia Era 
Number of ways to arrange sec 4 object =r —2 
Number of ways to arman E ig 3 
Number of ways to arrange Í0U 


PERA EIA 
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Number of ways to arrange remainin 


aw EN—4 Objects tal « ylation of Numeric Functions — The sum of two numeric 
at a time = ¡E Mr Manr , numeric function whose value at r is equal to the sum of the 
Therefore, the total number of permutation when four parti pio he two numeric functions at r. 
le : 0 : . 
always occur is Ular obio pes exam ple, consider the two functions a and b when 


=r(r-— 1) (r- 2) NS 


O, 0<r<2 
(1) There are four particular objects whi a eE 


ñ : ch Never Occ ; 
arrangement. Hence set aside these four particular Objects. Thus UM any 
find the number of arrangements of n — 4 objects taking r at a Sa have £, E ES 
Therefore, the total number of arrangements ¡s E sé 7 TZ, di r 72. 
e 


be the sum of the two functions a and b and it is denoted by a + b, 
Let € 


rem. 329% py OSrsl 

RECURRENCE RELATION AND GENERATING FUNCTION... rhen | e PE 
INTRODUCTION TO RECURRENCE RELATION AND Js an y 
RECURSIVE ALGORITHMS, LINEAR RECURRENCE 20 +47, 123 


RELATIONS WITH CONSTANT COEFFICIENTS, - 
.. _HOMOGENEOUS SOLUTIONS, PARTICULAR SOLÚ 

_ TOTAL SOLUTIONS, GENERATING FUNCTION: 
¿BY METHOD OF GENERATING FUNCTION: 


The product of two numeric functions is a mumeric funci on whose, val 
itrisequal to the product of the values of the two E 
Let d be the product of the two functions a and b: and: ti 


PS 
ire 
| Then ' 


Discrete Numeric Function — A function is a binary relation that assigns 
to each element in the domain a unique value which is an element in the range. 
In this section we will study the class of functions whose.domain is the setof 
natural numbers and whose range is the set of real numbers. We shall refer to 
these functions as discrete numeric function or, briefly, numeric functions. 
3 For a numeric function we use ay , a, , ....3 a, ... to.denote the values 

of the function at 0, 1,2, : a 
Although, in principle, we can specify. a numeric function by cx 
listing its values (20, 31, .....). In practice we need to use a representation 1% 

| ÁS not infinitely long. Hence 


2 =7%— Mi 0 


0, SS LA É ; 
d, Ni ab, SS 7 9 1+l +45r+ 10, 23. EE d Al 
: j of a husband and. 
Now we can say that if a denotes the monthly ea bn jota 
bdenotes the monthly income of his wife, then a +b wi colima 
income, Let a denote the balance in a savings Son cont. Theo 
denote the monthly interest rate, which fluctuates 1roMm: me 
Ab will be the interest earned in each month. cia Hito es 
Let a be a numeric function. We use ja to ett a, ifapis negative. 

value at r is equal to a,, if a, is non-negative, and is eg le pá de 

For example, let 


biie Estad 


r20 
a, = EDT ' J 
a a "dl let b be [a], then > ! ) | 
=s r> >06. ¡ 

d b,=%» 1? Sia to 
pe =4 = é p? EN +v6 integer. We Dos j a 1 
E Cc, = ais Let “a? b ic function and 1927.00 forr=0, 12,01 
pS 0, otherwise “note a Aa E o such that its value atrl8-” 

eric functio 
d,=32-r, r >S, r is odd E 


9 example, let 
2/1, r >S, r is even 


1 osrsi0 
: : - e , 1211 
are examples of concise specification of numeric functions. A 
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and let b be Sóa. Then 


283 
te the forward difference of a, Aa; then : 
deno 


0, O<r<4 pet b O, O<r<l | ] 
d.= 41, S<r<15 EL ql NA dsd 
2, r>16. r 8 : 
. . $ ra -(r+1) e] 
Let “a” be a numeric function and “i is a +ve integer. We 9 h r23, 
denote a numeric function such that its value at r ¡s Ari fOrr>g € Sia y, lo fe backward difference of a, Va; then 
For example, let | Let e denole, a OS: Ly 
l, 0O<r<10 CN 3 
+71, re11 Sd N 
AT > 4 
and let b be S7a. Then 
that 
Ls 03 Now we note 
a 1 (Va) = Aa. 
s 0d r>4. S” (Va) 


As another example, let a be a numeric function, where a, is the number 
of applicants whose height is r inches above the minimum height requiremen 
to join the Army. It follows that the numeric function S2a describes the 
numbers of applicants in the height groups if two inches have been added to 
the minimum height requirement. 


nd b be two numeric functions. The convolution of a and b¡ is 

a2 ct A 

pa by a*b and is a numeric function e Such that y , a E 
4 e, = agb, + ayb, y +27b,2 ++ 8,101: ao. 


; Ir. 
= y | 
. ed a 
ic fui uch that == 
For example, let a and b be the two numeric functions S 3 
a, =3, r20 


and b,=5, 52 O. 
Then, for 


The accumulated sum of a numeric function “a? is a numeric function 
whose value at r is equal to “a 


h 
Ya. 
a 


pa A qe ec= axb TAN > + a 
For example, let “a? describe the monthly earnings ofan employee, Let pde E 0 | 
- the accumulated sum of “a”. Then b gives her accumulated eamings by mont. Cc, = E 5 ,r20, 
As another example, let 3 : i=0 


a,= 100 (1.07%, r>0 


duce an alternative; 3 
D” be the accumulated sum of “a”. Then 


G ; ] we intro 
E tnerating Functions — In this section, 
; a and let 


Of representing numeric functions. 


' Toa computer science student, the noti 
N amos 


Way 
r r E as 
= - 10,000 +1 11250 
RES a= > 100(1.07)'= [077 1) LS 
i=0 y e y 


A br E 


' ion da? 
on of alternative representation 


; umber is its 
ion for a decimal n 
t familiar one. An alternative representatio for 


, Itiplying . 
: subtracting, mu 
ePPoOnding binary number. Thus, instead o ld as binary er 
i=0 E y PON r > o tób pea 
The forward difference Of a numeric function a is a numeric tu 3 ña “ividing decimal numbers cana operations ON binary Apr binary 
and is denoted by Aa, whose value at ris equal to ay ¡ap the cOmputer to carry out all A aedca by converting the re 
The backward difference of Sh is a numeric funcio» Malain the results of our comput E ic functions. 
denoted by Va, wh A de q 15 into decimal numbers. ¡ye way to represent LUPRNE series 
> : : ative ne an In eS 
For example, let a be a numeric function such that Bor Edd _ HOduES pe sica sony Bo ón ) NE “s Sl 
E Wmeric function (Ap, 41» 22 az nos sa 
7 ZE Tc...” pe, a 0 
dE 0 0<r<2 a) +tajz +2 n of the numeric function a 
2% 45 r>3, 


WhioL + | q 
Mich 1S called the. generating funcio : 
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For example, the generating function of the humeric fune 

: z 
a) 18 As 32043243224 3 
=14+3z2+ 322433734 CN 


.o..... 


1-95 
which is the required generating function. 
Application of Generating Function — 
Let a be a numeric function and A(z) is its generatin 
a numeric function such that 
b, = aa, 
where a. is some constant. 
Since the generating function of b is 
ay + Qa¡z + 0%a922 +... + taz 


= aytay (az) + aqaz? +... +a (a2t+.... 


We have B(z)= A (az). 
For example, since the generating function of the numeric function 
aer =0 | 
E 1 
is A(z) = as 
l=z IEA 


and the generating function of the numeric function 
a, = 0%, r>0 


A) = ——. ha, E 
pi E . L=az A 
s another example, corresponding to the generating function 
2 
A(z) = —*— 
1-47? 


Which can be written as ' 


2) 


A(z) = ——ÁÁ= > 
3 0-23". * 
EN By partial fraction, we have 


1 
A(z) = 13 =P : 
Thus numeric function is naa 


24 (2), 5r>0 


or ql 0, r is odd 
r 9r+l ] : 
>  Triseven. a 
Unfortunately, in 


for the case e = ab : imple form 
Can express C(z) in term of A(Z) and ON SON o 


y 


g function. Let h be 


Me 


| 
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e the generating function of a. lt follows that zi 


a(z) b a 

e e ction of S'a for any +ve integer i. A(z) is the 
Ñ =d0— a 2_ ES 

ing A[A(2) aj(z)- az”... — a 12] is the ia 


Also Z 


Useful Generating Functions 


ara" = Co lgx* 
k=0 


1+C(n,D)x+ C(n,2)x”+. Lex? 


ms 


n 4 
1 +21 = ) Clay jala" 
k=0 


1+C(n, D)ax +C(n, 2)a? x? +. +90 


1 


n 
(1 + xr yr = S C(n,k)x"* 
k=0 


= 1+C(n,Dx"+C(n,2)x?+...+x" 


0, otherwise 


1, ifrk; 


ra AMA 


0, otherwise 


Cn + k —1, k) 


1 Ea k 
IS 
k=0 


= Cín +k- 1,n-1).. 
14 Cía, 1)x+0(0+ 1,2 +>" E | 
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= | 
—— = Y C(n+k-LkxD*x* 
eL 2 (n+ JEDEx 


z 'E ' 
-1-C(n, 1)x+C(n+ 1,2) x? | polutio?. —.< getto O, and the particular solution, which satisfies the difference 


n iS ' 
e ¡th f(r) on the right-hand side. 


0423) de 
—— ] C k-=1 k)aXxX* i : que (h) ¿(b) ¿(h) (h) 
(A=axy? 7 y: (n+k-1, k)a*x C(n+k- Lal Let ¿WM = las ¿Aj 02 O pecan Ap ones ) denote the homogeneous 
k=0 CN y 
jution and 


=1+C(n, Dax+C(n+1,2)2x2+L. =C(n+kii : 
(048 La=1)at r=L¿0 ¿0 AA á 308 
E e O denote the particular solution to 


rence equation. Since 


l-ax 0 the diffe h h , 
ax + atx?+... qa ES Cat; +.. Orar =0 EA a «(8 
and CpaP + Cra?) O +. +C,aP) = f(r) culii) 
We have AA te ES 
h,., h 
al far + atP)) +Ci (a + a(P) ).. «+Ck pe + a») = flo. 


Clearly, the total solution is 
a= ab) + ap) 


se -1 k+1 
ua 2, ? x which satisfies the difference equation. 
a 2 3 4 A homogeneous solution of a linear difference equation with constant 
2 E . coefficients is of the form Aaj , Where 0, is called a characteristic root and Ais 
aconstant determined by the boundary conditions. Substituting A o for a, in the 
t to 0, we obtain 


22 3 4 


difference equation with the right-hand side of the equation se 
C¿Aoé + C ¡Aoi + E A0rE=0. 
| ame The characteristic equation is 
4 HON-negative integer. A sequence is ] CURE ar E o, O E 
fo, is one of the roots of the characteristic. equation then Aaj 152 


“MOgeneous solution to the difference equation. A 
A characte isti p th has k characteristiC 100 S. 

ristic equation of k” degree has cte 

h a distinct. In this case homogeneous 


the ' 
y "90ts Of the characteristic equation are 
olution is 


Linear : oe ts 
a Recurrence Relations with Constant Coefficients A 
Tecurrence relation of the form den 
CatCa + E pad 
a o Car +. Cha 10) ; | 
¡ $ are constant, is called a A l ¡th 
 efficianta The > ed a linear recurrence relation wii 
recurrence oda relation in equation (i) is known as 2 * 
» Provided that both C | 
and C, are non-zero. 
For example, 2a.+5a ,= 3r Ñ E - SN 
is a first order linear recur 0 ts: Also bob 
recurrence relation with constant coefficients- Also se 
2-6, .+a, 2 .S 
and E 
are second- Ñ á : jents 
d-order linear recurrence relations with constant coeficiente: 


constan! 
h_ order ' . ñ d a . 
: 0) = , +. FAO 5 
Es ar - Ajo] + A7097 +0" kk , 
poo A, A, +.., A, are arbitrary constants which are.to be determined by the 

“Undary conditi S a. are the distinct characteristic roots. 
Ñ ta haracteristic equation are multiple 

'Dotg, PPOse that some of the roots of the cha 

ion is 

If %,, be a root of multiplicity 2, then the homogeneous solution 


(A¡r+Aj)aj- 
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Ifa, be a root of multiplicity 3, then the homogeneous ES 
(Ar? + A>2r+ Az)Ja; 
In general a, be a root of multiplicity m, then 4 
homogeneous solution is 
(Ayr" +A A 2? +Amoil+ A] 


lution is 
he corre 
*PONding 


r 
de hese 
where A,, A),...,A,, are arbitrary constants which are to be T 


boundary conditions. 


Particular Solutions — There is no general procedure for determinin 
the particular solution of a difference equation. However, in Simple cases 1] 
solution may be obtained by the method of inspection, E 


(1) When f(r) is of the form of a polynomial of degree tin r 
Er+ EA E Er+ Ey 
the corresponding particular solution will be of the form 
Pr AP A Pa+ Pués 
(11) When K(r) = PB", : Si o 
where f is a constant the corresponding particular solution is of the form Pp", 
if B is not a characteristic root of the difference equation. ? 
Furthermore, when f(r) is of the form 
Er+Ert+ AN 
the corresponding Particular solution is of the form 
A os O Pp PP" 


: (iii) When $ is a characteristic root of multiplicity m= 1, when £(0) 
Is Of the form A 


determined py 


Then, 


we obtain 


E Thus, 
l isthe total 


ES 


| Where s > 


dor example, consl 


Suppose we are given the b 
l neequations 


4. Solution by the Method of Ge 
| equation is 
Cpa, + Cya + Ca _ | ; 
Ed dE: Ear ini ing function 
We find now a general procedure for determining le vi Petén, 
'fthe numeric fuñiction a from this difference equation, w 


'=stor=00, we obtai 


AA 
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a 10 T 
am = A¡Q; +A207 + ER +A ojo + p(1p) 
e Ip +1 Ip+l 
Ary+1 E Ajay +A707 rte +ALo ot + pr +1) 
..onversororsros A nes 
Ay HA E AJA AY a got 
-+p(ry +k-1) 
k linear equations can be solved for Ap As, ....., Ay 


der the difference equation 
a, + JA 1 + 68,_2= 42,4! z 
the total solution for this equation is 
2, = A+ ALI) + 16,41 | 


oundary conditions a, =278, a,=962, Solving pS E Gl 


278=4A,+9A,+256 
a, = QU) + 23Y + 16.4 
solution of the difference equation. . 
nerating Functions - The difference 
+ Car — k E (0) 


..... 


2 + 


' umming from 
k. Multiplying both sides of this equation by Z* para ml 


E, to tu 00 
th (Er Ea ral Er + F,,)P" E a $ LN 
* corresponding particular solution is of the form Y (Coa, +Cjap-1+Cg8p-a + eo + Cra r=8 
al (pr AL pa Hoo+ Pr + MJ y T=s 
Total Solutions — p inally, we. must combine the homogeneous solu da Since 
. 2) = . n _— 
E the particular solution and determine the undetermined coefficients] le he Zag] !] 
de SSteDUs solution. For a k Order difference equation, the k Eo A Coa,z" = Col A(z) — ag -a12- 22 
ed in == Az in the homogeneous solution can be deterM the I=3 » 
y the boundary conditions, a. a for any Tp Suppose” “o 2 ay-22" 
characte A ti Es 10 > Tp +1 Draco. Ar +k=1 , ror a y 0 1 olutioN zZ- a)Z — opuso s-2 
"Suc rOOts Of the difference equation are all distinct. The tota! $9 > Cjar-1z' = CiajA(o) An 
18 of the form A I=9 3 pda ora rrr rre conRE res 
4 A o IN A s-k-1 
r 197 +A703 +....HAj 0 +P | vo a Z 
Where p(r) is the particular A La9Z — 0.0 B-k-1 
solution. 2: +1, «o 0 EMP as Y -ap 21272 
we have the System of lin e COPE zo» lo id e Crar-yz Cpz: ¡AG 30 
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we have 
1 > | 
= ¡(AO 

ed Cp + OZ + oo... +Cpz" » o(80 Faz 4 a)2 


s-1 2 ' 
Z +C¡z(an +9a1Z+ az ÉS 
+as-12 )+Cjz(a9 +a1z+a220+.....+a, 25 0 


For a fixed n the generating function of “a” is 
A(z) = C(n, 0) + Cín, 1) z + C(n, 2) 2 RCM + «C(n, na 
Let us consider a round about way to select r objects from n object, We 
can first divide the n-objects into two piles, one with k-objects and the other 
with n — k objects, for some fixed k less than n. We can then select ¡ objects 
from the first pile, where there are C(k, i) ways, and r — i objects from the 
second pile, where there are C(n—k, r—i) ways, for (¡=0, 1, 2, ..... 1). Thus 
we have the equation 


r 
Cín, 1) = » C(k,i)C(n-k,r-i) 
i=0 
It follows that we can write a = dwe 
where 
D(z) = C(k, 0) + C(k, 1) z + C(k, 2) 2? + .....+ C(k K) 2". 
and E(z)=C(n-k,0)+C(n-k,1)z2+C(n-k 22 +=... 
Pao + C(n=k, n=) 
Repeating the argument a sufficient number of times, we obtain ] 
A(2)=(1 +2) (0 
because the generating function of the numeric function (C(, 
0, 0......) is 1 +z. Let us also point out a very simple comb 
that can also be used to derive equation (i). Consider the coefficient of 
z' in the expansion of (1 +2), In computing the product of the N factors 
each factor will “contribute? either a 1 or az. In particular, to. make up té S 
z', r of the factors contribute az each and n —rof the factors contribute 2 l de 13 
Consequently, the coefficient of z" is the number of ways of selecting Y of 
l + z factors to make up the term z", which of course, is equal to Cln, 1) 
June 2010) 


0), Cll, 1) 


0.15. Write short note on generating function. (R. GP Vs 


Or 
Define S£enerating functions 


Ans. Refer to the matter given on page 283. 


EA 


poble 


y nand m 8! 


| ¡e describe as follows — 


' Ifn=0 then 


nd t 
inational arguner 


Prob o ja y: | 

A 33. Le a, denote the altitude of an atr crafe, in eh 
€ gro 
las 


and l 
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6. Define recurrence relation and recursive algorithm 

O E, - (R.GPV, Dec. 2012 
Recurrence Relation —Refer to the matter given on page 286 : 
cursive Algorithm - An algorithm is said to be recursive, if jt sola a 
m by reducing it to an instance of the same problem with smaller input 


ample — Devise a recursive algorithm for computing b% 
e integers with m>2,n>0and 1 <b<m 


91 


Ans. 


Ex mod m, where 


o rod > algorithm on the fact that b% mod : d 
_ (oo! mod:m)) mod Tm, añd the-initial condition b% mod m =1.. 3 
However, we Cal devise a much more efficient recursive algorithm, which E 


Algorithm — Recursiye Modular Exponentiation E 
procedure mpower(b, n, m: integers with m > 2, n>0;1<b< m): 


mpower (b, n, m)=1 
else if n is even then EA 
mpower (b, n, m) = mpower (b, 1/2, m? modm 
else AS 
2 
mpower (b, n, m) = (mpower (b,| n/ 2 );m) 
(mpower (b, n, m) = b" mod m) ro A 
0.17. Write short note on homogeneous solution. (R.GP W, June 201 


de 0 


Áns. Refer to the matter given on page 287... 004000020 


0.18. Explain briefly — AS 
(i) Posets (ii) Permutation (iii) Combination (iv) Total solutions. - 

(R.GPV, Dec. 2015) 

Áns. () Posets — Refer to the matter given on page 255, 3 
(ii) Permutation — Refer to the matter given on page 273. 
(iii) Combination — Refer to the matter given On Pa89 Ane : | 


(iv) Total Solutions — Refer to the matter given On page no 


NUMERICAL PROBLEMS 


ousands of feet. 
: minutes 
Minute, Suppose the aircrafi takes off afier PE nd GI0000 S 
d, climbs up at a uniform speed 10.4 rue e of fiying 
Minutes, starts to descend uniformiy afÑer ES E 


a ñ 
1ds 10 minutes later. 
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Sol. We have 
O, O<r<10 
3(r-10),- 11<r<20 
a, = 330, 21<r<120 
-13(30—r), 121<r<130 
O, r>131 


Prob.34. Find the generating function qu the eJollowing numeric nica 
a,=73S,r20, hada ( MCHOn 


Sol. Let the generating function be 
A(Z) =0 + az art 


here a, =7,3" 
- ay = 7.30 =7 
a =7.31 =2] 
a = 63 
=7.33 = 7,27 = 189 
and so on. 
Thus 


A(2) =7+21z2+ 63 22 + 18973 +... 8 
=7(1+32+32 2243334...) : 


Ans. 


= — 1 = 
7 (1 — 3z) 1-32 


Prob.35. Find the numeric Junction to the following géneratin funcion 


2+ 32-67? 
AÁ A —_——————_ 
(2) = 1-2 
Sol. Given that 
>) 19,2 si) 
Mo E o 6z 
Or we can also write 8 
2 A 
A(Z) = 3z+ =3z + 2(1 = 22) 
1-2z 
2 32+2(1 +22 + 2232 + 2323 + ......,) 
= 1 za Be 
Hence numeric function is 
Ze r=0 
a=3 7, r=1 


r+1 
2 , 


and SO on. 
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defined by 


(1) a, = (- +2) (r+ 1) 3", 
(R.GPV, June 2008) 


prob36 Write the generating function for the sequence [q, ) sl pi 


(1) (r+2)Xr+1) 
(1) a,= 2 


¡) Given that 

ai - EDO +21) | 

| — hh cali) 
If A(z) be the generating function, then 

A(z) A A sisas 
Putting r = 0, 1,2, ....... in equation (i) respectively, we obtain 
DO O - - Exe: 
E a es 
Mba 00 _2 - co us, 2 iros 

Thus A 


2 12.2 e 
A 
=1-3z +62? — 103 +.. 


1 
A(z) a (1+2) 
.. Gi th t A be 
(ii) Given Se IDAEDA A 


Let A(z) be any generating function, then 
A(z) =ay +ajz+a, z? +azz"+ 
in equation (i) respectively, we get 


Putting r=0, 1, Le cóinos 
ay = (2) (1) 32=2 
a=06)(03)= 

= (4) (3) 32 = 108 
= (5) (4) 33 = 540 
8 a) + 540 7 E esegonoo 


10 
Thus A(z) =2+18z+ ZA 2TOZ  ainiinn ) 


=2(1+92+54 


=2 (1-32)? 
Ans. 


2 
A(z) = aa 
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_jL r=0 
ja A | . 
«-«(li) 
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Prob.37. Find a*b where 
a, =3S, r20 


and b,_=2", r20 yd 
Sol. We have C(2)= 09 +0oz+o2+.,, 
az r>0 From equation segle we get 
Let A(2)= 0) + az + A 2 EL a a = 0 
putting r = 0, 1, o A e we get hos C(z) = 1, 
ay = 1, a,=3, a= 9, az= 27. and SO On, put A(z).B(Z) = C(z) 
Es A e 15 
Thus, A(z) >= 1: + 3Iz+ 02 4H 3. = (1 — 3z)1= a B(z) = 3 
and DU ! 0 =(1-+2z)* 
Let Bíz) = bo + b,2 + bz2? + eb, Sl -22+ 42-88 +0... 
putting r =0, 1, 2, ...... respectively, we obtain Thus; the numeric function is 
b)=1, b,=2, b,=4, b;=8 and so on. a 1, r=0 
Thus, Bílz) =1 +22 +42 +... = (1-22)! = E "O (Ry, ra1 
Now, we have 1 : Prob.39, Determine the generating function of the 1 7 
C(z) =A(z) . B(z) = == A ETB A 
a ¿QU 3z) (1-2z) ha mkere a, E | » lrdseven 
a == (by partial fraction) 2", fris odd. 
Thus, the numeric function is (R.GPV, Dec. 2004, 006,2 
Cc, =3,3" — 2,2 =3n+H - 21+1 Ans. Sol. Let the generating function be a 


Prob.38. Let a, b and c be the numeric functions such that a*b=C. Given A(z)= ay + ajz + 22 Le a F “ad 


that — : " ifr is even | RA 
Ll r=0 glven, = r : a 
a,=32, r=1 and c- rl ls an, ifrisodd. Si 
0, r>2 0 rz1 Putti le E 
. > 1 SOPAS, recados ed we get 
Find b,.. (R.GP.Y,, Dec. 2002, June 2003, Dec. 2003, June 20 a =1, a=2,M= =4, a=-8, > 
Sol. Given, Thus, A(z) =1-22+42 _82+ 162... di | 
1 r=0 1 Deia A ¿7 
¡ a = a PS PEE A AR, CEN ns. 
a, = 2, r=1 oli) el + 2z) 112z 24 ia 
e 0 r>2, ia 40. Let (a,] be a sequence that satisfies that mz 5 
A(z) =ay+tajz+a2+, | tr 17%, 7, for m=2, 3, wnes And SUPpOs€ pee de O 
From equation (1), we obtain k and a : yr nas 2 a de 
a=l, a =2, a=a=...= 0) a Given that, ER a 
Then E e O 
So A, 1 7 m2 eee 
A(2) =1 +22, q” E 
a, =29,-29= 
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Prob.41. Determine whether the sequence fa is a solutio 


recurrence relation. 
a, = 24), ¡ — 4, p Sor n =2, 3, 4. 
where a, = 3n, "for every non-negative ¡Mtegerd ”. 
Answer the same question where, a, = 2” and where, a=5. 
Sol. We have 
2a, Ap = 2130 1)] - 3(n —2) 
=2(3n-3)-3n+6=6n-6-3n+6= 3 =2, 
Therefore, (a,), where a, = 3n, is a solution of the recurrence relation, 
Suppose that 
a, = 2”, for every non-negative integer n, 
, ay=1, 1,32 1¿=4. 
Since 2a, - a, $2.2-1*3%4,. 
Hence (a,), where a, = 2” is not a solution of the recurrence relation, 
Suppose that E 
a, = 5, for every non-negative integer n. 
Then for n > 2, we have | 
a, 28,174, 9 =23= 5=5=a,. 
Therefore, (a,), lero a, = 5, is a solution of the recurrence relation, 


Prob.42. Determine the discrete numeric function corresponding to 
the following generating functions. 


o ay AE 
(1 +2) 


z (il) A(z)= 
AZ 
Sol. (1) Let 
A(z) = (1 + z)? 
=1-2z+ 322-428 +... 
Compare this equation with 
dy + az + ay2? + ad +... we get 
a=1l a =-2, a, =3, dy =— opt 
Thus, the discrete numeric function is 
a= +1 (+1) 
(11) We have, 
A(2) =(1-2ByYl =14+2 4242 +.. 
Compare this equation with 
%taz+taz?razdt.... 
a = l,a, = 0, a, = pde 
a4 = 0, as=0, as=1, o..mosoor 


” of he 


(R.GPV, Dec, 2012) 
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e numeric function is 


e le if r is multiple of 3 
0, otherwise Ans, 


ThuS, th 


prob.43. Determine the discrete numeric function corresponding to 
ch of the following generating functions — 


1) ADA DE 


(iy AD" , “(R.GPV, June 2016) 
72? | 
(iii) A(2) = Mc JO 20143) (R.GPV, June 2005, Dec. 2011) 
5 , ] E ; - 258 
(iv) A() = ===  (R.GPV, Nov./Dec, 2007, Dec. 2009) 
S=627+2 ro EN RA 


Sol..(i) We have, 
A(z) = (1+ZP+(1-2" 

Expand by Binomial theorem : 
= [1 +"Cz + "Cy? + 1 A | a 

+ [1 -"C¡z + Cal — Céti E 

A E ti CI E A 

So, the numeric function will be given by .:: ON 
2."C, whenr = 2N,Nis a natural no. > 

8 2 r=2N+1, Ni isa natural no. 


(11) We have ñ AR 
= ls ls (1-2) don 
0 5-62  (2-D(2-5 5 A 5) 


Expand by Binomial theorem 


A(z)= =a +z+z2 + Z>+....) (1. z Et 


1 1 1 -) 2 | 
= —|]1 MEA +=+—>|Z Pis 
| +(1+2)2+[1 57 


Ps 
se, (Pasta, 6 AS 
= 5 + a Z+ HA e... 5 > 5 
Thus, the discrete numeric function is | 
1 ps 
a si” -1 r20 And 


r Si a(sr*) z 
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(111) We have, 
12% 72? 
A(Í= (12221+32) 142-622 
TR: GE). ved > AMADA 
6 6(l+z-6z?) 6  6(1-2z)(1+3z) 


a : 
6 6|5(1-2z) 5(1+3z) (by partial fraction 


) 


E A A A EA 
aa ] E 22) el 


713 2 3 De 
= E q0+2arez + 8z Po) + (32492 md 


Thus, the discrete numeric function is 


1) 0 
615 5 4 
13 2 
— ca 3 r > 
dE 5%) ) a E | 
or 
0 ) T= ME 
a =3713 cr 2 Ho 
e e —=(-3y ; 
PB ES 
4. 30132 +2c3)"] , ral; Y 
(iv) We have, 0% 
4 á 5 O 
n= a ad 6 Y Cao | 
s TOZ+Z TZ =Z 
Expand by Binomia] theorem A 
(1 2 3 Z 2 2 
UU +z+z" + ZW. 1 4 
ll 5,5115 


A 

7 Ñ 

e 1 

(12 At 

a| 5)2+ taa Z He. 

5 

2 Sál 2 

AY ys, 6 +S+D 7, 

: 3 53 O 

-2,6+D 52 34524+5+1) 84. 
3 53 se A 


je gene 


Posets, Hasse Diagram, Lattices and Combinatorics 299 


e discrete numeric function is, 


th 
nd 0, 0O<r<4 
raá4_ 
a, = = == r>5 Ans. 
4(5 


prob44. Determine the discrete numeric function corresponding to 
rating function 


2 
da AP (R.GBY, June 2009, Dec. 2011, June 2014) 
(Az 


Sol. We have, A(z)=(1+z) (1 -2y* 
Expand by Binomial theorem 
= (1,+2z + 22) (1 + 4z + 102? + 2023 + ......) 
=1+6z + 1922 + 443 +882+ 0... E 
Now, Wwe take 
S=1+6+19+44+85+.... 
S=1+6+ 19 +... eE 
Subtracting, we get | 
O =1+SI+4 1882 — T, 
T, =1+3+13 +23 0000... ; 
Now, we have to find the sum 


1+5+13+25+ .... + r terms. 
pe S=1+5+13+25+..... + T, 
S= 1+5+13 +... +T,. 
Subtracting, we get | 
0=1+4+84+124 coccaoo. —T, 
T, =1+4+8+12+ Lenin + r terms 
= 1+[4+8+12 +... (r — 1) terms] 
=1+ par fo—-D-14) 
= 1451 gr =1+2r (0 1)=1 +2 21 
Z 
ET, = r+22r? -2Er 


2r(r+DEr+D_2r(0+D 
= e o) 


2 3r+1 = EQr? +1 y 
=r (tE) zi ) 


Sd , Y 
PAS iZ A 
E o NA 
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Now, replace r by r + 1. 


r+1 
pm 3 


[2(r+1)? +1] ps E 
. . 3 
Thus, the discrete numeric function is 
(r +1) 


3 
Prob.45. Solve the recurrence relation a,— 64, + 84 
and a, =2. 
Sol. Given that 
a, — 6a, , +882,,=0 
The characteristic equation is 
a2-6a+8=0 => (a-2)(a-4)=0 
a=2,4 
Hence a(1) =A/2 + A" 
Using given initial conditions, we have 
3=A¡+A, 
2=2A, +4A, 
On solving, we get A, = 5 and A), =-2 


od 


Qr?+4r+3) r>0 


r-2 


and 


Thus the solution is a = 5,2" — 2,4" 


Prob.46. Solve the recurrence relation Ay = Oy] + 64,2 giving initial 
(R.GP.V, Nov, 2018) 


condition ay = 3 and a, = 6. 


Sol. The given equation may be written as 
Ay — Ap-1 — 689, =0 

Here the characteristic equation is 
a2-0-6=0> (0. +2) (a-3)=0=>aua=-2, 3 


Hence ap =A (254 A723” 


Using given initial conditions 
3=A,+ A, 


and 6=-2A, +3A, 


On solving, we get 


Thus the solution is 


3 
a += Oy 3 


21 +Ara.3) 


(R.GP 
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p.47. Solve the following recurrence — 
pro Ñ a, = 68, = 94,» 
pject t0 initial condition a,=1 and a,=6. (R.GPV, Dec. 201 7) 
E The given equation may be written as 
So. E 0 9, ,=0 
characteristic equation is 
a 60 +9=0> (a-32=0>0=3,3 
al A (A¡n+A),)3" s 
sing given initial conditions, we obtain 
A,=1 and 3A, +34, =6. 
A, =BA, =1 
a) = (n + 1).3" 


Ans, The 


50, 


Y, June 2011) A 


On solving, We get 


Thus the solution is Ans. 


Prob.48. Solve the recurrence relations 
a,- 74, ¡+ 10a,_,=0, 


ay=0, a, = 3. (R.GP.V, Dec. 2002, 2003, 2008) pe 


given that 
Sol. The given equation is 
a, — 7a, ¡+10a,7=0 
Here the characteristic equation is 
a2-7a+10=0 > (a-2la-5)= 
a) =A12+4925 


EN 
ES 


0>0=25 


AnS. 


Now using given initial conditions, we obtain 

A, +A,=0, 2A,+5A, =3 
On solving, we obtain 

A, =-1,A),= ] 


(bh) = 512" Ans. 
ar 


Thus, 
Prob.49. Solve the difference equation 
Y gx —Yx-1-Yx-2=0 
Sol. Given that 
Yg — Yx-1- Yk-2=0 
The characteristic equation iS 


a? 


(R.GP.V, Dec. 2014) 


-a—1=0 


o :A 
14 4/5 1-45 
pum 2 , 2 


BB 
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Hence the solution is 


] , 


Prob.50. Solve the difference equation a, — 4a,._ 1+4a,,=0 
po) = 


1-45 


2 


| 


p 


the particular solution, given that ay =1 and a, = 6. (RGPy Dec. > 
ss 013) 


Sol. Given that 
a -4a,¡+4a,2=0 
The characteristic equation is 
o2-4a+4=0 
a?-2a-20+4=0 
a(a —2)-2(a-2)=0 
(a — 2) (a —-2)=0 
a =2,2 
Hence, the solution is 
a(Y = (Ayr+A))2" 


Using given initial conditions, i.e. r=0 and r= 1, in equation (ii) 
l = A> 
and 6=2A,¡+2A, 
On solving, we get 
A¡=2,A,=1 


Thus, the particular solution is 
a(Y = (2r + 1).21 


Prob.S1. Given that 49 =0, a, =1, a, = 4 and az = 12 satisfy the 


recurrence relation — 
a, + C7 a 1 sl C2 A, 


determine a,.. qe 


Sol. Here given recurrence relation 


E = 

: 5 2%_2=0 
Putting r=2, 3 we get PE 

ee 2+caa+ca=0 
and 1 Dia: 


a3+ca+c = 
221 =0 
12+ (24) x4 +0, x l1=0 
Cc) =4 

“. a, -—4 a-¡+4 = 
The characteristic ad : 
0% —4a +4 
(a — 2)? 


0 


> 
0 >a=2,2 


(R.GBW, Nov/Dec. 2007, Dec. 2011) 


cil) 
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he homogeneous solution is 


Y a, = (Ajr+ Az) (Q) ón 
¡ = (0, 1 we have 
y: Ans. Now pena j = 0 
ao = A2(2) 
and find > A) =0 
e ay =(A¡ +A>)2 
a 
6) - E 
Ss A, =1/2 
1 
Hence a, = (Gro Ans. 


Prob.52. Determine the particular solution for the difference equation — 
a, — 24, _ ¡ = ft), where f(r) = 7r. 
(R.GPV, June 2007, Nov./Dec, 2007, June 2009) 
Sol. Given that 
a, 2a,-1= £(1) 
f(r) = 7r 
a,-2a,1=71 
The characteristic equation is 
a—-2=0 or a=2 
Ea a =A,.2 
We assume that the general form of the particular solution is 
a(P) = Pyr +P, 
Where P, and P, are constants to be determined. 
Putting this value in equation (i), we obtain 
(Pyr + P>) — 2[P,(r — 1) + Pa] = 75 
Pyr + P, — 2P,r + 2 Py - 2P,= 71 
— Pyr + 2P, - P, = 75 
Equating the coefficients of r and constants terms, we obtain 
7 P; =2e "=P, =- 7 
2P, -P,=0 
2 x (77)-P,=0 
-14 —- P,=0 
P,=-14 
a(P) =-7r- 14 


Hence, the solution is 
r pen 
ap= am 6 ás sa qn 


««.(11) 
we have 
where, 


..(1) 


Ans. 


sali) 


Or 
.. (1id) 
Or 
Ans. 


Ans. 
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Prob.53. Obtain particular solution 
a, +54, +64, 2=3r-—2r+1 
Sol. Given that 
ap + Sa, ¡ + 62,7 =Ñ1) 
f(r) = 32 - 2r +1 
a, + Sa, ¡ + 69,7 = 32 -—2r+1 
The characteristic equation is 
02+5a+6=0 
(a +2) (a+3)=0 or a=-2,-3 
27? =A1 2 +A) (3) 


where 


We assume that the general form of the particular s 


at) Pf + Par +P r? 


where Py, P,, Pz are constants which are to be obtained. 


Putting the equation (iii) into the left- 


P3 + SP3 + 6P3 = 3 


Pz + 5P2 — 10P3 + 6P, — 24 P . 
P] + SP] — SP) + SPz + 6P, — 12 P) + 24P3= 1 ««(vi) 


On solving above equations, we get 


q 13 1 
AS 238 20240 25 


So the particular solution is 


71 013 1 
(9) = =— + Tr 4 p2 
>. O AA 


Prob.54. Solve the difference equation 
a,- 34, ,+ 24, ,=2", 
Sol. Given that 
a, — 3a,, + 28,, =Z 
The characteristic equation is 


%-34+2=0, 002-200 +2=0, 0 


a =L,2: 
and for particular solution, we ass 


Pr2", because 2 is a Characteristic root. 


hand side of equation 
(P] + Par + Pgr?) + 5 [P, + Pa. E=1) +Pa 

+P2 (1-2) + P3 (r-2)]=3122r+ 1 
(P1 + Par + Pg?) + 5 (P, + Par — Pa + Par? + p, - 


+ Par —2P2 + P3 12 +4P3 — 4P3r) =32 2141 
Equating the coefficients of equal power's, we get 


[R.GPV, 2003 (ED), June 2005] 


(a. — 2X(a — 1) E 
a =A(IN+A,Q) 
ume that the general form 
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inatorics 305 
g this value in equation (i), we get 


tin 
(R-GPY, p, EN PEZ —3P(0— DI 4 20 990 a y 
2009 Pr2"— IPIZES 4 3P25 Y pia pra 7 
3 3 1 
ra Pr yg PZpr_ 
Pr2 5) 2 a P2 =2' 


l pr = 2 => P=2, 
Ñ 2 
Thus, the complete solution is, *. 
| 2, =AL(DE+ Aj.(2)" + 120, Ans. 


Prob.55. Determine the particular solution for the difference equation— > 


. a(p) = 21)! = pr 


.u.(ij) 


Olution is 


a,=4a, +4a_,=2". (R.GPV, Dec. 2006) 
íÑ iven equation is ' ds 7 mE 
«+. (111) Sol. G a,—4a,,+4a,,=2 | 0% 


The characteristic equation is | 
a - 40 +4=0 > 0=2,2 > al =(A,+Ajr)2 
Since 2 is a double characteristic root, hence we take ; 
a(P)= 2p2" 
r A 0 
ing this value in equation (1), we get - 
e - PRA (1-12 P 25 + 4( 1-2) P292=2" 


(1, We get 
17] +6 [p, 


2P30) + 6 (P; 


7: (19) as 2P2! — 2(12 — 2r + 1)P2+ (1 — 4r + 4) P2!=7' 
EN y > PP - 21?P + 41P- 2P +1P7P-41P+4P=1 
O g(P) = Lp291 Spa 
> P=1=  P= A: 2 
Thus, the complete solution is, Ans. 


a.= (A, +A,D)2"+ a 
r 
Prob.56. Solve the difference equation 
a, +a,,=3r.2. 0 
Sol. Given, ata" 312 
The characteristic equation 15 
a+1=0 
> ol == ll e. 
The general form of the particular S 
(Pr +P,) 2 
Putting this value in equation (i), 
(Pr +22" + [P1 > 
L (pr —P, +P2) =3r 
2 


Ans. 


¿0 ACI 
r ; 
olution 15 


sui) 


we get r 
(-1)+ p2"" 53d 


> (P,r + P,) + 


306 


and 


Discrete Structure 
3 1 3 
Por -—P, +=P>,= 
En 3 P,r E. 3r 
Fquating the coefficients of like power of r, we get 
>» =3>P, =2 
2 Z 3 


ar) = (21+3) pl 
d 3 


Thus, the complete solution is 
a, = ACI) + (2 + z) ze 


Prob.57. Solve the recurrence relation — 
+4a,, =(r+ 1) 2”. 
Given a, = 1, a,= 2. 


a, 5 44, 


Sol. The given equation is 
a, —- 4a, +42, 
The characteristic equation is 
02 -4a+4=0 > a=2,2, 
Since, 2 is a double characteristic root, then we los 
a) SEP. +P0Z 
Putting this value in equation (1), we get 
P (P,r+P,).2* — 4(r- 1?.[P, (r- 1) +2 20 a 
+40 29.1P, (622) +PJ27 =0+02 
=> PA + Pe 2 (2-21 + 1) (P,r —P, +P)) i 
Sr-DE, 1-2 ptr) 
Pyr? + Par? —219P, +2P,1? =2Po1? + 4Pyr? — 4P,r ] 
+ 4PyE=2P,r + 2P, —2P, +Pp1? =22J1% Apo 


-4P, 124 8P,1=4P, r+4P,r—8P a 
> 6P,r + 2P,- 2P, — 8P, +%p, =r+1 
> 6P, =1 =P; 2 1/6 

_6P. ¡+2P,=1>P,=1 


AE (5) qe 
Hence general solution is 


<a 


¿0 =(A, +Agy : 


el 


| We take 
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= (A¡+Apr).2' + nes ja 


Also given that .. 
ay=1anda¡ =2 


1=A¡+0>A¡=1 


1 
Pm” 2A, + 2 > 
E 
4 
> PE E 
6 ser dsd 

dl: - 7 

4 11 e 

0d 2 6:86 


Hence the complete solution is 


a, = (1 E Tejar «ez + 1)ar 


Prob.58. Find total solution for the recurrence relation 
a, — 4a, / +4a,,=(r + 1)2" 
Given ay = 1, a, =2,a,=3. 
Sol. Refer to Prob.57. 
Prob.59. Solve a; — 2a,_, + 
Sol. Given equation is : 
a ¿20,1 +8,2 =7 j (1) 
The characteristic equation is 
02-20 +1=0, «. a=1,1, af? = (41 +42).(0" 
Since, 1 is a double characteristic root of the difference equation, then 


(R.GP.V,, Dec. 2016) 


a. 7, 


a(P) =Pr, because p=T741" 
Putting this value in equation (i), we get ; y 
PP — 2P(r - 1)?+ P.(r-2)=7 
== Pr? 2 pr? + 4Pr 2? + Pr% = 4Pr0+ 4P =7 
2 


(p) oa 
== P=TISP=E RA a y 


Thus, the complete solution is, 


2,=(4,+AD +3" ÉSE 


08 Discrete Structure 
b.60. Solve the recurrence relation Sl 
Pro a. +60, +9, ,= 3, given that a, = 0 and a,=1, 
+ a 
(R.GP.V, Dec. 2004, June 2005, Dec. 2006, June 2007, 2010 
Sol. Given, a, + 6a, +98, as Y 
The characteristic equation 1s 
a2+61n+t9=0, = (a+3)?=0, 
a =(A1+A2)03" 
Here, f(r) = 3 
vhich is a constant. The particular solution will also be a constant P. 
Putting P into equation (1), we get 
P+6P+9P=3, 16273 


3 3 
=z — £ (p) = — 
> 16* «- a 


..(i) 


a 0 


3 
a, = (A+ AD.) + 16 


iso, given a, = 0 and a, =1 


0=A + DA 
16 16 
1=-3A,-3A,+ mo A,= hi 
e ES TE si 
Thus, the solution is = MP (3) ye : 3 AnS. 
UT 16% 
Prob.61. Solve the following recurrence relation=- 
a,- 74, , + 10a, 7 = 3", given that ay =0, a, =1. y Y 
(R.GP.V, May 2018) 


Sol. Given that, - 
a, —7a, , +10a, ,=3 — | E 0 

The characteristic equation is a 
a2-7a+10=0>0a0=2 5. a) = A,.QJ + Az) 


We assume that the general form of the particular solution is | 
p3r 1473 


Putting this value in equation (1), we get 


P3— 7P3mI + 10p3r2= 30 > par Ig MN 
3 O 
S 
> e PS" => Ps 9 . (p) = 223 
9 ads 2 


Thus, 9 


9 TA PRA 3 


also, 
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given that ay =0anda, =1 
9 
OA +A, 2 SA, +A, => ..(id) 
7 En 29 Ñ 
1 275) a . (111) 
On solving, equations (11) and (111), we get 
8 11 
Daz 3, and A, = 3 


Thus, the complete solution is 
Prob.62. Solve the following recurrence relation — 
a, - 54,7 +6 a, 7 =3", given that ag=0, a, =1. 
(R.GP.V., June 2016) 
Sol. Given that 


a, —- Sa, +62, 7=3 ci) 
The characteristic equation is 
02-Sa+6=0 
> (a-2)(a-3)=0 
ki. Di 203 
So af? =A1(2)+A2(3) 
For particular solution, we assume that the general form 
Pr3", because 3 is a characteristic root. 
Putting this value in equation (1), we get 
Pr3" — SP(r-1) 371 + 6P (r- 2) 3-2 = 3" 
Pr3 —SPr3 Ml 4 5p3r! 4 6Pr31? -12P3"? =3' 


Prat A ppgr pg 2 pg" 3.2 3 
3 3 3 3 
_P3 = 3 


Pp= 3 
A a p3t gt 
Hence general solution is 


a,= al? +af” 
a, =A12! +A9231 + 1 351 0 


10 Discrete Structure 


Using given condition, then we obtain from equation (ii) 
0= Aj +HA)>Aj +A>,=0 


nd 1 =A,.2+A2.3 + 1.32 
> 2A, +3A2=- 8 
Solving equations (iii) and (iv), we get 
A¡=8,A,=-8 


Hence the complete solution is 
a, = 8(2) - 8(3)' + r(3)"+1 
Prob.63. Find the general solution of — 


(tii) 
«««(1y) 


Ans, 


s(k) — 3s(k — 1) — 4s(k — 2) = 4. (R.GPV, Dec. 2009) 


Sol. Given that 
s(k) — 3s(k — 1) — 4s(k — 2) = 4% 
The characteristic equation is 
02-3a-4=0 
oa2-da+ta-4=0 , 
a(a—4)+1(0a-4)=0 
(a + 1) (a -4)=0 
> a=-1,4 
=A CEDE+ AY 


cool) 


We assume e the general form of the particular solution is Pk4*, because 


. is a Characteristics root. 
Putting this value in equation (1), we get 


Pk4k — 3P(k — 1) 4151 — 4P(k — 2) 4? = 4% 
- Pkak PO 14% - PK 2)4k =4k 


3 


Ey 
4 


2 pak 1 Z 
4 


Pk4k — ——pk4k 42 pa4X= 
4 4 


5 
rad =4k >P=4/5 


1 


4 
(0) Fp4K -%¡7K+1 


Hence, the complete solution is 


S;= A DK+ Az (9): + : A y gk+1 


AnS 


Prob.64. Solve by the method ofgenerating JEmecanS the recurrence rea! 


a,- 3a, +60, ,=2,r>2 
with the boundary condition 


1) J 
d4=1anda,=2. (R.GP. v, Dec. _a0 a] 
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Sol. For the recurrence ea | 
- a, +68, ,=2  r>2 
with the EURO ea: ag =1 and a; =2, since 
2 a,z' — 2 a,-2 + Vu Ñ Nat 
r=2 r=2 

We obtain: 

A(z)-a¡z- ay - 57 A(z)-ap]+ 6z2A(z) =Azt+rz2+ 2d... ) 

A(z)[1-5z- 62%]=a,2=a9 +5a92=2[(1-2)7! -1-2] 
Putting ay = 1 and a, = 2 in above equation, we get 


ACI =52 627) 24=1+52= 2 0 2% 
(=3 
2 
A(Z[=5Sz- 62? ] ==—— -—5z- ] 
(1-z) 
1-4z +52? 
A(DILA — 320 — 2z)] = ——— 
(1-2) 
AJÉ,) - 1-4z +52? 
(1-zA-2DU-3z) 
By partial SS 
E 1 
A(Z) == 
(1- + Yo (1-2z) E 3z) 
Consequently, =1-1H 43 Ans. 
Prob.65. Solve yy+>7— e ¡ +10y, =0 with yy =0, y, =3 by the method 
of generating function. (R.GPV, May 2018) 
Sol. Given, ES 
Yh+2 — 7Yp+] + 10y, = 0 ..(1) 


With yo = 0 O, y1,=3. 
Consider the generating function 
Y (t) = 2 = yq + y¡t+ yo tó Pasos ««(ii) 


Multiplying equation (i) by mb and summing from h= 0 to h= «o, we have 


ma It op =0 
Q + y3t = 0 )- 1 “3 Da + 00...) + OY = 0 [By equation (ii)] 


UE yo yt _7Y0- Yo ,10Y(9=0 
; t 


Or 


Or 


[By equation (ii)] 
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or 


vhere P,, P, and P, are constants, which are to be determined. o] 
Putting the equation (ii) into the left-hand side of equation (i), we gel 


Y(9)-3_,Y0 10Y(1)=0 


2 t 
Y (t) - 3t- 7t Y(t) + 10 Y(t) =0 
(1 - 74 + 10t2) Y(t) = 3t 
3t 
Y0=1_71+102 
3t 
Y(0= 1-204-5t) 
By partial fractions 
Jl 1 
Y (t) = 1-30 50) E 4-20 


O 
Y ynt” = (1-57 - (1-24 
h=0 

= (1 + 5t + (St)? + 


Equating coefficients of t?, we have 
ae 
Prob.66. Solve the difference equation 
a, +Sa, , +60, ,=3r. 
Or 


man Yo = O, Y E 3] 


+.(590*+ 
— (1 + 2t + (21? + 


+ (2t)t + 


Determine the particular solution of the recurrence relation 


a,+5a,¡+6a,,=3r, 
Sol. Given, a, + 5a, , + 6a,_, = 3P 
The characteristic equation is 


a02+Sa+6=0 > (a+2(a+3)=0.. 


a =-2,-3 
a = A, (y + AY. 


We assume that the general form of the particular solution is 


P, + Par + Pe 


[P, +Por + Py] +5[P, +Pr-1)+P,(r — 1] 


+ 6[P, + P,(r — 2) +Py( — 2% 
12P, + Par + Py? + SPar — SP, + SPy — 10Pr + SP¿+ÓPr 


12P, + 12P,r — 34Pgr — 17P, + 29P, + 12 P,2= 3h 


12P3% + (12P, — 34P3)r + (12P, — 17P, + 29P,) = 31”. 


A 


Lal 


(R.GPV, June 2015) 


(R.GPV, Dec. 2010, 2015) 
AN 
0 


.ló 


Po, 
3 


12 Pp, = 3 
12P, — 34P,=0 
12P, — 17P, + 29P,=0, 
On solving equation (iii), we get 
A 
pya 1. 
From equation (iv), we get 
12P,=34x 2 - 5 
From equation (v), we get 


17 1 
12P, -17x—+29x== 
! TE dE: 


10) —_— 
24 "288 
lo 15 
ar(p) = —r?* +—r+—- 
(p) ¿4 24 288 
Thus, the complete solution is 
a,= 2,0 + a, 0) 


So, 


y 


or 2,2 Aj CDA + 


Prob.67. Solve the recurrence relation 


Sol. Given equation is 
a, —5a, , +68, ,= P- r 
The characteristic equation is 


a =A,Q) + A, BY. 


a(P) =P, + P,r + Pyé 

Where P,, P, and P, are constants, which are to 

Putting the equation (ii) into the left-hand si 
[P, + P,r + Py] — 5 [P, 


be 


+6[P,+P,(1- 
(P, + Par + Py?) — 5 (P, + Pr —P, +?) 


or p,= 17 


— 


17 
24 


r? + 


02-sSa+r6=0 > (a-2)(a-3)=0, -. 0=2,3 


We assume that the general form of the particular solution 15 


determined. 


-n +. a-D 
+ Pp, (r ) 2 + P, Cr pe, 2] El et 


> 


+PP-4P,r+4P)= 
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Comparing the coefficient of like power of r, we obtain 
+. (111) 
..«(1v) 
...«(v) 


a,—5a, +60, =1-1,1 22. (R.GPW, June 2008, 2014) 


e. (1) | 


de of equation (1), we get 


314 Discrete Structure 

> [P, - 5 (P, -P, + P,) + 6(P, — 2P, + 4P)] + [P, - Sp, 28 
+6 (P, — 4P)Jr + (Pa — SP, + 6P JR = 3 

QP, - 7P, + 19P,) + (2P, — 14P,)r + 2P, r=p-r r 


=> 
Comparing the coefficients of like power of r, we obtain 

2P, — 7P, + 19P, =0 00 

1 2 3 »»(i1i) 

2P3 =1 “..(v) 


From equation (v), we get P, = 1/2 
From equation (iv), we obtain 
2P, =-MUE=-= 
=> 2P, =-1+7 or P,=3 
From equation (iii), we get 
2P, - 73) + 19 (1/2) =0 
23 


23 
or 2P,= a = 7 or P= 4 e. 
Thus : A 
23 e 
P, = q +» P,=3, P¿ = 1/2 
So particular solution is 


a(” = AFA 
Hence total solution is 
a, = a 7 a(P) 
= 23 1, 
1Q)Y +A). (3) +43r+2r 
4 2 
Prob.68. Solve the recurrence relation — : a 
a,- 09, +64, ,=2+rnr2>2 : y 
vith conditions ay =1 and a, = 1. 
Or 
Find the total solution of the recurrence relation — 
-34,_/+64,_2=2+nr22 : 
th as. conditions ag=1 and a, =1. (R:GPV, Dec. 201 
Or Él 
Find complete solution of the following recurrence relation de 
a,- Sa, , +64 23 = 28 + nmr>22 E 
th boundary conditions a4=1l and a q= 1, 
Sol. nen equation is 
a, 89. ¡ +62, RL 


(R:GPV, June 


(R.GPV, Jun 


: : ee 
o A | = 241 +342+497+7 > 241+58, 
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The characteristic equation is 
¡e ¿o 2049 Sat 6=09 
> - (a—-2X(a-—3)=0, .. a=2,3 
/ a Aj pr ; e 
Sales 2 is a characteristic root of the difference equation, then we take 
a(P) = PyL2! + Por +P, 
Putting this value in equation (1), we get 
P 12" + Par + A (1 =1)25 +p, (1 1)+P,. gl 
ESLP, (1 2)2%? +P, (1 2) + Pal = MA 
Pyr2*+ Par + Py SP 125 + 5P 251 + SP, SPor SP, pa 
1 Pg + 6P, Y +z 


P¡r2' +Par+ Ps —-Pp02", Jos 024 SP, — SP,r — SP, 
+ Sas P2 =2 
77 — 3P,2" + 6P,r — 12P, + 6P, =2! +1 
392" +2Pr +2P3 —3P,2* -7P, 22 +1 
2 + 2Pr + (2P3 — 7P»,) =2+r 


Equating the coefficients of like power of 2" and r, we get 


P; 1d 
=2)71>P,=-2,2P,=1=>P,= 2 


| 


2P,-7P, =0=>P,= 
(p) r - Si grp E 
ar — 2r2 +7 4 ST 2.4 


Thus, the solution 


r .. 
a,=A,2+A,3-12 + ATA (8) 
Also, given that 
a=1,a,=1 
From (ii), we obtain ; po 
1= A¡+A) ed > Aj +A)? 7% (108 


u 
4 


(¡8 


116 Discrete Structure 

Solving equations (i1i) and (iv), we get 
17 
4. 
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3 1 
[P2 +7 (QP, —P,) —-—(4P, — P. 


Hence complete solution is 


17 


3 1 
7 (Pr —P2) + (4P —2P2) =r 
a. BE A ¿Edy 
4 2 4 


1 
Ans, [P ]r+>[P, +P,] =r 


Prob.69. Solve the recurrence relation — 


Comparing the cocficien of like powers of r on both sides, we get 
a,-60,¡+80,=1r. 4 


P¡=1 and 2 + Pa)e Po 


vhere ag = 8 and a, = 22. (R.GPV, Dec. 2005, June 2013) ' 
Sol. Given equation is | 0 So, aP) = (r= id rán 
a,-6a8,-¡+88,2=1.4 AS ] 0 Hence the complete solution is 


The characteristic equation is 


a? -60+8=0>(a0-2)(a-4)=0 
a =2,4 


a aa sl e 
=A¡.2 +A2.4 + (r-1)r.4! > E 
also Ene ag 8 anda; = 22 


¿0 =A/ 27 +A, 4" | . | (iii) 
Snes 4 isa chatictenivio root of the recurrence relation, then we have sd ] nn da 0 
e) 5 A On solving above equations, we get : 
ap (P,r + P> )r.4 «««(ii) A¡ =5,A,=3 
Putting this value in equation (i), we get , Hence, a, = (5).2" + (3).4" + (r - 1).r.4" Áns 
: E | . 
(Pr +P2)r4* —6[P,(r-D)+P] (1-14 La po Prob.70. Solve the recurrence relation 
+8 Ss 2) +P,](1-2)41? = = rá E E REN 84 (R.GPV, Dec. 2014) 


Sol. ? E 

> (Pjr +P)r4! - (PG 12 +P, (r-D]4 Se ne BIvoIL OQUuEon . t 
ar+2 228,41 +8, =r”.2 (1) 
E? a, —2Ea,+a,= 12.2! 


+LiPo2 +P>(1-2)14* = r4' 
2 1 y 2 (1 )] r4 y (E? E + 1) a, = por 


/ (Pr? FPDA" - [P,(? 27 " Mes ya The ra equation is 
1 o S a” -2a+1=0 
+ [P,(%=4r4 4) + Pa (1 =2)] 41 = 1.4" (a + 1?=0 

: a= 1,1 


Therefore, homogeneous solution is 
a = (A, +A2)1=A/¡+Agr 
For finding particular solution of equation (1) 
Suppose its trial solution is 
(Pr? + Par + P3) 2* 
A ap = (Py + Par + 3) 2 
a = [P(4+ 1)? + Pa(r + 1) + P3] pr 
a) = [P¡(r + 2) + Po(r + 2) + P3] 22 


(Pjró +P21) 4 5 [Ppr? —2P 24 Por Pp — p,14 


+= > [Ppr? — AP r+ Par +4P, 22914 - 


Comparing the ER a 4", on both sides, we get 


| (Pr? + Pr) Ire? -(2Bp P,)r +(P, —P2)] 


1 S 
+7 [Pyró — (4P, — Pa )r +(4P, —2P9)] 


18 Discrete Structure 


Putting values Of aj, Ap+1> %+2 in equation (1) 


[Py (1 + 2y + Pa(r + 2) + P3] 2r+2 _ 2[P,(r + 1? + Pa(r +1D%p 22m 
Ey Par +) > mE : 
2 AP, ? +4P, r + 4P,+ Pr + 2P) + P2)= 4(P, rn + 2P,r + PE 3 
EP, +Py) + PH Part po, 
(4P, -4P, +P)r?+ (16P) +4P,-8P,-4P,+P>,)r+16P /+8p, 
+ 4 Pz — 4P; A ds 
py2 + (8P, + Pr + 12 P, + 4P, +P3= 5 | 
Equating the coefficients of 2, r and constant terms, we get 
P¡=1 
8P, + p, =0 
12P, + 4P, + P3 = 0 
Solving these equations, we get 
Pa Le P,==8, 541 
Particular solution is 
a(P) = (11 + (S)r + 20). gres 
=2(2-8r+20) 
Hence the complete solution is 
a, = a le a(P p) 


25 


A + Agr +2" (1? — 8r +20) AnS. 
Prob.71. Solve the-recurrence relation — | ye 
E (R.GPV, June 2017) 


aro Sap +1 + 64, =1 
Sol. The given equation is | | 
aq 2 — Sp +1 + 6Ap Me A, o 
Ela, -5Ea, + 6a, = n? 
(E2-— SE +6) a, = n? 
The characteristic equation is 
a?-Sa+6 = : 
(a — 2) (a — 3) = 
dl = a 3 
él: homogeneous solution is 
a =A/0) +42 67 
For finding particular on of equation (1) 
Suppose its trial solution 1s 
Pn? + Pan + P, 


320 Discrete Structure 
—]1 -2 
ETE z “1 


9] 0 DC ¿E €, ¿OD Cart o] 


| 
n.2” Prot 
Prob.73. Evaluate the sum 

12424324 cuao. +1, (R.GPV, Dec. 2005 


Sol. Let the sum of square be of first r natural numbers is $, then 
g=12+22+32+4%+ 0... + p? 

Inequality 
8 -(r-1P9=3%-3r+1 E o 

in above unequality, putting y 

ÉL Z, Him (r — 1), r, we get 
13-03 =3.12-3.1+1 
93-13=3.22-3.2+1 
33-23 =3.32-3.3 +11 


On adding, we have 
P = Le 0 e +12)-3(1+2+3 Fo. +1) 


r(r+1) D, 
2 


35 Tr” — MEE = sr DDD 


ge sais = se > 2D 


$= 39=3.=— 


E r(r+1Qr+1) 
6 4 
Hence 12422432 + m.. +5 = r(r+DQr+D AnS. 
6 


